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1 From inner products to bra-kets

Dirac invented a useful alternative notation for inner products that leads to the concepts of bras and
kets. The notation is sometimes more efficient than the conventional mathematical notation we have
been using. It is also widely although not universally used. It all begins by writing the inner product

differently. The rule is to turn inner products into bra-ket pairs as follows
(u,v)y — (u|v). (1.1)

Instead of the inner product comma we simply put a vertical bar! We can translate our earlier
discussion of inner products trivially. In order to make you familiar with the new look we do it.
We now write (ulv) = (v|u)*, as well as (v[v) > 0 for all v, while (v|v) = 0 if and only if v = 0.

We have linearity in the second argument

(ulervr + coue) = c1{ujvr) + ea(ulva) , (1.2)
for complex constants ¢; and ¢y, but antilinearity in the first argument

(crug + coualv) = cf (ur|v) + ¢ (ualv) . (1.3)

Two vectors u and v for which (u|v) = 0 are orthogonal. For the norm: |v|> = (v|v). The Schwarz

inequality, for any pair v and v of vectors reads |(u|v)| < |u| |v].
For a given physical situation, the inner product must be defined and should satisfy the axioms.

Let us consider two examples:



b . . . . .
1. Let a = <Zl> and b = <b1> be two vectors in a complex dimensional vector space of dimension
2 2
two. We then define

<a|b> = a’fbl + a§b2 . (14)

You should confirm the axioms are satisfied.

2. Consider the complex vector space of complex function f(z) € C with = € [0, L]. Given two such

functions f(z), g(x) we define
L
Ho) = [ rigteis. (15)
The verification of the axioms is again quite straightforward.

A set of basis vectors {e;} labelled by the integers i = 1,...,n satisfying
(eilej) = dij, (1.6)
is orthonormal. An arbitrary vector can be written as a linear superposition of basis states:
v = Zal €;, (17)
i
We then see that the coefficients are determined by the inner product
(eg|v) = <€k|z aiei> = Zai<ek‘e,~> = . (1.8)
i i

We can therefore write
v = Zei<ei\v>. (1.9)
i
To obtain now bras and kets, we reinterpret the inner product. We want to “split” the inner
product into two ingredients
(ulv) — (u| |v). (1.10)
Here |v) is called a ket and (u] is called a bra. We will view the ket |v) just as another way to
represent the vector v. This is a small subtlety with the notation: we think of v € V' as a vector and
also |v) € V as a vector. It is as if we added some decoration | ) around the vector v to make it clear
by inspection that it is a vector, perhaps like the usual top arrows that are added in some cases. The
label in the ket is a vector and the ket itself is that vector!
Bras are somewhat different objects. We say that bras belong to the space V* dual to V. Elements
of V* are linear maps from V to C. In conventional mathematical notation one has a v € V and a
linear function ¢ € V* such that ¢(v), which denotes the action of the function of the vector v, is a

number. In the bracket notation we have the replacements
v = v,
¢ — (ul, (1.11)
Pu(v) = (ulv),



where we used the notation in (6.6). Our bras are labelled by vectors: the object inside the ( | is a
vector. But bras are not vectors. If kets are viewed as column vectors, then bras are viewed as row
vectors. In this way a bra to the left of a ket makes sense: matrix multiplication of a row vector times

a column vector gives a number. Indeed, for vectors

aq bl
a9 b2
a=| |, b= (1.12)
an bn
we had
(alb) = ajby +a3bs + ...a) by, (1.13)
Now we think of this as
by
(a] = (al,a2 .. ,an) , |b) = : (1.14)
bn,
and matrix multiplication gives us the desired answer
by
by
(alb)y = (a},a5...,a}) - .| = atbitagby+ .. anby . (1.15)
bn,

Note that the bra labeled by the vector a is obtained by forming the row vector and complex con-
jugating the entries. More abstractly the bra (u| labeled by the vector u is defined by its action on

arbitrary vectors |v) as follows
(u| + vy = (ulv). (1.16)

