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1 Harmonic oscillator

The harmonic oscillator is an ubiquitous and rich example of a quantum system. It is a solvable
system and allows the exploration of quantum dynamics in detail as well as the study of quantum
states with classical properties.

The harmonic oscillator is a system where the classical description suggests clearly the

definition of the quantum system. Classically a harmonic oscillator is described by the position



x(t) of a particle of mass m and its momentum p(t). The energy E of a particle with position

x and momentum p is given by

2
1
E = 2p—m—|—§mw2x2. (1.1)

Here the constant w, with units of inverse time, is related to the period of oscillation 7' by
w = 27/T. In the simplest application, the classical harmonic oscillator arises when a mass
m free to move along the x axis is attached to a spring with spring constant k. The restoring
force F' = —kx acting on the mass then results in harmonic motion with angular frequency
w = /R,

The quantum system is easily defined. Instead of position and momentum dynamical vari-

ables we have hermitian operators £ and p with commutation relation
[z,p] = ih1. (1.2)

To complete the definition of the system we need a Hamiltonian. Inspired by the classical
energy function (1.1) above we define
A2
T Lo 5.9
H=_—+-mwz". 1.3
2m = 2 (13)
The state space H is the space of square-integrable complex valued functions of . The system

so defined is the quantum harmonic oscillator.

In order to solve the quantum system we attempt to ‘factorize’ the Hamiltonian. This
means finding an operator V' such that we can rewrite the Hamiltonian as H = V1V, This is
not exactly possible, but with a small modification it becomes possible. We can find a V' for
which

H =VV + E1, (1.4)

where Fj is a constant with units of energy that multiplies the identity operator. This extra
diagonal contribution does not complicate our task of finding the eigenstates of the Hamiltonian,
nor their energies. This factorization allows us to show that any energy eigenstate must have
energy greater than or equal to Ey. Indeed it follows from the above equation that

WIHW) = @VIVIY) + E(plw) = (V|Ve) + Ey, (1.5)

Since any norm must be greater than or equal to zero, we have shown that

(| H|p) > Eo. (1.6)

For a normalized energy eigenstate |E) of energy E: H|E) = E|E), and the above inequality
yields, as claimed
(E|H|E)=E > E,. (1.7)
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To factorize the Hamiltonian we first rewrite it as

3 1 2( ~2 P
H = §mw (:B +m2w2>'

(1.8)

Motivated by the identity a® + b? = (a — ib)(a + ib), holding for numbers a and b, we examine

the product

. A - A ,\2 .
. ? A ? N Vo
<x——p) <x+i> = 2+ ]; 2+—(£L'p_pfﬂ)>
mw mw mew mw

/\2 h
r__ My

= &+ 2, 2
m2w mw

Y

(1.9)

where the extra terms arise because T and p, as opposed to numbers, do not commute. Letting

i
V = :i"+—p,
mw
i
Vi = i——p,
mw
we rewrite (1.9) as
/\2 h
PrL_ —vive L,
m2w mw

and therefore back in the Hamiltonian (1.8) we find,

. 1 h 1 1
H = —mwz(VTV+—1> = —mw?VV + —hwl.
2 mw 2 2

The constant Ey defined in (1.4) is thus 1%w and (1.6) implies that

IR > Sho.

This shows that £ > %hw for any eigenstate of the oscillator.

(1.10)

(1.11)

(1.12)

(1.13)

It is convenient to scale the operators V and V' so that they commute to give a simple,

unit-free, constant. First we compute

. Ip P o [, 2h
[V’VT] = |:$+—p>x_—p} = ——[$,p]—|——[p,x] = —1.
mw mw mw mw mw
This suggests the definition of operators
mw
o = 4 —V
¢ 2h
it = %VT
a' = TR

(1.14)

(1.15)



Due to the scaling we have

[a,a']=1. (1.16)

From the above definitions we read the relations between (a,a') and (%, p):

. mw - ip
a = |— |2+ —
2h mw )’
(1.17)
ot mw 2 P
a' = /— 1z ——]).
2h mw
The inverse relations are many times useful as well,
h
&= (a+a,
2mw
(1.18)
h
b= iy @ -

While neither @ nor a is hermitian (they are hermitian conjugates of each other), the above
equations are consistent with the hermiticity of & and p. We can now write the Hamiltonian in
terms of the @ and a' operators. Using (1.15) we have

2h
Vv = —afa, (1.19)
mw
and therefore back in (1.12) we get
-~ A.I,A 1 g 1 ¢ _ /\-‘—/\
H = hw(a a+§) = hw(N—l—§>, N = d'a. (1.20)

In here we have dropped the identity operator, which is usually understood. We have also
introduced the number operator N. This is, by construction, a hermitian operator and it is, up
to a scale and an additive constant, equal to the Hamiltonian. An eigenstate of H is also an
eigenstate of N and it follows from the above relation that the respective eigenvalues £ and N
are related by

1
E = hw (N + 5) . (1.21)
From the inequality (1.13) we have already shown that for any state

1
E > jhw, N>0. (1.22)

There cannot exist states with negative number. This can be confirmed directly. If [¢) is a

state of negative number we have

atajy) = =2y, a>0. (1.23)
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Multiplying by the state bra (1| and noticing that (v|a'aly) = (ay|ay) we get

(avlav) = —a®(yly) . (1.24)

This is a contradiction, for if [¢)) is not the zero vector, the right-hand side is negative, which
cannot be since the left hand side is also a norm-squared and thus positive.

Exercise. Prove the following commutation relations
[H,a] = —hwa,
. (1.25)
[H,d'] = +hwal.

To derive the spectrum of the oscillator we begin by assuming that one normalizable eigen-
state |E) of energy F exists:

H|E) = E|E), (E|E) > 0. (1.26)

Note that the state must have positive norm-squared, as indicated above. The state |E) also

an eigenstate of the number operator, with eigenvalue Ng given by

) E 1
NIE) = NglB), with Np = ———=. (1.27)

We will now define two states
E.) = a'|E),
B = allE) s
|[E_) = al|E).

Let us assume, for the time being that both of these states exist — that is, they are not zero
nor they are inconsistent by having negative norm-squared. We can then verify they are energy
eigenstates

H\Ey) = Ha'|E) = ([H,d"]+a'H)|E) = (hw+ E)al|E) = (B +hw)|Ey),

) . A ) (1.29)
H|E_) = Ha|E) = ([H,a]+aH)|E) = (-hw+E)a|E) = (F—hw)|E_),
As we label the states with their energies, this shows that
- P " (1.30)

E. = E—hw, N = Ng—1.

We call a' the creation or raising operator because it adds energy hw to the eigenstate it acts
on, or raises the number operator by one unit. We call a the annihilation or lowering operator
because it subtracts energy hw to the eigenstate it acts on, or lowers the number operator by

one unit. One more computation is needed: we must find the norm-squared of the |E.) states:

(B+|Es) = (Elad'|E) = (E|(N +1)|E) = (Np+1)(E|E),

) (1.31)
(E_|E_) = (Blala|E) = (E|N|E) = Ng(E|E).
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We can summarize this as
('B|la'E) = (Ng+1)(E|E),

i (1.32)
(@E|aE) = Ng (E|E).

These equations tell us an interesting story. Since the state |E) is assumed to exist we must
have N > 0 (see (1.22)) . We claim that as long as we act with a' on this state we do not
obtain inconsistent states. Indeed the first equation above shows that norm-squared of |a'E) is
positive, as it should be. If we act again with a', since the number of |a'E) is Ng + 1 we find

(a'a’Ela'a'E) = (Np+2)(@'Ela'E) = (Np+2)(Ng+ 1)(E|E), (1.33)

which is also positive. We cannot find an inconsistent negative norm-squared however many
times we act with the raising operator.

The lowering operator, however, requires more care. Assume we have a state |E) with
integer positive number Ng. The number eigenvalue goes down in steps of one unit each time
we apply an a operator to the state. As long as the number of a state is positive, the next state
having an extra a has positive norm-squared because of the relation (aF | aE) = Ng (E|E). So
no complication arises until we hit a state |E’) with number Ng, = 0, in which case it follows
that

(aE'"|aE"y = Ng (E'|E") =0. (1.34)

Having zero norm, the state |aE’) must be the zero vector and we cannot continue to apply
lowering operators. We thus avoid inconsistency.

If the original |E) state has a positive non-integer number Ng we can lower the number by
acting with a’s until we get a state |E’) with number between zero and one. The next state
|aE") has negative number and this is an inconsistency — as we showed before these cannot
exist. This contradiction can only mean that the original assumptions cannot be true. So one
of the following must be true

1. There is no state with non-integer positive number.

2. There is a state with non-integer positive number but the repeated application of a gives

a vanishing state before we encounter states with negative number.

Option 2 actually cannot happen. For a state |1) of non-zero number a'a|y) ~ [¢) and therefore
a cannot kill the state. We conclude that there are no states in the spectrum with non-integer
number.

What are the energy eigenstates annihilated by a? Assume there is such state |E):

alE) = 0. (1.35)


http:0(see(1.22

Acting with a! we find afa|E) = N|E) = 0, so such state must have zero number and thus
lowest energy:
1
Ng =0, Ezﬁhw. (1.36)
To show that the state annihilated by a exists and is unique we solve the differential equation

implicit in (1.35). We act with a position bra to find

R mw R p

The prefactor is irrelevant and we have, with ¥ g(z) = (x| F),

h d B dyp  mw
<x+%%>¢1§(l’) =0 = e 5 Y . (1.38)
The solution of the first-order differential equation is unique (up to normalization)
_ LMW _ (et
Ve(z) = Noexp< o x) Ny = (Wh) . (1.39)

We have found a single state annihilated by @ and it has number zero. The ¥ g(z) above is the
normalized wavefunction for the ground state of the simple harmonic oscillator.
In the following we denote states as |n) where n is the eigenvalue of the number operator N:

Nn) = nln). (1.40)

In this language the ground state is the non-degenerate state |0) (do not confuse this with the
zero vector or a state of zero energy!). It is annihilated by a:

. - 1
SHO ground state [0) : a|0) = 0, N|0) = 0, H|0) = §hw|0) (1.41)

The ground state wavefunction was determined above

Yo(x) = (z]0) = <777:_;;>1/4 exp (—n;—;)xQ) : (1.42)

Excited states are obtained by the successive action of a' on the ground state. The first

excited state is
1) = af|o) (1.43)

This state has number equal to one. Indeed, since N kills the ground state,
Naf|0)y = [N,af)j0) = af|o). (1.44)
Moreover the state is properly normalized
(1]1) = (0jaa’l0) = (0|[a,a']|0) = (0[0) =1. (1.45)
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The next excited state is 1
2y = — ATCALT 0) . 1.46

This state has number equal to two, as desired. The normalization is checked as follows:
L olaaatat Lorara atat L ora o4t -
(2]2) = §<0|aaa a'loy = §<0|a[a,a a'llo)y = §<0|a(2a )|0) = (0]aa'l0) = 1. (1.47)
In order to get the general state it is useful to consider (1.32) in the new notation

(a'nla'n) = (n+1)(njn) = n+1, (1.48)

{an|an) = n(njn) = n. .
The first means that a'|n) is a state of norm-squared n+1 and a|n) is a state of norm-squared n.
Since we know that af|n) ~ |n + 1) and a|n) ~ |n — 1) we conclude that

alln) = Vn+1jn+1), (1.49)

aln) = yn|n-—1).

