Formula Sheet

e Conservation of probability
0 0
—p(x,t) + —J(z,t) =
ol )+ (1) = 0
N

e Variational principle:

[ de b (2) Hib(2)
oo = T e @)i(o)

= (H), forall ¢¥(z)

e Spin-1/2 particle:
eh 1

Stern-Gerlach: H=-p-B, p=g-— =-S=17S
2m h
_eh _ o S
:uB_Qme? He = /”LBh7

tu e bass 1) = Jz4) = 1+ = () + 12 = =) = 1) = ()

o _h 01, (0 -\, (10
2—202 Oy = 1 0 ; Oy = i 0 y Oy = 0 —1

[O’i, O'j] = 2i€ijk0'k — [SZ, S]:| = ’LhEZ]kSk (6123 == —|—1)
oi0; = 01 +i€jp0r, — (o-a)(oc-b)=a-bl+io-(axDb)
e™Ml = 1cosf+iMsinf, if M2=1

. . a .
exp(ia-o) =1cosa+io - <E> sina, a=|al

exp(ifos) o1 exp(—ifos) = o1 cos(20) — o9 sin(20)
exp(ifos) og exp(—ifos) = oqc08(20) 4 o1 sin(26) .

h
Sn:n-S:nmSz—l—nySijnzSzzin-a.

(g, ny,n,) = (sinf cos ¢, sinfsin ¢, cosf), Sp|n;+) ==+ g In; +)
n;+) = cos(30)|+) + sin(30)exp(ig)|—)
In; =) = —sin(30) exp(—ig)|+) + cos(30)|-)
|(n'; +|n; +)| = cos(37), 7 is the angle betweenn and n’
h ' _ 1Sy
(S)n = on Rotation operator: R,(n) = exp(— h )



e Linear algebra

Matrix representation of 7" in the basis (v1,...,v,) 1 Tv; = Z Tij v;

basis change: u; = ZAjkvj : T({u}) = A'T({v})A
J
Schwarz: |(u,v)| < |ul|v|
Adjoint: (u,Tv) = (TTu,v), (ITH' =T
e Bras and kets: For an operator Q2 and a vector v, we write |Quv) = Q|v)
Adjoint:  (u|QT) = (Qulv)
la1v1 + aova) = aqfur) + azglve) —  (a1v1 + agvs] = of (v1| + aj (v

e Complete orthonormal basis |i)
(i) =0, 1= |
Qi = Q) < Q= ZQU |9)(J
4,3

(i19M5) = (k)
Q hermitian: Q' =Q, U unitary: Ul =U"!
e Matrix M is normal ([M, M'] =0) <— unitarily diagonalizable.

e Position and momentum representations: ¢ (z) = (z|¢)) ; ¥ (p) = (plY) ;

fa) = ala), (ely) =Sz —y), 1= /dx|x><a:|, i =5

blp) =plp), (alp) =dla—p), 1= [ Il 5 =5
(o) = = ep( 5 s 00) = [delpla)ati) = —= [ dresn( =5 )ule)
i) = (F4) v@s @l = ()00 @)= 1)
%/_OO exp(ikz)dx = §(k)



e Generalized uncertainty principle

AA = [(A— (AT —  (AA)? = (4%) — (4)?

AAAB > ‘(\If\%[A,BH\IO‘
1

Ax Ap > EL
2
A h x?
ALE—% and Ap—ﬁ fOI' wwexp(—ﬁﬁ)
+o0o
/ dx exp (—azz) = \/E
oo a
. d )
Time independent operator @ : %<Q) = ﬁ< [H,Q])
h AQ
AHAt > 3 At = )
dt
e Commutator identities
[A, BC| = [A, B]C + B[A, (],
1 1

eABe = 2dap — B4 [A, B+ SIALA B+ A A, [A, B+

e’Be™* =B+ [A,B], if [A[AB]]=0,
(B, e']=[B,Ale", if [A[A,B]]=0
BeAe%[A,B}

_1
A+B _ A B,—3[ABl _

Y

e

e Harmonic Oscillator

1 1 -1 -
H:—p2+§mw2se2:hw<N+§), N =a'a

2m
R LN P it = JT (e P
“= 2h< +mw) ’ 2h (SC mw) ’
h h
i = 2mw(a+a*), p=i m;" @t —a),
[#,p =ih, [a,a'l=1, [N,a]=-a, [N,af]=a
1
_ t\n
n ——(a")"|0
n) m( )"10)

Hln) = E,|n) = hw(n + %)|n> . Nin) =nln), (mn) = b

3

if [A, B] commutes with A and with B



a'ln) =vn+1n+1), an)=+vnln—1).