As required by the definition, any linear map from V to C defines a bra, and the corresponding

underlying vector. For example let v be a generic vector:

v=1| .|, (1.17)

A linear map f(v) that acting on a vector v gives a number is an expression of the form
f(v) = ajvi+asve+...05vy. (1.18)

It is a linear function of the components of the vector. The linear function is specified by the numbers
a;, and for convenience (and without loss of generality) we used their complex conjugates. Note that

we need exactly n constants, so they can be used to assemble a row vector or a bra

(af = (of{,a;,... ,a;) (1.19)



and the associated vector or ket

a1
a2
la) = ) (1.20)
Qp
Note that, by construction
f(v) = (alv). (1.21)

This illustrates the point that (i) bras represent dual objects that act on vectors and (ii) bras are
labelled by vectors.
Bras can be added and can be multiplied by complex numbers and there is a zero bra defined to

give zero acting on any vector, so VV* is also a complex vector space. As a bra, the linear superposition
(w =alal + 6l € V", «a,BeC, (1.22)

is defined to act on a vector (ket) |¢) to give the number
afalc) + B(blc) . (1.23)

For any vector |v) € V there is a unique bra (v| € V*. If there would be another bra (v'| it would have

to act on arbitrary vectors |w) just like (v|:
Wwy = ww)y — (wp)—(wp) =0 — (wv-2) = 0. (1.24)

In the first step we used complex conjugation and in the second step linearity. Now the vector v — v’
must have zero inner product with any vector w, so v —v' =0 and v = v'.

We can now reconsider equation (1.3) and write an extra right-hand side
(arar + azasb) = aj{ai|b) + aslaslb) = (o (a1|+ az{asl) |b) (1.25)

so that we conclude that the rules to pass from kets to bras include

[v) = aqlar) + aslag) «—  (v] = aj{a1] + ab(as]. (1.26)

For simplicity of notation we sometimes write kets with labels simpler than vectors. Let us recon-
sider the basis vectors {e;} discussed in (1.6). The ket |e;) is simply called |i) and the orthonormal

condition reads
(i) = 8. (1.27)

The expansion (1.7) of a vector now reads
o) = lijou, (1.28)
i

As in (1.8) the expansion coefficients are a, = (k|v) so that

v = Il (1.29




2 Operators revisited

Let T be an operator in a vector space V. This means that acting on vectors on V' it gives vectors on

V', something we write as
Q: V-V, (2.30)

We denote by Qa) the vector obtained by acting with € on the vector |a):
la) eV — Qla) € V. (2.31)
The operator €2 is linear if additionally we have
Q(la) + b)) = Qla) +Q|b), and Q(ala)) = aQa). (2.32)
When kets are labeled by vectors we sometimes write
Qa) = Qla), (2.33)
It is useful to note that a linear operator on V is also a linear operator on V*
Q: V"> V", (2.34)

We write this as
(a] — (a|Qe V™. (2.35)

The object (a|Q2 is defined to be the bra that acting on the ket |b) gives the number (a|Q2|b).
We can write operators in terms of bras and kets, written in a suitable order. As an example of

an operator consider a bra (a| and a ket |b). We claim that the object
0 = Ja)b]. (2:36)

is naturally viewed as a linear operator on V' and on V*. Indeed, acting on a vector we let it act as

the bra-ket notation suggests:

Qlv) = |a) (blv) ~ |a), since (b|v) is a number. (2.37)
Acting on a bra it gives a bra:
(w| = (w|a) (b] ~ (b, since (wl|a) is a number. (2.38)

Let us now review the description of operators as matrices. The choice of basis is ours to make.
For simplicity, however, we will usually consider orthonormal bases.