The signs chosen for the square roots are consistent as you can check by using the two equations
above to verify that a'a|n) = n|n). From the top equation we have

n) = §i*m—1y (1.50)

Using that equation again for the rightmost ket, and then repeatedly, we find

n) = et -9y = — L (ah2n -

) - ¢ETT| 2) nm—l)()| 2)
_ 1 T
— N O CE) (@)yn-3 = ... (1.51)
= @)

It is a good exercise to verify explicitly that (n|n) = 1. In summary, the energy eigenstates are

an orthonormal basis

Iny = %(aww, (MY = by (1.52)

You can verify by explicit computation that (m|n) = 0 for m # n, but you can be sure this is

true because these are eigenstates of the hermitian operator N with different eigenvalues (recall
that theorem?).


http:isusefultoconsider(1.32

Their energies are given by

Hin) = Byfn) = ho(n + %) ny, Nin) = nln). (1.53)

One can prove that there are no additional excited states. If there were, they would have to
have integer number and thus be degenerate with some of the above states. It can be shown
(homework) that any such degeneracy would imply a degeneracy of the ground state, something
we have ruled out explicitly. Therefore we have shown that the state space has the direct sum

decomposition into one-dimensional N-invariant subspaces U,,:

H=UydU,dUy&---, U,={aln), a€C, Nln)=n|n)}. (1.54)
The algebra of a and af operators allows simple computation of expectation values. For
example,
(nliln) = |/ (ul(a+ahiny = 0,
2me (1.55)
ol = iy " )@t~ a)lm) = 0.

In here we used that (n|a|n) ~ (n|n — 1) = 0 and (n|a'|n) ~ (n|n + 1) = 0. For the quadratic
operators, both aa and a'al have zero diagonal matrix elements and therefore

(i) = oo {nl(a+atYln) = o —(nl(adl +afa)ln) -
ol = " )@t~ a)?ln) = " (@t 4 aat) ).
But aal +afa =14+ N+ N =1+ 2N so therefore
1
(m@?n) = " (142m) = - (n+—) ,
2mw mw 2
) 1 (1.57)
ity = “2 (14 20) = miis (n + 5) .
It follows that in the state |n) we have the uncertainties
1
(Ar)? = (n+§>
e ) (1.58)
(Ap)? = mhw(n + 5) :
As a result 1
On the state [n) : Az Ap = h(n+ 5) . (1.59)

Only for the ground state n = 0 product of uncertainties saturates the lower bound given by
the Heisenberg uncertainty principle.



2 Schrodinger dynamics

The state space of quantum mechanics —the Hilbert space H of states — is best thought as a
space with time-independent basis vectors. There is no role for time in the definition of the state
space H. In the Schrodinger “picture” of the dynamics, the state that represents a quantum
system depends on time. Time is viewed as a parameter: at different times the state of the

system is represented by different states in the Hilbert space. We write the state vector as
W, 1), (2.1)

and it is a vector whose components along the basis vectors of H are time dependent. If we

call those basis vectors |u;), we have
U,t) = D lugeilt) (2.2)

where the ¢;(t) are some functions of time. Since a state must be normalized, we can imagine
|W, t) as a unit vector whose tip, as a function of time, sweeps a trajectory in H. We will first
discuss the postulate of unitary time evolution and then show that the Schrodinger equation
follows from it.

2.1 Unitary time evolution

We declare that for any quantum system there is a unitary operator U(t,tq) such that for any
state |V, tg) of the system at time ¢, the state at time ¢ is obtained as

0,8 = UtV t0), Yt to. (2.3)

It must be emphasized that the operator U generates time evolution for any possible state at
time ty —it does mot depend on the chosen state at time t;,. A physical system has a single
operator U that generates the time evolution of all possible states. The above equation is valid
for all times ¢, so t can be greater than, equal to, or less than ty. As defined, the operator
U is unique: if there is another operator U’ that generates exactly the same evolution then
(U —U")|V,ty) = 0 and since the state |V, 1) is arbitrary we must have that the operator
U — U’ vanishes, showing that U = U'.
The unitary property of & means that

(Ut 1) Ut t0) = 1. (2.4)
In order to avoid extra parenthesis, we will write
Uttty = Ut o)), (2.5)
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Figure 1: The initial state |W,¢y) can be viewed as a vector in the complex vector space H. As time
goes by the vector moves, evolving by unitary transformations, so that its norm is preserved.

so that the unitarity property reads
Uttt Ut ) = 1. (2.6)
Unitarity implies that the norm of the state is conserved!
(U, L[, 1) = (Wt UMt to)U(t, 1)V, t0) = (T, 0| U, to) . (2.7)
This is illustrated in Figure 1.
We now make a series of comments on this postulate.
1. For time t = ty, equation (2.3) gives no time evolution
W, t0) = Ulto, 1)V, to) - (2.8)

Since this equality holds for any possible state at t = t; the unitary evolution operator

must be the unit operator
U(to,to) = 1, vto (29)

2. Composition. Consider the evolution from ¢y to t5 as a two-step procedure, from ¢ to ¢;

and from t; to t:
|\I], t2> = Z/{(tg, tl)‘\I], t1> = Z/{(tg, tl)U(tl, t0>|\1’, t0> . (210)
It follows from this equation and |V, ty) = U(ta,t0)|V,to) that

Ults, to) = Ults, t)U(t, o) . (2.11)

'We also recall that any operator that preserves the norm of arbitrary states is unitary.
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3. Inverses. Consider (2.11) and set ty =t and t; = ¢. Then using (2.9) we get
1 = Uty t)U(t, to) . (2.12)

Thus we have
Ulto,t) = Ut to))™" = Ut )", (2.13)

where the first relation follows from (2.12) and the second by unitarity. Again, declining
to use parenthesis that are not really needed, we write

Ut t) = Ut t)) = UT(t,t). (2.14)

Simply said, inverses or hermitian conjugation of U reverse the order of the time argu-

ments.

2.2 Deriving the Schrodinger equation

The time evolution of states has been specified in terms of a unitary operator U assumed known.
We now ask the ‘reverse engineering’” question. What kind of differential equation do the states
satisfy for which the solution is unitary time evolution? The answer is simple and satisfying: a
Schrodinger equation.

To obtain this result, we take the time derivative of (2.3) to find

OU(t, o)
ot
We want the right hand side to involve the ket |, ) so we write

0

AU, to)
ot

Finally, it is convenient to have the same kind of I/ operator appearing, so we trade the order

0
=0 t) = Ulto, )|, 1) . (2.16)

of times in the second U for a dagger:

DU, o)
ot

This now looks like a differential equation for the state |¥,¢). Let us introduce a name for the

Oy = U (2, 10) 0, ) (2.17)

operator acting on the state in the right-hand side:

Dwty = At 1) 0.1). (2.18)
ot
where Ut
At ty) = %L{T(t,to). (2.19)
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The operator A has units of inverse time. Note also that

OUT(t, o)
ot ’

since the adjoint operation changes the order of operators and does not interfere with the time

At(t,to) = U(t,to) (2.20)

derivative.

We now want to prove two important facts about A:
1. A(t,to) is antihermitian. To prove this begin with the equation
Ut to) U (t, ) = 1, (2.21)

and take a derivative with respect to time to find,

AU(t,to) , ¢ OUT(t,t0)
=y — ——— = 0. 2.22
Glancing at (2.19) and (2.20) we see that we got
A(t,to) + Al(t,tg) = 0, (2.23)

proving that A(t, o) is indeed anti-hermitian.