(o) = (alo) = (22) M exp (<22

~

xry(t) = & coswt + L sinwt
mw
pr(t) = p coswt — mw & sinwt
e Coherent states and squeezed states
TSL‘() = 6_%13500’ Tx0|l’> = |x_|_1'0>

o) = Tol0) = e #%|0)

Zo) = e i@ Vi |0}, (x]F0) = ola — 20), ¥ = ——

T D) d
la) = D(a)|0) ), D(a) exp(aa a a), o= i
|Oé> _ joat > — e—%|a\2eo¢aT|0>’ d|0é> _ a|a> ’ |a,t> _ e—iwt/2|6—iwta>
0,) = SGI0),  SG) = ep(—S(lal —aa)), yeER
1 1
_ _ TT
|0,) = Tshvexp( 5 tanhya'a ) |0)

ST (y)aS(y) = coshya —sinhya', D'(a)aD(a)=a+ «
|, 7) = D(a)S5(7)[0)

e Time evolution
W, t) =U(t,0)|W,0), U unitary

U(t,t) =1, Ults,t))U(t1,t0) = Ulta,to), Ut ta) = U'(ta, 1)

m—mf ty=H@O)|P,t) z’h%U(t,to):fI(t)U(t,to)

o . _ i o (t—t
Time independent H: U(t,ty) = exp _h H(t—ty } Z e~ n Bnlt=to)|n) (p)
<A> = <l1]>t|AS|\I]>t> = <\I]>0|AH(t)|\DaO> - AH(t) = UT(t>0)ASU(t70)

[As, Bs]=Cs — [Au(t), Bu(t)] = Cu(t)

zhthH( t)=[Ag(t), Hy(t)], for Ag time-independent



e Two state systems

Eigenstates: |n;+), Ey=hoth.

H=—-—~yS-B — spin vector 7 precesses with Larmor frequency w = —vB

NMR magnetic field B = Byz + B; (cos wtx — sinwt y)

() = exp(i—iwtgz) exp(%vBR S1)|w(0))

BR: B(](l— i)Z"—BlX
)

e Orbital angular momentum operators
2

a-b = ab, (axb), = €jajby, a = a-a.
€ijk €ipg = OjpOkg — O0jgOkp,  €ijk €ijg = 20kg -
ﬁiIEijkL%jﬁk S L:I'Xp:—pXI'
Vector u under rotation: [f)l, Uj] = thejpt, = Lxu+uxL = 2ihu

Scalar S under rotation: [L;, S] = 0

u, v vectors under rotations — u-v isascalar, u x v is a vector

[L;,L;] = ihejp Ly, <= LxL =L, [L;,L?] = 0.

V2—a_2 g£+i 8_2_‘_(30459&_‘_#8_2
S or2  ror 2\ 062 00 sin% 6 0¢?

i o o 1 &
B A LA
(892 TS T s ea¢2)

- ho - Lid o . 0
Lz—;a—¢7 Ly =he <i09+zcot6’a¢)

e Spherical Harmonics
Yom(0,0) = (0, 0|, m)

Yb,O(ea ¢) = \/% ) Y17i1(9>¢) - :F\/SE?TSIIIHGXP(IEZQ» ) }/1,0(97¢) = \/gcose



e Algebra of angular momentum operators J (orbital or spin, or sum)
[Ji, J;j| = ihegndy <= I xJI=ihd; [J* J]=0
Fjm) = 02 j(G +Dlgm) 5 Jljm) = hmljm), m=—j,... ..

1

= (-7

1
Je=J,+id,, (J)'=Jr J, = 5(J+ +J2), J,
[Jz ) J:I:] - th:l:a [Jza J:I:] =0 ) [J-i-a J—] - 2th

2= J J +J*—hJ. = J_J. + J2+hJ.

Jeljm) = h/j(j + 1) —m(m £ 1) [j,m £ 1)

e Angular momentum in the two-dimensional oscillator
1 1

arp = %(ax +idy), ap = ﬁ(ax —idy), lap,at) = [ar,dk] =1
Jy =hahar, J-=halar, J.=3iIR(Ng—Np)
lj,m) j=3%(Nr+Ny), m=3(Ng—Np)

H=0®3;0l03a...

e Radial equation

h? d? h2 el +1
<_%ﬁ +V(r) + 72571; ))u,,g(r) = E,pu,e(r) (bound states)
Upe(r) ~ 7 asr = 0.
e Hydrogen atom
e 1 Une(T)
E,=—— ) = Y,
n 2(1,0 n2 5 ¢n,€,m($) ’ &m(ea ¢)
n=12..., (=01,....n—1, m=—(.... ¢
h? e? 1
- = — ~ he ~ 200 MeV-
W= e YT he T 137 ¢ ey

2r
uro(r) = 3—/26Xp(—7°/a0)
)
B 2r T
UQ’()(’T’) = W ]_ — 2—a0 eXp(—T/an)
1 1 r?

Ugq(r) = %Wa_o exp(—r/2ayp)



e Addition of Angular Momentum J = J; + Jo
Uncoupled basis :  [jija;mimg) CSCO : {J2,J3, Jy., Jo. }

Coupled basis :  |j172;im) CSCO : {J1,33,3%, J.}

N ®p=U(1+5)@0Gi+i—1)&...8|H — jo

Giadm) = > e mim) {12 mama|jija; jm)
mitme=m Clebsch—Gor?iran coefficient

1
Ji-Jg = §(J1+J2— + Ji—Joy) + JizJos

Combining two spin 1/2 : % ® % =160
|1’1> = | TT)a
1 1
11,0) :E(‘ ™+ 1), \070>=ﬁ(|T¢>—\¢T))
L= =[H).
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