Consider therefore, two vectors expanded in an orthonormal basis {|i)}:

) = > [nYan, b)) = > |n)b,. (2.39)
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Assume |b) is obtained by the action of 2 on |a):
Qa) = [b) — > Qnan = > [n)bn. (2.40)
Acting on both sides of this vector equation with the bra (m| we find

> (mlQn)an = > (mln)by = b (2.41)

n n

We now define the ‘matrix elements’

Qo = (M|Qn) . (2.42)
so that the above equation reads

Zanan = bmy (243)
which is the matrix version of the original relation Qla) = |[b). The chosen basis has allowed us to

view the linear operator () as a matrix, also denoted as €2, with matrix components 2,,,:

Q1 Q9 ... ... N
921 922 QQN . . .

Q ) . . ) ] , with Q4 = (i|Q]j) . (2.44)
On1 Qn2 ... ... QnnN

There is one additional claim. The operator itself can be written in terms of the matrix elements and
basis bras and kets. We claim that

= Z |m) QL (0] . (2.45)

We can verify that this is correct by computing the matrix elements using it:

100} = 3 Qnolm) (aln') = 3 Qo Gt = Bt (2:46)

m,n
as expected from the definition (2.42).

2.1 Projection Operators

Consider the familiar orthonormal basis {|i)} of V and choose one element |m) from the basis to form
an operator P, defined by
P, = |m)(m|. (2.47)

This operator maps any vector |v) € V to a vector along [, ). Indeed, acting on |v) it gives

Bnlv) = |m)(mlv) ~ |m). (2.48)


http:expectedfromthedefinition(2.42

Comparing the above expression for P, with (2.45) we see that in the chosen basis, P, is represented

by a matrix all of whose elements are zero, except for the (n,n) element (P, ), which is one:

00 ... 0 ... 0
00 ... 0 .0
P, <+— 0 (2.49)
" 0 0 1 .0 ’
A
00 ... 0 ... 0

A hermitian operator P is said to be a projection operator if it satisfies the operator equation
PP = P. This means that acting twice with a projection operator on a vector gives the same as

acting once. The operator P,, is a projection operator since
PP = (Im)(ml)(Im){m]) = |m) (m|m) (m| = |m)(m], (2.50)

since (m|m) = 1. The operator P,, is said to be a rank one projection operator since it projects to a
one-dimensional subspace of V| the subspace generated by |m).

Using the basis vector |m) with m # n we can define
Pon = |m)(m|+|n)(n]. (2.51)
Acting on any vector |v) € V, this operator gives us a vector in the subspace spanned by |m) and |n):
Prpnlv) = |m) (mlv) + |n) (nfv). (2.52)

Using the orthogonality of |m) and |n) we quickly find that Py, ,Pyrn = Pn, and therefore P, ,
is a projector. It is a rank two projector, since it projects to a two-dimensional subspace of V', the
subspace spanned by |m) and |n). Similarly, we can construct a rank three projector by adding an

extra term |k) (k| with k£ # m and k # n. If we include all basis vectors we would have the operator
Pv = [DA[+12)2[+ ... + [N)(N]. (2.53)

As a matrix P;__n has a one on every element of the diagonal and a zero everywhere else. This is
therefore the unit matrix, which represents the identity operator. Indeed we anticipated this in (1.29),

and we thus write

1 = Z i) (| . (2.54)

This is the completeness relation for the chosen orthonormal basis. This equation is sometimes called
the ‘resolution’ of the identity.

Ezxample. For the spin one-half system the unit operator can be written as a sum of two terms since
the vector space is two dimensional. Using the orthonormal basis vectors |+) and |—) for spins along

the positive and negative z directions, respectively, we have

L= [H)H + =] (2.55)


http:thisin(1.29
http:with(2.45

Ezample. We can use the completeness relation to show that our formula (2.42) for matrix elements

is consistent with matrix multiplication. Indeed for the product 2129 of two operators we write

(Qng)mn = (m\Qng\m = <m‘91192‘n>

N
i (3 1) (k1) Qalmy = 7 (mulk)(kIQaln) = D (2)me( Q2

k=1 k=1 k=1

2
2

(2.56)

This is the expected rule for the multiplication of the matrices corresponding to 21 and Q.