2. A(t,to) is actually independent of ¢y. This is important because in the differential equation
(2.17) ty appears nowhere except in A. To prove this independence we will show that
A(t,ty) is actually equal to A(t, ;) for any other time t; different from ¢,. So its value

cannot depend on ty. Or said differently, imagine t; = to + €, then A(t, ty) = A(t, to + €)
and as a result %ﬁ(’fo) = 0. To prove the claim we begin with (2.19) and insert the unit

operator in between the two factors

At to) = 5Ug£to) Ui (t, t)
_ %(u(%,tl)lﬂ(to,tlw Ut (t, to)
= %(Z/{(t,to)“(to,t1)>uT(t07t1)uT(t7t0) (224)
. Gu(t,tl) o au(tvtl)
= o Ut ) Uty 1) = =S U 1)
AUt h) B
- TZ/{T(t,tl) = At 1),

as we wanted to prove.
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It follows that we can write A(t) = A(¢,¢y), and thus equation (2.18) becomes
0
E|\IJ, t)y = A@)|V,t). (2.25)

We can define an operator H(t) by multiplication of A by iA:

AUt to)

H(t) = ihA() = ih =]

Ut(t,to) . (2.26)

Since A is antihermitian and has units of inverse time, H(t) is a hermitian operator with units

of energy. Multiplying (2.25) by ih we find the Schrédinger equation:

Schrodinger equation: ih%\\ll,ﬂ = H(t)|¥,t). (2.27)

This is our main result. Unitary time evolution implies this equation. In this derivation
the Hamiltonian is obtained from the knowledge of U, as shown in (2.26). In most familiar
situations, we know the Hamiltonian and wish to calculate the time evolution operator U.
There are basically two reasons why the quantity H (t) appearing in (2.27) is identified with
the Hamiltonian. First, in quantum mechanics the momentum operator is given by A/i times
the derivative with respect to a spatial coordinate. In special relativity energy corresponds to
the time component of the momentum four-vector and thus it is reasonable to view it as an
operator proportional to a time derivative. Second, we have used (2.27) to derive an equation
for the time evolution of expectation values of observables. For an observable () this took the

@) 1
3 %QQ,H]) (2.28)

This equation is a natural generalization of the classical mechanics Hamiltonian equations and

form

H(t) plays a role analogous to that of the classical Hamiltonian. Indeed, in classical mechanics
one has Poisson brackets {-,-},, defined for functions of x and p by

0A0B 0AOB
A B = —— — —— 2.29

{4, Bl dr dp  Op Ox (2:29)
It then turns out that for any observable function Q(z, p), its time derivative is given by taking
the Poisson bracket of () with the Hamiltonian:

dQ)

prle {Q, H}pp (2.30)
The similarity to (2.28) is quite striking. In fact, one can view commutators as essentially &
times Poisson brackets

[A,B] <= ih{A, B}, (2.31)
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Indeed [x,p|] = ih while {z,p},, = 1. While these reasons justify our calling of H in the
Schrodinger equation the Hamiltonian, ultimately we can say that any Hermitian operator
with units of energy has the right to be called a Hamiltonian, regardless of any connection to
a classical theory.

The Schrédinger wavefunction W(z,t) is defined by
U(x,t) = (z|¥,t). (2.32)

If we hit (2.27) with the position state (x| from the left we get

W(x,t
zn% | H )|, (2.33)
If, moreover,
~2
_ ;

H(t) = o + V(z), (2.34)

then the equation becomes
L O0W(z,t) n* o°

This is the familiar form of the Schrodinger equation for one-dimensional potentials.

2.3 Calculation of the unitary time evolution operator

The typical situation is one where the Hamiltonian H(t) is known and we wish to calculate
the unitary operator U that implements time evolution. From equation (2.26), multiplying by

U(t,tp) from the right gives

ih % = H) Ut t) . (2.36)

This is viewed as a differential equation for the operator U. Note also that letting both sides of
this equation act on |, ¢y) gives us back the Schrédinger equation.

Since there is no possible confusion with the time derivatives, we do not need to write them
as partial derivatives. Then the above equation takes the form

du 7
— = —HOU®). (2.37)

If we view operators as matrices, this is a differential equation for the matrix ¢. Solving this
equation is in general quite difficult. We will consider three cases of increasing complexity.

Case 1. H is time independent. In this case, equation (2.37) is structurally of the form

du ?
— = KU(t K = —H 2.
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where U is a time dependent matrix, and K is a time-independent matrix. If the matrices were
one-by-one, this reduces to the plain differential equation

du kt
Z=hut) = u(t) = Mu(0). (2.39)

For the matrix case (2.38) we claim that
Ut) = e*u). (2.40)

Here we have the exponential of a matrix multiplied from the right by the matrix U at time
equal zero. At t = 0 the ansatz gives the proper result, by construction. The exponential of a
matrix is defined by the Taylor series

1 1 =1
tK 2 3 o niron
et = 1+tK+—2!(tK) +—3!(tK) +oe = nizo_"!t K (2.41)

Therefore it follows that the derivative takes the familiar simple form

d

—ef = Ke't = FK. (2.42)
dt
With this result we readily verify that (2.40) does solve (2.38):
au d
i (e™U(0)) = Ke™U0) = KU(t). (2.43)

Using the explicit form of the matrix K the solution is therefore

Ut ty) = e iy, (2.44)

tHto/h

where Uj is a constant matrix. Recalling that U(ty,tg) = 1, we have Uy = e and therefore

the full solution is

U(t, tg) = exp [—%H(t —to)|, Time-independent H . (2.45)

Ezercise. Verify that the ansatz U(t) = U(0)e'™, consistent for ¢ = 0, would have not provided
a solution of (2.38).

Case 2. [H(t1),H(ty)] = 0 for all t1,¢,. Here the Hamiltonian is time dependent but, despite
this, the Hamiltonian at different times commute. One example is provided by the Hamiltonian

for a spin in a magnetic field of time-dependent magnitude but constant direction.
We claim that the time evolution operator is now given by

Ult ty) = exp[—% / t arH(t)] (2.46)

to
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If the Hamiltonian is time independent, the above solution reduces correctly to (2.45). To prove
that (2.46) solves the differential equation (2.37) we streamline notation by writing

Rt) = —+ / CWHE) - R o= —lmw. (2.47)

ko Jyy h
where primes denote time derivatives. We claim that R'(¢) and R(¢) commute. Indeed

[R(1),R(t)] = [—%H(t),—% / t arH()| = (—%)2 / W H@ HW)] = 0. (248)

to to
The claimed solution is

U = expR(l) = 1+R(t)+%R(t)R(t)+%R(t)R(t)R(t)+... (2.49)

We have to take the time derivative of U and this time we do it slowly(!):

d d 1 1
—U = —expR = R +=(RR+ RR)+ —(RRR+ RR' R+ RRR') + ...,
1 .
= R+ RR+ 5R’RR +... = R'exp(R)

The lesson here is that the derivative of exp R is simple if R’ commutes with R. We have thus

obtained J _
i
%U = —ﬁH(t)L{, (2.51)

which is exactly what we wanted to show.

Case 3. [H(t1), H(t2)] # 0. This is the most general situation and there is only a series solution.

We write it here even though it will not be needed in our work. The solution for U is given by
the so-called ‘time-ordered’ exponential, denoted by the symbol T in front of an exponential

U(t, ty) = Texp[—%/t dt'H(t’)} = 1+<—%) /tdtlH(tl)

to to

N (_%)2 /tt dt H (t) /ttl dtx H (t2) (2.52)

0 0

4 (_%)3/ttdt1H(t1)/ttl dtgH(tg)/tt2 dtz H(ts)

0 0 0

The term time-ordered refers to the fact that in the n-th term of the series we have a prod-
uct H(t1)H (t2)H (t3) ... H(t,) of non-commuting operators with integration ranges that force
ordered times t; > tg > t3--- > t,,.
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3 Heisenberg dynamics

The idea here is to confine the dynamical evolution to the operators. We will ‘fold’ the time
dependence of the states into the operators. Since the objects we usually calculate are time-
dependent expectation values of operators, this approach turns to be quite effective.

We will define time-dependent Heisenberg operators starting from Schrodinger operators.
In fact, to any Schrodinger operator we can associate its corresponding Heisenberg operator.
Schrédinger operators come in two types, time independent ones (like Z, p) and time dependent
ones (like Hamiltonians with time-dependent potentials). For each of those types of operators

we will associate Heisenberg operators.

3.1 Heisenberg operators

Let us consider a Schrodinger operator Ag, with the subscript S for Schrodinger. This operator
may or may not have time dependence. We now examine a matrix element of Ag in between
time dependent states |a, t) and |, t) and use the time-evolution operator to convert the states

to time zero:

<Oé, t‘AS|B7 t> = <Oé, Ol Z/{T(tv O) Asu(tv O) ‘57 0> : (31)
We simply define the Heisenberg operator AH(t) associated with Ag as the object in between

the time equal zero states:

~

Ag(t) = U(t,0) AsU(t,0). (3.2)

Let us consider a number of important consequences of this definition.
1. At t = 0 the Heisenberg operator becomes equal to the Schrodinger operator:
Ap(0) = Ag. (3.3)
The Heisenberg operator associated with the unit operator is the unit operator:
1y = U'(,0)1U(t,0) = 1. (3.4)

2. The Heisenberg operator associated with the product of Schrédinger operators is equal

to the product of the corresponding Heisenberg operators:
Cs = AgBs — Cy(t) = Ag(t)Byu(t). (3.5)
Indeed,
Cu(t) =Ut(t,0)CsU(t,0) = Ut(t,0) AsBsU(t,0)

3.6
= UT(t,0) AgU(t, 00U (t,0) BsU(t,0) = Ap(t)Byl(t). 30
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3. It also follows from (3.5) that if we have a commutator of Schrédinger operators the
corresponding Heisenberg operators satisfy the same commutation relations

~

[As, Bs] = Cs — [Au(t), Bu(t)] = Cult). (3.7)
Since 15 =1, eqn. (3.7) implies that, for example,
[@,p] = ikl —  [2y(t),pu(t)] = ihl. (3.8)

4. Schrodinger and Heisenberg Hamiltonians. Assume we have a Schrodinger Hamiltonian

that depends on some Schrodinger momenta and position operators p and z, as in

Since the  and p in Hg appear in products, property 2 implies that the associated Heisen-
berg Hamiltonian Hy takes the same form, with # and p replaced by their Heisenberg
counterparts

Hy(t) = Hs(pu(t),zy(t);t). (3.10)

5. Equality of Hamiltonians. Under some circumstances the Heisenberg Hamiltonian is in

fact equal to the Schrédinger Hamiltonian. Recall the definition
Hy(t) = U (t,0) Hs(t)U(t,0) . (3.11)

Assume now that [Hg(t), Hg(t')] = 0. Then (2.46) gives the time evolution operator

UL D) = exp[—% /0 t v Hy (1) (3.12)

Since the Hg at different times commute, Hg(t) commutes both with 2(¢,0) and U'(t,0).
Therefore the Hg(t) can be moved, say to the right, in (3.11) giving us

Hy(t) = Hg(t), when [Hg(t),Hs(t')]=0. (3.13)
The meaning of this relation becomes clearer when we use (3.10) and (3.9) to write

Operationally, this means that if we take 2y (t) and py(t) and plug them into the Hamil-
tonian (left-hand side), the result is as if we had simply plugged & and p. We will confirm
this for the case of the simple harmonic oscillator.

6. Equality of operators. If a Schrodinger operator Ag commutes with the Hamiltonian
Hg(t) for all times then Ag commutes with U/(¢,0) since this operator (even in the most
complicated of cases) is built using Hg(t). It follows that Ay (t) = Ag; the Heisenberg
operator is equal to the Schrodinger operator.
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7. Expectation values. Consider (3.1) and let |o,t) = |8,t) = |V, ¢). The matrix element
now becomes an expectation value and we have:

(U, t|Ag|W,t) = (U,0] Ax(t)|T,0). (3.15)

With a little abuse of notation, we simply write this equation as

(Asy = (An(1)). (3.16)

You should realize when writing such an equation that on the left hand side you compute
the expectation value using the time-dependent state, while on the right-hand side you
compute the expectation value using the state at time equal zero. If you prefer you can

write out the equation as in (3.15) in case you think there is a possible confusion.

3.2 Heisenberg equation of motion

We can calculate the Heisenberg operator associated with a Schrédinger one using the defini-
tion (3.2). Alternatively, Heisenberg operators satisfy a differential equation: the Heisenberg
equation of motion. This equation looks very much like the equations of motion of classical
dynamical variables. So much so, that people trying to invent quantum theories sometimes
begin with the equations of motion of some classical system and they postulate the existence
of Heisenberg operators that satisfy similar equations. In that case they must also find a
Heisenberg Hamiltonian and show that the equations of motion indeed arise in the quantum
theory.

To determine the equation of motion of Heisenberg operators we will simply take time
derivatives of the definition (3.2). For this purpose we recall (2.36) which we copy here using
the subscript S for the Hamiltonian:

. OU(t, to)

i 5 = Hg(t)U(t, to). (3.17)
Taking the adjoint of this equation we find
T
mw — Uit k) His(t). (3.18)
We can now calculate. Using (3.2) we find
Lod o Lot -
i Au(t) = (mﬁa, 0)) As(t) UL, 0)
- ou
T h—
L Ul(t,0) As(t) (zh = (t,O)) (3.19)
A
Ut 0) i s ® vt 0)
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Using (3.17) and (3.18) we find

ih%le(t) = —UN(t,0) Hg(t) As(t)U(t, 0)

+UT(t,0) Ag(t) Hg(t) U(t,0) (3.20)

LUl 0) maA; ® 4(t.0)

We now use (3.5) and recognize that in the last line we have the Heisenberg operator associated
with the time derivative of AS:

z’h%AH(t) — CHu(t) Ap(t) + Ap(t) Hu(t) +m(aA8i(t))H (3.21)

We now recognize a commutator on the right-hand side, so that our final result is

L dAg(t) (2s)y (322)

ih — [Ap(t), Hu(t)] + ik 5

A few comments are in order.

1. Schrodinger operators without time dependence. If the operator Ag has no explicit time
dependence then the last term in (3.22) vanishes and we have the simpler

in d{g(ﬂ = [An(t), Ha(t)]. (3.23)

2. Time dependence of expectation values. Let Ag be a Schrodinger operator without time
dependence. Let us now take the time derivative of the expectation value relation in

(3.15):
ih%@,tmsw,t) = ih%@,m Ag(t)|®,0) = (¥,0] ik dACZ(t) |, 0) (3.24)
= <\D70| [AH(t)> HH(t)} |\IJ70>
We write this as
e (Au(®) = ([An(t). Ha()]). (3.25)

Notice that this equation takes exactly the same form in the Schrodinger picture (recall
the comments below (3.16):

ih—(Ags) = ([As, Hg]). (3.26)
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3. A time-independent operator Ag is said to be conserved if it commutes with the Hamil-

tonian:
Conserved operator Ag: [AS,HS] = 0. (3.27)

It then follows that [ Ay (t), Hy(t)] =0, and using (3.23) that
dAg(t)
dt

The Heisenberg operator is plain constant. Thus the expectation value of the operator is

—0. (3.28)

also constant. This is consistent with comment 6 in the previous section: Ay is in fact
equal to Ag!

3.3 Three examples.

Example 1. Part of the Homework. We just discuss here a few facts. Consider the Hamiltonian

]52
H = —+V(#), (3.29)

2m

where V(x) is a potential. You will show that

Sy = ),

(3.30)
70 = (%)
dt ! 0z /"
These two equations combined give
d? A%
—(z) = — . 31
m e <a@> (3:31)
This is the quantum analog of the classical equation
d? v
which describes the classical motion of a particle of mass m in a potential V' (x). Note that the
force is F' = —%—‘;.

Example 2. Harmonic oscillator. The Schrédinger Hamiltonian is
Hs = — + —mw"z*, (3.33)

and is time independent. Using (3.10) we note that the Heisenberg Hamiltonian takes the form

52
Py (t) } 242
o + 5T 5 (). (3.34)

Hg(t) =
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Consider now the Schrodinger operators  and p. Using the Heisenberg equation of motion, we

have for z:
d . 1. Lr. o Pu(t)
— 3yt = = t),Hy(t)| = — t
Zan(t) = = [2a(t) Hu(t)] = —|iu(t), 2] -
1 pu(t)]. R 1 pu(t) . Pr(t) '
= oty - N AN
2P e (8),pu (1) = P2 = BT
so that our first equation is
d . _ pu(t)
For the momentum operator we get
d . 1. 171, 1
Zpn(t) = = [pu(t), Ha ()] = — [pu(t), Smu?ah(t)
dt th th 2 (3.37)
11 ) '
= %§mw2 2(—ih)ig(t) = —mw?ay(t),
so our second equation is
d . .
EpH(t) = —mw?ig(t). (3.38)
Taking another time derivative of (3.36) and using (3.38) we get
d* .
ﬁxH(t) = —wriy(t). (3.39)

We now solve this differential equation. Being just an oscillator equation the solution is
in(t) = A coswt+ B sinwt, (3.40)

where A and B are time-independent operators to be determined by initial conditions. From
(3.36) we can find the momentum operator

pu(t) = m%iH(t) — —mwAsinwt + mwB coswt . (3.41)

At zero time the Heisenberg operators must equal the Schrodinger ones so,
ig(0) = A = &, pu(0) = mwB =p. (3.42)

We have thus found that
A=&, B=—p. (3.43)
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Finally, back in (3.40) and (3.41) we have our full solution for the Heisenberg operators of the
SHO:

1
ty(t) = & coswt+ — p sinwt,
mw
(3.44)
pu(t) = pcoswt —mw T sinwt .

Let us do a couple of small computations. Consider the energy eigenstate |n) of the harmonic

oscillator:
[9,0) = |n). (3.45)

We ask: What is the time-dependent expectation value of the x operator in this state? We

compute
() = (W tfz[e,t) = (¥, 002a(t)[¢,0) = (n|Za(t)[n). (3.46)

Now we use the expression for Zy(t):

1 1
S~ nl(5 coswt 5 sinwt)ln) = (nld / pln) —sinwt. (347
(7) (n|(& coswt + ——psinw )|m) (n|Z|n) coswt + (n|p|n) ——sinw (3.47)

We now recall that (n|z|n) = 0 and (n|p|n) = 0. So as a result we find that on the energy

eigenstate |n), the expectation value of z is zero at all times:
(z) = 0. (3.48)

So energy eigenstates do not exhibit classical behavior (an oscillatory time-dependent ()).

As a second calculation let us confirm that the Heisenberg Hamiltonian is time independent
and in fact equal to the Schrodinger Hamiltonian. Starting with (3.34) and using (3.44) we

have

4 () 1 .
Hy(t) = p;;) +§mw2x§,(t)

1 . . 2 1 of « 1 . 2
= — (p coswt — mw T sin wt) + —mw (:c cos wt + —— p sin wt)
2m 2 mw

coswt , miwrsinfwt , w

= 5P + 5 -3 sin wt cos wt(p + &p) (3.49)
sinfwt , mw?cosPwt , w : AU
D T + — coswtsinwt (Tp + pz1)
2m 2 2
52
p 2452
= — + -nmw
2m = 2

This is what we wanted to show.
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Example 3. What are the Heisenberg operators corresponding to the simple harmonic oscillator
creation and annihilation operators?

Given the Schrodinger operator a, the Heisenberg operator would be denoted as ag(t), but
for simplicity we will just denote it as a(t). Since the harmonic oscillator Hamiltonian is time
independent, we can use the definition

at) = enftae it = et g etV (3.50)

where we wrote H = hw(N + %) and noted that the additive constant has no effect on the
commutator. A simple way to evaluate a(t) goes through a differential equation. We take the

time derivative of the above to find

d o . - - o
Do) = ) a8 e 351)
— i etV [N d}e—iwtl\? C i etV g it )

? .

we recognize in final right-hand side the operator a(t) so we have obtained the differential

equation
d
7 a(t) = —iwta(t). (3.52)
Since a(t = 0) = a, the solution is
at) = e “a. (3.53)
Together with the adjoint of this formula we have
at) = e ™a.
. (3.54)
at(t) = e™* al.
The two equations above are our answer. As a check we consider the operator equation
h
P = a+af 3.55
= 5 @+, (3.55)
whose Heisenberg version is
iat) = ) —— (@) +al(1) = /= (et etat) (3.56)
2mw 2mw
Expanding the exponentials, we recognize,
~ h ~ /\-'— . A-|> N .
Ty(t) = Dy (( +a'") coswt + i(a" — a) smwt) ,
me (3.57)

1
= Zcoswt + — p sinwt,
mw
in agreement with (3.44).
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4 Coherent states of the Harmonic oscillator

Coherent states are quantum states that exhibit some sort of classical behavior. We will in-
troduce them and explore their properties. To begin our discussion we introduce translation

operators.

4.1 Translation operator

Let us construct unitary translation operators T, that acting on states moves them (or trans-
lates them) by a distance xg, where ¢ is a real constant with units of length:

Translation operator: T, = e~ b0 (4.1)

This operator is unitary because it is the exponential of an antihermitian operator (p is hermi-
tian, and ¢p antihermitian). The multiplication of two such operators is simple:

ToTyo = e—%ﬁwoe—%ﬁyo _ e—%lﬁ(ﬂﬂo-i-yo)7 (4.2)
since the exponents commute (ete? = A8 if [A, B] = 0). As a result
TeoTyy = Tagtyo - (4.3)

The translation operators form a group: the product of two translation is a translation. There
is a unit element 7 = I corresponding to zy = 0, and each element 7}, has an inverse 7_,,.
Note that the group multiplication rule is commutative.