2.2 Adjoint of a linear operator

A linear operator €2 on V is defined by its action on the vectors in V. We have noted that ) can also
be viewed as a linear operator on the dual space V*. We defined the linear operator Qf associated
with Q. In general Qf by

Qfulv) = (u|Qw) (2.57)

Flipping the order on the left-hand side we get
w|Qfu)* = (u|Qu) (2.58)

Complex conjugating, and writing the operators more explicitly

w|QMu) = (u|Qv)*, Yu,v. (2.59)

Flipping the two sides of (2.57) we also get
w|QTu) = (Qul|u) (2.60)

from which, taking the ket away, we learn that

w|Qf = (. (2.61)

Another way to state the action of the operator Qf is as follows. The linear operator 2 induces a map
|v) — |v') of vectors in V and, in fact, is defined by giving a complete list of these maps. The operator
QF is defined as the one that induces the maps (v| — (v/| of the corresponding bras. Indeed,

V) = Q) = Q),

(2.62)

W] = (Qu] = (v|Qf
The first line is just definitions. On the second line, the first equality is obtained by taking bras of
the first equality on the first line. The second equality is just (2.61). We say it as

The bra associated with Qv) is (v|QT . (2.63)



http:equalityisjust(2.61
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To see what hermiticity means at the level of matrix elements, we take u,v to be orthonormal

basis vectors in (2.59)
el = glar* - @Yy = @) (2.64)

In matrix notation we have Qf = (Q24)* where the superscript ¢ denotes transposition.

Ezercise. Show that (Q,Q)7 = Q;QI by taking matrix elements.
Ezercise. Given an operator Q = |a)(b| for arbitrary vectors a, b, write a bra-ket expression for QF.

Solution: Acting with Q on |v) and then taking the dual gives
Qv) = a) Blo) — (w|Q" = (v]b) (al, (2.65)
Since this equation is valid for any bra (v| we read
Qf = |b)(al. (2.66)

2.3 Hermitian and Unitary Operators

A linear operator € is said to be hermitian if it is equal to its adjoint:

Hermitian Operator: Qf = Q. (2.67)

In quantum mechanics Hermitian operators are associated with observables. The eigenvalues of a
Hermitian operator are the possible measured values of the observables. As we will show soon, the

eigenvalues of a Hermitian operator are all real. An operator A is said to be anti-hermitian if AT = —A.

Exercise: Show that the commutator [Q, Q2] of two hermitian operators 21 and 25 is anti-hermitian.
There are a couple of equations that rewrite in useful ways the main property of Hermitian oper-
ators. Using Qf = Q in (2.59) we find

If Q is a Hermitian Operator: (v|Qu) = (u|Q|v)*, Vu,v. (2.68)

It follows that the expectation value of a Hermitian operator in any state is real
(v|Qv) is real for any hermitian (2. (2.69)
Another neat form of the hermiticity condition is derived as follows:
(Qulv) = (u|Q'|v) = (uQv) = (u|w), (2.70)

so that all in all

Hermitian Operator: (Qulv) = (u|Qv). (2.71)



http:�in(2.59
http:vectorsin(2.59

In this expression we see that a hermitian operator moves freely from the bra to the ket (and viceversa).

Ezample: For wavefunction f(z) € C we have written
o) = [ (f@) ala)da (2.72)
For a Hermitian © we have (Qf|g) = (f|Qg) or explicitly
| @s@raaas = [ () gla)da (2.73)

Verify that the linear operator Q2 = 7—}% is hermitian when we restrict to functions that vanish at +oo.