It follows from the explicit definition of the translation operator that

(Tp,)f = erP®™ = =i = T = (T,)". (4.4)

confirming again that the operator is unitary. In the following we denote (T}, )" simply by T

zo*

We say that T, translates by zy because of its action? on the operator # is as follows:

N S A —ip L N
T! 3T, = ef™ e nh® = 93+?_L[P,1']$0 = T+, (4.5)

where we used the formula e?Be=4 = B+ [A, B] + ... and the dots vanish in this case because
[A, B] is a number (check that you understand this!).

To see physically why the above is consistent with intuition, consider a state |¢) and the
expectation value of Z on this state

(2), = WlEly) (4.6)

2The action of a unitary operator & on an operator O is defined as O — UTOU.
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Now we ask: What is the expectation value of & on the state T, |¢)? We find

(@) aye = (WITL, @ Tolt) (4.7)

The right-hand side explains why TJO 2 T,, is the natural thing to compute! Indeed using our
result for this

(@), ., = W& +zo)lep) = (&), +20. (4.8)

The expectation value of Z on the displaced state is indeed equal to the expectation value of &
in the original state plus o, confirming that we should view T,,|1) as the state |¢) displaced a
distance xg.

As an example we look at position states. We claim that on position states the translation
operator does what we expect:

Tyglr) = |21+ o) (4.9)

We can prove (4.9) by acting on the above left-hand side an arbitrary momentum bra (p|:

gy i e~ #PTI
<p|TxO|z1> = <p|€ rP 0|1’1> = ¢ nP Oﬁ = <p|;)j1 —}—;)j'0>, (410)
proving the desired result, given that (p| is arbitrary. It also follows from unitarity and (4.9)
that

Ti |21) = T yolzr) = |21 — 20). (4.11)

Taking the Hermitian conjugate we find

(1|Tyy = (21 — 0] (4.12)

In terms of arbitrary states [¢)), we can also discuss the action of the translation operator
by introducing the wavefunction ¢ (z) = (z|¢)). Then the “translated” state T,,|¢)) has a

wavefunction
(|Tho|t) = (z— o)) = Y(x — o). (4.13)

Indeed, ¥ (x — zg) is the function ¢ (x) translated by the distance +z,. For example, the value
that ¢ (z) takes at = 0 is taken by the function (x — z¢) at x = xo.
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4.2 Definition and basic properties of coherent states

We now finally introduce a coherent state |Zo) of the simple harmonic oscillator. The state is
labeled by xy and the tilde is there to remind you that it is not a position state.® Here is the

definition

Coherent state: |Zg) = Ty, |0) :e_%ﬁx0\0>, (4.14)

where |0) denotes the ground state of the oscillator. Do not confuse the coherent state with a
position state. The coherent state is simply the translation of the ground state by a distance x;.
This state has no time dependence displayed, so it may be thought as the state of the system
at t = 0. Ast increases the state will evolve according to the Schrédinger equation, and we will
be interested in this evolution, but not now. Note that the coherent state is well normalized

(Tol|To) = (0| Tyyl0) = (0]0) =1. (4.15)

This had to be so because T}, is unitary.
To begin with let us calculate the wavefunction associated to the state:

Uag (1) = (2]Z0) = (2|T5|0) = (x—20[0) = o(z —x0), (4.16)

where we used (4.12) and we denoted (z|0) = 1)y(z), as the ground state wavefunction. So, as
expected the wavefunction for the coherent state is just the ground state wavefunction displaced
xo to the right. This is illustrated in Figure 2.

Figure 2: The ground state wavefunction 1o (z) displaced to the right a distance xg is the wavefunction
o(x — x0). The corresponding state, denoted as |Z(), is the simplest example of a coherent state.

Let us now do a few sample calculations to understand better these states.

3This is not great notation, but it is better than any alternative I have seen!
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1. Calculate the expectation value of Z in a coherent state.
(Zol& [Z0) = (O|Tf 2Ty |0) = (0(2 + 0)|0), (4.17)
where we used (4.5). Recalling now that (0]z|0) = 0 we get
(ZTo|T |To) = 0. (4.18)
Not that surprising! The position is essentially x.

2. Calculate the expectation value of p in a coherent state. Since p commutes with 7, we
have
(Zolp|Zo) = (01T}, BTi|0) = (0] BT} Tirl0) = (0]p|0) = 0, (4.19)

The coherent state has no (initial) momentum. It has an initial position (as seen in 1.

above)

3. Calculate the expectation value of the energy in a coherent state. Note that the coherent
state is not an energy eigenstate (nor a position eigenstate, nor a momentum eigenstate!).
With H the Hamiltonian we have

(Zo|H|zo) = (0T} HT,,|0). (4.20)
We now compute
A2 A2
P 1 2,2 p 1 2/ 4 2
TJOHTmo = TQZO <% + 577%&) x )Txo = % + §mw (LL’ —+ SL’(]) (421)

1
= H + mw?nd + émwzzg.

where we recall that T,,, commutes with p and used eqn. (4.5). Back in (4.20) we have

1
(Zo|H|xo) = (0|H|0) + mw?z0(0|2]0) + §mw2x3 : (4.22)

Recalling that the ground state energy is hw/2 and that in the ground state & has no
expectation value we finally get

1 1
(To|H|zo) = §hw+§mw2x3. (4.23)

This is reasonable: the total energy is the zero-point energy plus the potential energy of
a particle at xo. The coherent state |Zg) is the quantum version of a point particle on a
spring held stretched to x = x.
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4.3 Time evolution and uncertainties

Evolving the coherent states in time is a somewhat involved procedure that will be explained
later. We can discuss time evolution quite easily using the Heisenberg picture, since we have
already calculated in (3.44) the time-dependent Heisenberg operators zy(t) and pg(t).

If we have at time equal zero the coherent state |Zo) then at time ¢ we write the time-evolved
state as |To,t). We now ask what is the (time-dependent) expectation value of & on this state:

(2)(t) = (Zo,t| 2 [T0,t) = (To|Tu(t)][T0)- (4.24)
Using (3.44) we get '
(D)) = (o <x coswt + —— sin wt) 7o) . (4.25)
Finally, using (4.18) and (4.19) we get
(B)(t) = (Fo| Eu(t) |Fo) = zocoswt. (4.26)

The expectation value of  is performing oscillatory motion! This confirms the classical inter-
pretation of the coherent state. For the momentum the calculation is quite similar,

(Y1) = (Fol (D) |50) = (o (p coswt — mw & sin wt) |Z0) (4.27)
and we thus find
(p)(t) = (To| pu(t)|To) = —mwzo sinwt, (4.28)

which is the expected result as it is equal to m-L(%)(t).

We have seen that the harmonic oscillator ground state is a minimum uncertainty state.
We will now discuss the extension of this fact to coherent states. We begin by calculating the
uncertainties Az and Ap in a coherent state at t = 0. We will see that the coherent state
has minimum uncertainty for the product. Then we will calculate uncertainties of the coherent
state as a function of time!

We have
(Zo|@®|Zo) = (O|T} #°Ty|0) = (0|(& + 20)?0) = (0[2%|0) + a7 . (4.29)

The first term on the right-hand side was calculated in (1.58). We thus find

120~ h
Since (Zo|%|Zo) = o we find the uncertainty
a9 - h
(A = (@l#?lie) — (Foldli0))? = 5o+ 23 2}
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h
-  (Az)? = S0 Oon the state |Zo) . (4.31)

For the momentum operator we have, using (1.58),

mhw

(Folp®|70) = (OITLP°Teol0) = (O1p°|0) = ——. (4.32)
Since (Zo|p|Zo) = 0, we have
(Ap)? = @, on the state |Zg) . (4.33)
As a result,
AxAp = g, on the state |Zo) . (4.34)

We see that the coherent state has minimum AzAp at time equal zero. This is not surprising
because at this time the state is just a displaced ground state.
For the time dependent situation we have

(A2)2(t) = (Fo, t|8%|T0,t) — ((Fo, t]2]T0, 1))
= (Fol@%(t)|F0) — (ol (t)|T0))” (4.35)
= (To|2% (t)|T0) — 23 cos® wt

where we used the result in (4.26). The computation of the first term takes a few steps:

1 2
(Fo|32 (£)|F0) = <gz0|<:z coswt + — ﬁsinwt) 7o)
mw

o o sinwt\2 cosmwsinmw ,_ .. ..\ .
= (To|2?|Z0) cos2wt+(x0|p2|xo)< ) + <x0\(mp+px)\:c0)
mw mw

(Zo| (&p + pi) | o) -

h 9 9 mhw /sinwt\2  cosmw sin mw
= <—+:Eo>cos wt + ( ) +
2mw 2

We now show that the last expectation value vanishes:
(Tol (2P + p)Z0) = (O1((Z + w0)p + P(Z + 20)) 0)

= (0[(¢p + p2)|0)

mw mw

5 4.36
= a5 (Ol((@+a")(@" - a) + (a' — a)(a+a")[o) 430
P oolaat + (—aat
= i3 (0f(aa™ + (—a)a’)|0) = 0.
As a result,
h mhw /sin wt\ 2
~ A2 ~ o e 2 2 =
(To|22% (1)|T0) = <2mw —i—mo) cos” wt + 7 < o )
’ (4.37)

= o— +x(2)0082wt.
2mw
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Therefore, finally, back in (4.35) we get

h
Az)(t) = —. 4.38
(Arf(t) = (1.35)
The uncertainty Ax does not change in time as the state evolves! This suggests, but does
not yet prove, that the state does not change shape*. It is therefore useful to calculate the

time-dependent uncertainty in the momentum:
N A~ 2
(Ap)?(t) = (Zo,t[p*|Z0.t) — ({Zo, t]p|To, 1))
=i - a 02
= (@olpk (1)|Z0) — ({Zolpm(t)|20)) (4.39)
= (X ]52 &) — m2w? 22 sin? wt
H 0

where we used (4.28). The rest of the computation (recommended!) gives

1
(To|p% (V)|T0) = 5 mhw + mPw? 23 sin?wt, (4.40)
so that we have b
(Ap)(t) = 5. (4.41)

This together with (4.38) gives

Az(t)Ap(t) = 7—;, on the state |Zg, 1) . (4.42)

The coherent state remains a minimum AzAp packet for all times. Since only gaussians have
such minimum uncertainty, the state remains a gaussian for all times! Since Az is constant the
gaussian does not change shape. Thus the name coherent state, the state does not spread out
in time, it just moves “coherently” without changing its shape.