An operator U is said to be a unitary operator if U' is an inverse for U, that is, UTU and UU' are

both the identity operator:

U is a unitary operator: U'U = UUT = 1 (2.74)

In finite dimensional vector spaces UTU = 1 implies UUT = 1, but this is not always the case for
infinite dimensional vector spaces. A key property of unitary operators is that they preserve the norm
of states. Indeed, assume that [¢)') is obtained by the action of U on [¢)):

[Y') = Ulp) (2.75)
Taking the dual we have
(W' = (w|UT, (2.76)
and therefore
W) = @UTUW) = W), (2.77)

showing that |¢)) and Uly) are states with the same norm. More generally

(Ua|Ub) = (alUTU|D) = (alb). (2.78)

Another important property of unitary operators is that acting on an orthonormal basis they give

another orthonormal basis. To show this consider the orthonormal basis
la1),laz) ... lan),  (aila;) = d;; (2.79)

Acting with U we get
|Uay),|Uas),...|Uan), (2.80)

To show that this is a basis we must prove that

Zﬁi’UGD =0 (2.81)
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implies §; = 0 for all 4. Indeed, the above gives
> BilUa) = Y BUla) = U Bila;) = 0. (2.82)

Acting with UT from the left we find that 3, 8i|a;) = 0 and, since the |a;) form a basis, we get 3; = 0

for all 7, as desired. The new basis is orthonormal because
<Uai|Uaj> = <ai|UTU|aj> = (ai|aj> = 51) (2.83)

It follows from the above that the operator U can be written as

N
U = > |[Ua)ail, (2.84)
=1
since N
Ulaj) =Y [Uai)(aslas) = [Uas) . (2.85)
=1

In fact for any unitary operator U in a vector space V' there exist orthonormal bases {|a;)} and {|b;)}

such that U can be written as N
U = |biail. (2.86)
i=1

Indeed, this is just a rewriting of (2.84), with |a;) any orthonormal basis and |b;) = |Ua;).
Ezercise: Verify that U in (2.86) satisfies UTU = UUT = 1.
Exercise: Prove that (a;|Ula;) = (b;|U|b;) .

3 Non-denumerable basis

In this section we describe the use of bras and kets for the position and momentum states of a particle
moving on the real line z € R.

Let us begin with position. We will introduce position states |z) where the label x in the ket is
the value of the position. Since x is a continuous variable and we position states |z) for all values of
x to form a basis, we are dealing with an infinite basis that is not possible to label as |1),]2), ..., it is

a non-denumerable basis. So we have
Basis states : |z), VaxeR. (3.87)

Basis states with different values of = are different vectors in the state space (a complex vector space,
as always in quantum mechanics). Note here that the label on the ket is not a vector! So |az) # alx),
for any real a # 1. In particular | —z) # |z) unless x = 0. For quantum mechanics in three dimensions,
we have position states |Z). Here the label is a vector in a three-dimensional real vector space (our

space!) while the ket is a vector in the infinite dimensional complex vector space of states of the theory.

11



Again something like |#; 4+ 23 ) has nothing to do with |#;) + |@2). The | ) enclosing the label of the
position eigenstates plays a crucial role: it helps us see that object lives in an infinite dimensional
complex vector space.

The inner product must be defined, so we will take

(zly) = d(z —y). (3.88)

It follows that position states with different positions are orthogonal to each other. The norm of a
position state is infinite: (z|x) = §(0) = oo, so these are not allowed states of particles. We visualize
the state |x) as the state of a particle perfectly localized at x, but this is an idealization. We can easily
construct normalizable states using superpositions of position states. We also have a completeness

relation
1= /dm\@(m] (3.89)

This is consistent with our inner product above. Letting the above equation act on |y) we find an
equality:

) = [delaaly) = [dolo)ote—y) = Iu). (390)
The position operator & is defined by its action on the position states. Not surprisingly we let

T|x) = xlx), (3.91)

thus declaring that |z) are & eigenstates with eigenvalue equal to the position z. We can also show

that & is a Hermitian operator by checking that &' and & have the same matrix elements:
(1|27 22) = (o) 2|1)* = [210(21 — 22)]* = 226(x) — 22) = (21|2|22) . (3.92)
We thus conclude that &f =  and the bra associated with (3.91) is
(x|z = z(z|. (3.93)
Given the state [1)) of a particle, we define the associated position-state wavefunction ¢ (z) by
P(z) = (zl) €C. (3.94)

This is sensible: (x[¢) is a number that depends on the value of z, thus a function of z. We can now
do a number of basic computations. First we write any state as a superposition of position eigenstates,

by inserting 1 as in the completeness relation

) = 1) = / d|z) (z]p) = / de|z) (z). (3.95)

As expected, 1(x) is the component of ¢ along the state |z). Ovelap of states can also be written in

position space:

(Bl) = / dz (Blz) (x) = / dr ¢ (@)(z). (3.96)

12
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Matrix elements involving & are also easily evaluated
(Plzly) = (ol21]y) = /dfc (9l2]z) (zl) = /dw (olx) x (x]y) = /dfc ¢"(x)z (). (3.97)

We now introduce momentum states |p) that are eigenstates of the momentum operator p in

complete analogy to the position states

Basis states : [p), VpeR.

W'p) = dlp—1),
(3.98)
/dp Ip)(p
plp) = plp)

Just as for coordinate space we also have

p'=p, and  (plp=p(pl. (3.99)
In order to relate the two bases we need the value of the overlap (x|p). Since we interpret this as

the wavefunction for a particle with momentum p we have from (6.39) of Chapter 1 that
eipx/h

. 3.100
2mh ( )

(zlp) =

The normalization was adjusted properly to be compatible with the completeness relations. Indeed,

for example, consider the (p’|p) overlap and use the completeness in = to evaluate it

o' |p) /dxp|x xlp) = o h/dwe p=p)z/h — /duel(p ?') (3.101)

where we let u = z/h in the last step. We claim that the last integral is precisely the integral
representation of the delta function §(p — p'):

1 . /
i(p—plu _ )
o /due dp—17p). (3.102)

This, then gives the correct value for the overlap (p[p’), as we claimed. The integral (3.102) can be
justified using the fact that the functions

2m'n:17)

falz) = —= exp( 7 (3.103)

form a complete orthornormal set of functions over the interval x € [—L/2, L/2]. Completeness then

means that

Y @) (@) = 6z —af). (3.104)

nez
We thus have

Z — exp <2m (x — x')) = §(z—a'). (3.105)

neZ

13
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In the limit as L goes to infinity the above sum can be written as an integral since the exponential is
a very slowly varying function of n € Z. Since An = 1 with « = 27n/L we have Au = 27/L < 1 and
then

Z % exp<27ri %(az - :E/)> = Z é—: exp (zu(:n - :E/)> — % /duei“(m_x/) , (3.106)

nez
and back in (3.105) we have justified (3.102).

We can now ask: What is (p|¢)? We compute

wlY) = / d{plz){zlp) = ﬁ / dre= () = G(p)., (3.107)

which is the Fourier transform of ¢ (z), as defined in (6.41) of Chapter 1. Thus the Fourier transform
of ¥ (x) is the wavefunction in the momentum representation.

It is useful to know how to evaluate (z|ply)). We do it by inserting a complete set of momentum

states:
@lplo) = [doGalpiiple) = [ dp(otalp)) 1) (3.108)
Now we notice that b d
p(zlp) = ~——(zlp) (3.109)
and thus b
(|ply) = /dp (;@(:vlp» (plt). (3.110)
The derivative can be moved out of the integral, since no other part of the integrand depends on x:
. hd
{elplv) = - [ dplelp){pl¥) (3.111)

The completeness sum is now trivial and can be discarded to obtain

hd hd
(@lply) = 7 () = - ¥(@). (3.112)
Exercise. Show that p
(pl&[p) = z’hd—pzﬁ(p)- (3.113)
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