In the harmonic oscillator there is a quantum length scale d that can be constructed from
h,m, and w. This length scale appears, for example, in the uncertainty Az in (4.38). We thus
define

=¥
Il

(4.43)
and note that

Ax(t

~—

(4.44)

g~ El7

The length d is typically very small for a macroscopic oscillator. A coherent state with a large
o —large compared to d— is classical in the sense that the position uncertainty ~ d, is much
smaller than the typical excursion xy. Similarly, the momentum uncertainty

Ap(t) = mw % (4.45)

4By this we mean that the shape of |[1)(x,t)|? does not change: at different times |1 (z,t)|? and | (x,t')|?
differ just by an overall displacement in x.
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is much smaller than the typical momentum mwxg, by just the same factor ~ d/x.

Problem. Prove that
Ap(t) _  Ax(t) _ 1 (4.46)

PO J e 143

where the overlines on the expectation values denote time average.

4.4 Coherent states in the energy basis

We can get an interesting expression for the coherent state |Zo) by rewriting the momentum
operator in terms of creation and annihilation operators. From (1.18) we have

mwh h
~ — . A-I» A — . /\-'— A
D i1/ —5— (@' —a) i NoF (@' —a). (4.47)

The final form is also nice to see that units work. We now have that the coherent state (4.14)

is given by

|Zo) = eXp<—iﬁ$0)|O> = eXP( ol

- vor (af — a))|o>. (4.48)

Since a|0) = 0 the above formula admits simplification: we should be able to get rid of all the
a’s! We could do this if we could split the exponential into two exponentials, one with the
a'’s to the left of another one with the a’s. The exponential with the a’s would stand near
the vacuum and give no contribution, as we will see below. For this purpose we recall the
commutator identity

XY = X gV gmalXY] , if [X, Y] commutes with X and with Y. (4.49)

Think of the term we are interested in as it appears in (4.48), and identify X and Y as

Zo

Lo .4 o . . At . o .
ex a' — a — X = a', 'Y =— a 4.50
p(ﬁd V2d ) V2d V2d (4.50)
Then
z3 o z3
(X, Y] = —55 laha = o5 (4.51)

and we find

2
1

exp(\/god al — \/a;)d d) = exp(\/%od dT> exp(— \/%Od d) exp(—zﬁ) (4.52)

Since the last exponential is just a number, and exp(ya)|0) = |0), for any ~, we have

2

|0) = exp(—i%) exp(\/‘z_od dT>|O>. (4.53)

dT

exp ( \/Iﬁod — \/xﬁod d)
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As a result, our coherent state in (4.48) becomes

2

o) = exp(—%ﬁxo)\@ _ exp(—i%) exp(\/%od ') o). (4.54)

While this form is quite nice to produce an expansion in energy eigenstates, the unit normaliza-

tion of the state is not manifest anymore. Expanding the exponential with creation operators

we get
o = Yesn(~53) -5 (ap) @i
; 122 1 / xo \" (4.55)
= Xew(—33) ()

We thus have the desired expansion:

. > . 122 1 To \"
|Zo) = ;cnm), with ¢, = exp(—zd—g) ﬁ<@> . (4.56)

Since the probability to find the energy E, is equal to ¢2, we note that
2 2
2 _ Zy INEA
é = eo(—35) wlap) (4.57)

If we define the quantity A(zo,d) as

3
A= — 4.
we can then see that
)\n
2 _ Y
= ye - (4.59)

2

The probability to measure an energy E,, = hw(n + %) in the coherent state is ¢2, so the ¢2’s
must define a probability distribution for n € Z, parameterized by A. This is in fact the familiar

Poisson distribution. It is straightforward to verify that

ici = e‘Ai& = e = 1, (4.60)
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as it should be. The physical interpretation of A can be obtained by computing the expectation

value of n:®

> =\ L d A" d
2 A 2 A — 7 A —e = . 4.61
(n) ;ncn e Zn oy e nz:%)\d)\ oy e )\d)\e A (4.61)

n=0

Therefore A equals the expected value (n). Note that (n) is just the expected value of the
number operator N on the coherent state. Indeed,

(ZolNlZo) = D cmen(m|Nn) = > cueyndpn = Y nci = (n). (4.62)
It is also easy to verify (do it!) that
(n?) = inzci = A+, (4.63)
n=0
It then follows that
(An)? = (n?) — (n)? = X — An = V. (4.64)

In terms of energy we have F = hw(n + %) so that

1 1
(E) = hw<<n>+§) - hw()\+§>. (4.65)
Similarly,
(E?) = h2w2<(n+1)2> - h2w2<n2+n+3> - h2w2(A2+A+A+1) (4.66)
2 4 4/’ '
so that
2 2 22 1
(B%) = Rw?(X+ 22+ ) (4.67)
4
The energy uncertainty is thus obtained as
1 1\2
2 2y 2 12 2(2 L = _ 52 2
(AB) = (B%) = (B = n%?() 20+ ] <A+2>) 22\ (4.68)
so that
AE = hwoVX = hw—2-. 4.69
NGT (4.69)
Note now the fundamental inequality, holding for xy/d > 1,
Zo o 2 1
h < AFE=h < (E)=hw + —hw. 4.70
“Vad V) <\/§d> 2 (4.70)

5Here we are thinking of n as a random variable of the probability distribution. In the quantum viewpoint
(n) is simply the expectation value of the number operator.
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We see that the uncertainty AFE is big enough to contain about % levels of the harmonic

oscillator —a lot of levels. But even then, AE is about a factor % smaller than the expected

value F) of the energy. So, alternatively,

hw — 2d ~ AE’

This is part of the semi-classical nature of coherent states.

(4.71)

Example of Poisson distribution. Consider a sample of radioactive material with Ny > 1 atoms
at t = 0. Assume that the half-lifetime of the material is 79, which means that the number
N(t) of atoms that have not yet decayed after time ¢ > 0 is given by

dN N,
N(t) = Nyexp(—t/m) — ——(t=0)=—2".
dt To

It follows that in the time interval ¢ € [0, At], with At < 79 we expect a number of decays

NyA
0 tE)\.

70

One can then show that the probability p, to observe n decays during that same time interval

At is (approximately) given by the Poisson distribution: p, = /\—Te_)‘.

n

4.5 General coherent states and time evolution

We wrote earlier coherent states using creation and annihilation operators:

7o) = exp(—+ pan)l0) = exp( (! —a))[0). (4.72)

Such coherent states can be written as
Zo

V2d -

This notation is not free of ambiguity: the label a in the coherent state above is now the

o) = e*@-D|0) | with o = (4.73)

coefficient of the factor a' — @ in the exponential. An obvious generalization is to take o to be
a complex number: o € C. This must be done with a little care, since the key property of the
operator in the exponential (4.73) is that it is antihermitian (thus the exponential is unitary,
as desired). We thus define

la) = D(a)|0) = exp(ad’ —a*a)|0), with a€C. (4.74)
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In this definition we introduced the unitary ‘displacement’ operator
D(a) = exp (a&T - a*d) : (4.75)

Since D(«) is unitary it is clear that (o]a) = 1.
The action of the annihilation operator on the states |«) is quite interesting,

~ ~ aat—a*a ~ aat—a*a
aloy = ae 0) = [a,e 110) (4.76)
= [a, aa’ — a*d}eo“ﬂ_o‘*& 0) = e ~"2|0),
so that we conclude that
ala)y = ala). (4.77)

This result is kind of shocking: we have found eigenstates of the non-hermitian operator a.
Because a is not hermitian, our theorems about eigenstates and eigenvectors of hermitian
operators do not apply. Thus, for example, the eigenvalues need not be real (they are not,
in general a € C), eigenvectors of different eigenvalue need not be orthogonal (they are not!)
and the set of eigenvectors need not form a complete basis (coherent states actually give an
overcomplete basis!).

Ordering the exponential in the state |«) in (4.74) we find

la) = e zloPead!|gy . (4.78)
Exercise. Show that 1
(Bla) = exp(=F(lal + 15[+ 6'a) (4.79)
Hint: You may find it helpful to evaluate "4+ in two different ways using (4.49).

To find the physical interpretation of the complex number o we first note that when real,
as in (4.73), a encodes the initial position xy of the coherent state (more precisely, it encodes
the expectation value of Z in the state at ¢ = 0). For complex «;, its real part is still related to
the initial position:

@lile) = “Liala+ala) = “Lia+a") = dv3 Re() (4.80)
V2 V2 ’

where we used (1.18) and (4.77) both on bras and on kets. We have thus learned that

Re(a) = % . (4.81)

It is natural to conjecture that the imaginary part of « is related to the momentum expectation
value on the initial state. So we explore
ih ih g A2
~ . /\T N . . _
alplay = — (al(a'—a)|la) = ———(« = —(2tIm(av)) = —— Im(a), (4.82
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and learn that .
(p)d

Im(a) = ——. 4.83
@ = 2 (4.83)

The identification of a in terms of expectation values of £ and p is now complete:

(z) - (p)d
a = + 1 . 4.84
V2d V2h (48)
A calculation in the problem set shows that

adil —ata = —=(p(x) — () 2), (4.85)

h

affording yet another rewriting of the general coherent state (4.74), valid when « is defined as
in (4.84):

Q) = exp(—iﬁ 2+ B o). (4.86)

In order to find the time evolution of the coherent state we can use a trick from the Heisen-
berg picture. We have using (4.74)

Ht - Ht H

o, ) = e it |a) = e i ed'-aa)gy = (e—i%ea&*—a*%i%)e—i%\o> (4.87)

For a time independent Hamiltonian (as that of the SHO) and a Schrodinger operator O,

we have
Ou(t) = Hh@e-iHt/h (4.88)

and therefore with the opposite signs for the exponentials we get
e HYR O YN — O (—t) . (4.89)
Such a relation is also valid for any function of an operator:
e UM E(O) e = F(Oy(—t)). (4.90)

as you can convince yourself is the case whenever F'(x) has a good Taylor expansion in powers
of z. It then follows that back in (4.87) we have

o, ) = exp (aeﬁ(—t) . oz*&(—t))e_w/2\0> . (4.91)
Recalling ((3.53)) that a(t) = e ™“!a, and thus a'(t) = e®! af, we find
o, ) = e 2 exp (oze_i“th - a*eiwta) 10) . (4.92)
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Looking at the exponential we see that it is in fact the displacement operator with o — ae™*?.

As a result we have shown that

lo, t) = e @2 ey (4.93)

This is how a coherent state |«) evolves in time: up to an irrelevant phase, the state remains
a coherent state with a time-varying parameter e~“!o. In the complex « plane the state is
represented by a vector that rotates in the clockwise direction with angular velocity w. The «
plane can be viewed as having a real axis that gives (x) (up to a proportionality constant) and
an imaginary axis that gives (p) (up to a proportionality constant). It is a phase space and the

evolution of any state is represented by a circle. This is illustrated in Figure 3.

A <pra X
N2 =
) LS
/ A EY;
I i —_ I_ —
: Vet S
\ ' zd
\

lot ) = e

Figure 3: Time evolution of the coherent state |a). The real and imaginary parts of a determine the
expectation values (z) and (p) respectively. As time goes by the a parameter of the coherent state
rotates clockwise with angular velocity w.

An alternative, conventional, calculation of the time evolution begins by expanding the
exponential in (4.78) to find:

ja) = 2PN ——amny. (4.94)
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The time-evolved state is then given by the action of exp(—iHt/h):

[e.e]
Ht 1 2 1
o, t) = eV |a) = ezl E —ae
“— Vn!
o

—iﬁw(n+%)t/ﬁ|n>

— L2 1 n _—iwtn —iwt/2
= ¢zl Zﬁa e e~ 2 p) (4.95)

o0
= 2 sl g N (e a)"n) .
n=0 :

- -
g

Using (4.94) and noting that |e”™'al®* = |a|?, we identify the terms under the brace as a
coherent state |ae™™"'). This gives the earlier result (4.93).

In the coherent state |a) the expectation value of N is easily calculated
(N)o = (a|N|a) = (aldldla) = (ala*ala) = |af*. (4.96)

To find the uncertainty AN we also compute

(N)o = (o]d'adlala) = |af*(a]adl|a)
(4.97)
= |a|*(alla,a'] +alala) = |af(1+|af?).
From these results we get
(AN = (N*)o = (V)2 = [af +al* = |of* = |af? (4.98)
so that
AN = |al. (4.99)

in Figure 3 the magnitude of the rotating phasor is AN and the square of the magnitude is the
expectation value (N),.

We will soon discuss electromagnetic fields and waves as coherent states of photons. For
such waves a number/phase uncertainty exists. A rough argument goes as follows. For a wave
with N photons with frequency w, the energy is E = Nhw and the phase ¢ of the wave goes
like ¢ = wt. It follows that AF ~ ANhAw and A¢ = wAt (with the admittedly ambiguous

meaning of At). Therefore

—_

AEAtzg — ANM%ZS — ANA¢ > —. (4.100)

w 2

A better intuition for this result follows from our coherent state |a) for which we know that
AN = |a|. The position and momentum uncertainties are the same as for the ground state:

Az = — Ap = — (4.101)
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When we measure x on the state |a) we expect to get a good fraction of values in a range Az
about the expected value (x) of x. This is, of course, just a rough estimate.

Representative range for measured z = [(z) — 1Az, (z) + $Az] (4.102)

Dividing by v/2d we have

r (z) 1 (z) 1
J3d = [\/ﬁd 2’\/§d+2 (4.103)

It follows that the position measurements, indicated on the horizontal axis of Figure 3, spread

Representative range for measured

over a representative range of width one. Similarly, for momentum we have

Representative range for measured p = [(p) — 3Ap, (p) + 3Ap] (4.104)

Multiplying by d/(v/2k), we have

d d d
Representative range for measured Pe - _ ) —1 Q';) +

1
V2h NG VO]

It follows that the momentum measurements, indicated on the vertical axis of Figure 3, spread

(4.105)

pd
\.S._J;‘A
Apd _ ¢
y Yah e
@9 . ,/.f;\}
Zh iy g
| VL]
\ & AX _ |
- le¥2d
B S & |
| = —te — _—— _____%
I (.X x
Vid ah?-_ﬂ

Figure 4: When doing measurements on |a) the uncertainties on the value of o can be represented
by a blob of unit diameter centered at . The projections of this blob on the axes are, up to scale,
the uncertainties Az and Ap.

over a representative range of width one. We can thus reconsider the plot, this time indicating
the ranges of values expected on the horizontal and vertical axes. Those ranges can be viewed
as some kind of uncertainty in the value of o that we could find by measurements on the state
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|a). We draw a blob of unit diameter centered at o whose projections down along the axes
reproduce the uncertainty ranges. This is shown in Figure 4. In the spirit of the discussion
on time dependence, this blob must be imagined rotating with angular frequency w. In such
picture we have a phase ambiguity A¢, represented in the picture as the angle subtended by
the uncertainty blob. Since the blob has diameter one and is centered at «, which is a distance

|a| from the origin, we have
1

Ap ~ (4.106)
|
Recalling that AN = |«| we finally obtain that for our coherent state
ANAG =~ 1. (4.107)

This is a familiar relation for coherent states of light. It then relates the uncertainty in the

number of photons to the uncertainty in the phase of the wave.

5 Squeezed states

Squeezed states of the harmonic oscillator are states that are obtained by acting on the ground
state with an exponential that includes terms quadratic in creation operators. They are the
most general states for which AxAp = h/2, thus achieving saturation of the uncertainty bound.

5.1 Squeezed vacuum states

One useful way to motivate the introduction of squeezed states is to consider the ground state of

a harmonic oscillator Hamiltonian with mass and frequency parameters m; and wy, respectively:
1
Hy = — + -mjwjz~. (5.1)

Such ground state has uncertaintites Az and Ap that follow from (1.58) :

Az = n ,
2m1w1
(5.2)
hm1w1
Ap = .
b 2
Note that the product of uncertainties saturates the lower bound:
h
AzAp = 5 (5.3)

Now we consider the following situation: suppose at time ¢ = 0~ the wavefunction is indeed
that of the ground state of the oscillator. At ¢ = 0, however, the oscillator parameters change
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instantaneously from (my,w;) to some (msg,ws) that define a second, different Hamiltonian:
Hy = — + —mapwsx”. (5.4)

During this change the wavefunction is assumed not to change, so at ¢ = 07 the wavefunction
is still the same — the ground state of H;. Since the Hamiltonian changed, however, the state
of the system is no longer an energy eigenstate: the gaussian wavefunction that is a ground
state for Hy is mot a ground state of H,. In fact it is not an energy eigenstate of Hy and its
time evolution will be nontrivial. We will see that the ground state of H; is indeed a squeezed
state of Hs.

Since the wavefunction does not change, at ¢ = 07 the uncertainties in (5.2) do not change,

Ar — TMoWws h — e h ’
miw; \ 2maws 2maowo

and we can rewrite

(5.5)
Ap _ miwi thWQ — thWQ 7
Mowsg V 2 2
where we defined the real constant v by
o = [T (5.6)
Mals

We learn from (5.5) that at ¢ = 07 the uncertainties, from the viewpoint of the second Hamil-
tonian, have been squeezed from the values they would take on the Hy ground state: if v > 0,
the position uncertainty is reduced and the momentum uncertainty increased. Of course, the
product still saturates the bound.

To work out the details of the state at ¢ = 0% we need to relate the creation and annihilation
operators of the two Hamiltonians. We note that the operators = and p have not been changed,
we are not speaking about two oscillating particles, but rather a single one, with coordinate
measured by the operator x and momentum measured by the operator p. We thus use the
expression for z and p in terms of a,a’ (equation (1.18) to write

"o +al) " tal)
r = a +ay) =
2m1w1 ! L 2m2w2 2 2
(5.7)
Imywih . Mowahl )
p= —1 11(01—611):— 22(2—@)
2 2
Using the definition of ¢” we then have
CAL1+CALJ{ =€’ (CAL2+CAL;),
(5.8)

i1 —al = e (ay —al).



Solving these equations for (a1, al) in terms of (ap,al) we find

a1 = ascosh~y + &; sinh v, (5.9)
al = aysinhy + a} cosh~y. '

Note that the second equation is simply the adjoint of the first equation. The above relations
are called Bogoliubov transformations. Notice that they preserve the commutation algebra. You
can check that [ay,a]] = 1 using (5.9) and the commutation relation of the d, and @} operators.
We can also obtain the second set of operators in terms of the first set by changing ~ into —v,

as implied by the relations (5.8) :

A N A
s =  ajcoshy — a; sinh~y,
X LEOSY ; ! (5.10)
ay = — apsinhy + a; cosh~.

We can now examine explicitly the question of the ground state. The initial state is the
ground state of H; denoted as |0)(1). Its defining property is that it is killed by as:

a1 [0)q) = 0. (5.11)
Using equation (5.9) we have
(G2 coshy + @} sinh7)|0)qy = 0. (5.12)

Solving this equation means finding some expression for |0) ) in terms of some combination of ag
operators acting on |0)(2). We should be able to write the original ground-state wavefunction in
terms of eigenfunctions of the second Hamiltonian, or equivalently, write the original state as a
superposition of energy eigenstates of the second Hamiltonian. Since the original wavefunction is
even in x, only states with even number of creation operators should enter in such an expansion.

We thus expect a solution of the form
10)1) = c0l0)(2) + 2 @bay|0) 2y + cq ababadab|Ohay + ..., (5.13)
where the ¢,’s are coefficients to be determined. While we could proceed recursively, it is in

fact possible to write an ansatz for the state and solve the problem directly.

We write an educated guess that uses the exponential of an expression quadratic in d;:

000 = N ) exp(— F) ki) o) (5.14)

In here the functions f(vy) and N() are to be determined. Equation (5.12) gives

R At 1 At
(ag cosh~ + al sinh ) exp<—§ f(y) a;ag) 0)2) = 0. (5.15)
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The action of G, can be replaced by a commutator since it kills the vacuum |0)):

. 1 At A ot 1 At
coshi a2, exp(—5 f(7) alab) | 10)e) + absinhyexp(—5 f()alab) [0} = 0. (5.16)

We can now apply the familiar [A, 5] = [A, B]e®? (if [[A, B], B] = 0) to the evaluation of the
commutator

R 1 o At 1 o
<cosh7[a2, —3 f() agag] + alb smhfy) exp(—§ f() a%a%) 0)2y = 0. (5.17)

Evaluating the remaining commutator gives

(~coshy £(3) +sinhn) afexp(—5 f(3)afa) [0y = 0. (5.18)

Since no annihilation operators remain, the equality requires that the pre factor in parenthesis
be zero. This determines the function f():

f(v) = tanh~, (5.19)

and we therefore have
1 i
0)1y = N(v) exp<—§ tanh ;ag) 10)(2) - (5.20)

The normalization N is not determined by the above calculation. It is could be determined, for
example, by the demand that the state on the right-hand side above have unit normalization,
just like |0) (1) does. This is not a simple calculation. A simpler way uses the overlap of the two
sides of the above equation with ()(0]. We find

@010}y = N(), (5.21)

because on the right hand side we can expand the exponential and all oscillators give zero on
account of (o) (O|d; = 0. Introducing a complete set of position states we get:

NG = [ de O = [ de @@y i), 5.2

Using the expression (1.39) for the ground state wavefunctions

o = ()" () [aeen(- ] ),

B [w/mlwlmng]lﬁ V2mh B <1 miwy —|—m2w2>—1/2
B 7h Vmiws + maws  \2 /miwimaws

= (5[, e ) S (ere)
2 mMoWws miwi 2

(5.23)
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so that we finally have
N(y) = (5.24)

All in all

1
vcoshy

The state on the above right-hand side takes the form of an exponential of something quadratic

1 o
0)) = eXp<—§ tanhva%) 10)2) - (5.25)

in oscillators. It is a squeezed vacuum state of the second Hamiltonian.

Inspired by the discussion above we introduce squeezed states for an arbitrary harmonic
oscillator Hamiltonian H with vacuum |0), parameters (m,w) and operators (a,a’). A a nor-
malized squeezed vacuum state, denoted as |0,), thus takes the form

1

1 ta
0,) = mexp(—é tanh aTaT) |0) . (5.26)

For this state we have
(@ coshv +a' sinhv)[0,) = 0. (5.27)

For this squeezed vacuum state the z uncertainty follows directly from (5.5):

h
AZ' = 6_7 % (528)

The above squeezed vacuum state can in fact be expressed in terms of a unitary operator
S(7) acting on the vacuum. We claim that |0,) defined above is actually

0,) = S([0), with S(7) = exp(—%(dT&T—&d)>. (5.29)

This claim implies that the following nontrivial identity holds:

1 1
exp(—%(deT — &d)) |0) = o exp(—i tanhyd%ﬁ) 0) . (5.30)

This equation takes a little effort to prove, but it is true.

5.2 More general squeezed states

In the limit 7 — +oo the state in (5.26) is completely squeezed in the x coordinate. It takes

the form )
~ _ ATt
|000) exp( 5 aa ) |0}, (5.31)

where we have dropped the normalization constant, which is actually going to zero. We see
that (a + a')|0s) = 0 by direct (quick) computation or by consideration of (5.27). This means
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that the z operator kills this state. We conclude that the state must have a wavefunction
proportional to §(x). Alternatively, for v — —oo we have a state

1
0_.) ~ exp(§deT> 0) (5.32)

This state is annihilated by (a —a'), or equivalently, by the momentum operator. So it must be
a state whose wavefunction in momentum space is §(p) and in coordinate space is a constant!
The right-hand side constructs the constant by superposition of Hermite polynomials times
gaussians.

The above suggest that position states |z) (and momentum states |p)) are squeezed states

of the harmonic oscillator. Indeed, we can introduce the more general squeezed states

2 1
) = Nexp(,/$w - 5a*a*)m). (5.33)

A short calculation (do it!) shows that, indeed,

Tlr)y = (a+a')|z) = x|z). (5.34)

The normalization constant is = dependent and is quickly determined by contracting (5.33)
with the ground state

0lz) = N<0|exp(,/m7“’ vt — %a*a*)|o> _ N (5.35)

We thus conclude that the normalization constant is just the ground state wavefunction: N =
to(x). Using (1.42) we finally have

1) <mw>1/4 ( mw 2) < 2mw A 1
) = [— exp | ———z° ) ex ra — =
h P\ on P n 2

a*aﬁ) 10) . (5.36)

Rather general squeezed states are obtained as follows. Recall that for coherent states we
used the operator D(«) (D for displacement!) acting on the vacuum

D(a) = exp(aa’ —a*a), |a) = D(a)|0).

We can now introduce more general squeezed states |a, «y) by first squeezing and then translat-
ing:

la,7) = D(@)S(7)[0)-
Note that |0,v) = |0,) and |a, 0) = |a).
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5.3 Photon states

For a classical electromagnetic field the energy E is obtained by adding the contributions of
the electric and magnetic field:

1 . .
E — §/ZPxQ[E%ﬁty+ﬁB%ﬁtﬂ. (5.37)
We consider a rectangular cavity of volume V with a single mode of the electromagnetic field,

namely, a single frequency w and corresponding wavenumber & = w/c. The electromagnetic
fields form a standing wave in which electric and magnetic fields are out of phase. They can

take the form
E ( i) =\l wq(t)s'nk;z
z\ %, % )
€o 1

2
cBy(z,t) = ”V—eo p(t) coskz |

The classical time-dependent functions ¢(t) and p(t) are to become in the quantum theory

(5.38)

Heisenberg operators ¢(t) and p(t) with commutation relations [¢(t) ,p(t)] = ih. A calculation
of the energy FE in (5.37) with the fields above gives®
L, 2 2
E = 5(]9 (t) +w’ ¢*(t)) (5.39)
There is some funny business here with units. The variables ¢(¢) and p(¢) do not have their
familiar units, as you can see from the expression for the energy. Indeed one is missing a
quantity with units of mass that divides the p? contribution and multiplies the ¢* contribution.
One can see that p has units of v/E and ¢ has units of Tv/E. Still, the product of ¢ and p has
the units of A, which is useful. Since photons are massless particles there is no quantity with
units of mass that we can use. Note that the dynamical variable ¢(t) is not a position, it is
essentially the electric field. The dynamical variable p(t) is not a momentum, it is essentially
the magnetic field.
The quantum theory of this EM field uses the structure implied by the above classical

results. From the energy above we are let to postulate a Hamiltonian
1
H:i@uw%%, (5.40)

with Schrodinger operators ¢ and p (and associated Heisenberg operators ¢(t) and p(t)) that
satisfy [¢, p] = ih. As soon as we declare that the classical variables ¢(t) and p(t) are to become
operators, we have the implication that the electric and magnetic fields in (5.38) will become

STf you wish to do the computation just recall that over the volume the average of sin? kz or cos® kz is 1/2.
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field operators, that is to say, space and time-dependent operators (more below!). This oscillator
is our familiar SHO, but with m set equal to one, which is allowed given the unusual units of
¢ and p. With the familiar (1.17) and m = 1 we have

1
wi+ip) , a =
\/2hw( a+ip) 2hw

a= (w{ — ip) | [a,al] = 1. (5.41)

It follows that

At n L, 1, 2 A 1, . .
hwa'a = §(wq—1p) (wq+ip) = §(p2+w2q2+zw[q,p]) = §(p2+w2q2—hw) (5.42)

and comparing with (5.40) this gives the Hamiltonian

1 o1
— Ao 2} — -
H = hw(a a+2> = hw(N+2). (5.43)

This was the expected answer as this formula does not depend on m and thus our setting it to one
should have no import. At this point we got photons! A quantum state of the electromagnetic
field is a photon state, which is just a state of the harmonic oscillator Hamiltonian above. In
the number basis the state |n) with number eigenvalue n, has energy iw(n + 1) which is, up to
the zero-point energy hw/2, the energy of n photons each of energy hw.

For more intuition we now consider the electromagnetic field operator, focusing on the

electric field operator. For this we first note that
i =\ (a+a), (5.44)
and the corresponding Heisenberg operator is, using (3.53) and (3.54),
G(t) = \/— (ae™™" +ale™?). (5.45)

In quantum field theory —which is what we are doing here— the electric field becomes a Hermitian
operator. Its form is obtained by substituting (5.45) into (5.38):

~

. , g
E.(z,t) = & (de_“t%—&TeW) sinkz, & = @/60—;‘;. (5.46)

This is a field operator in the sense that it is an operator that depends on time and on space
(z in this case). The constant &, is sometimes called the electric field of a photon.

A classical electric field can be identified as the expectation value of the electric field operator
in the given photon state. We immediately see that in the energy eigenstate |n) the expectation

value of Ex takes the form
(By(z,1)) = & ((nla|n)e ™" + (n|&T|n>ew) sinkz = 0, (5.47)
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since the matrix elements on the right hand side are zero. Thus the energy eigenstates of the
photon field do not correspond to classical electromagnetic fields. Consider now the expectation
value of the field in a coherent state |o) with o € C. This time we get

A

E(z,t) = & alalaye™ + alal|a)e™) sinkz. (5.48)
Since ala) = a|a) we get
E(z,1) = & ae ™ +a* e“!) sinkz. (5.49)
This now looks like a familiar standing wave! If we set o = |a|e? | we have
Ey(z,1)) = 2&Re(ae ™ sinkz = 2& | cos(wt — 0) sin kz. (5.50)

The coherent photon states are the ones that have a nice classical limit with classical electric
fields. The standing wave in (5.50) corresponds to a state |a) where the expectation value of
the number operator N is ||?. This is the expected number of photons in the state. It follows
that the expectation value of the energy is

1
H), = hw\a|2+§hw. (5.51)

Up to the zero-point energy, the expected value of the energy is equal to the number of photons

times hAw.
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