MIT 8.03 Fall 2005 — Analysis of the Driven Triple Pendulum

We wish to study the behavior of three pendulums, each of mass m and length L, in the configuration
shown below under the influence of a variable displacement 1 = g cos(wt) at the top end.

We first find the normal mode frequencies by considering the case in which the system is un-driven, i.e.
n(t) = 0. We then proceed to find the amplitudes of oscillations of the pendulums as a function of the driving
frequency w.

We begin by setting a convenient coordinate system and labeling the relevant variables.

mg

For small angles, T} ~ 3mg, 1o ~ 2mg and T3 ~ mg. If all three angles are zero and the system is at rest
then this follows immediately. The acceleration in the y-direction is negligible for small angles. Note that
sinfy = (x1 —n)/L, sinfy = (x9 — x1)/L and sinf3 = (x3 — x3)/L. Then, the equations of motion for the
pendulums (for small oscillations) are

md; = Tosinfy —Tysinfy =~ 2mg(xe —x1)/L —3mg(z1 —n)/L
mio = Tsinfy —Tesinby =~ mg(xs —x2)/L —2mg(xs —x1)/L
mis = —Tysinf; ~ —mg(xs —x2)/L,

where we have made the small angle approximations sinf =~ 6 and cosf ~ 1. Rewriting the equations of
motion in terms of wy = y/¢g/L and rearranging terms,

T+ w3(5z1 —2x9) = 3w§17
jg—l—wg(—Zm +3zp—23) = 0
T3+ w%(m — 1'2) = 0.
We use the (normal mode) anzatz z; = C; coswt, where i = {1,2,3}. Note that #; = —w?z,;. Then, the set

of coupled differential equations (z; unknown) becomes a system of linear algebraic equations (C; unknown):
—Chw? + 5C’1w(2) — ngC’g = 3w§n0
—C’ng — 201&)8 + 3w§C2 — wngJ, = 0
—ng2 - W(Q)CQ + wgCg 0.



We can write these equations in the compact form Ax = b, where A is the matrix of coefficients, x is the
vector of amplitudes (unknowns) and b is the source vector. In matrix form, this means

5wg — w? —2wk 0 Cy 3wino
—2w¢  3w? —w? —w? Cs = 0
0 —w? wd —w? Cs 0

We now wish to find the normal mode frequencies in the source-free case, i.e. Ax = 0. Thus,
det A = 6wf — 18wjw? + Jwgw* — w® = 0.

I, Tgor Sylvester, solved this equation using MAPLE. The exact solutions are too complicated to present
here. Instead, I give the following approximations for the normal mode frequencies:

w

{wla w2, w?)}
{0.6448w0, 1.5147w0, 2508w}

You may ask what happened to the other three roots. Since the determinant is a polynomial of degree six,
it should have six roots. In fact, the complete solution to det A = 0 is given by w? = {wf,w3,w3}. Since
negative frequencies do not add new physics, we use only the positive values of w. Since we know the roots
of det A, we can write it in the convenient form:

det A = (W — wW?) (W2 — W) (W2 — w?).
The relative amplitudes of oscillation at the normal modes are:

Cy 2w (wg — w?) Cs 2w
C1  2wi — dwdw? + wt C;  2wh — dwdw? +wt’

triple.tar triple.tar The approximate values are

C _ C _ C —
Gl =22 & =1 g = 06
C. C. C

Gl =392 & o= -5 & = 012

We now re-consider the forced case, i.e. Ax = b and solve for the amplitudes C; using Cramer’s rule:

3wino —2w3 0
0 3w — w? —wk
0 —wg Wi —w? 3wd (2w — dwdw? + w?)
G = det A — o (W} — w?) (W3 — w?) (W3 — w?)
Swg — w?  3wino 0
—2wk 0 —w?
o 0 0 wj—w’ | —6wi(w — wo)(w + wp)
S det A - (w? — w?) (W3 — w?) (W3 — w?)
5wa — w? —2w3 3wino
2w 3wi-w? 0
0 —wg 0 ng
Cs = det A — o (w? — w?) (W3 — w?) (w2 —w?)’

A graph of the amplitudes is shown on the next page.



Triple Pendulum
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C 1/n0 (top mass, closest to driver)

CZ/n0 (middle mass)

Cgln 0 (bottom mass)

It is interesting to note that the first mass is stationary, i.e. Cq(w) =0, if

w = {\/2 + V2, \/2 — \/5} wo (only real solutions)
~ {1.849,0.764} wo.

Even more interesting is that the second mass is stationary if w = wq. If you take the triple pendulum and
drive it at a frequency equal to that of a simple pendulum of mass m and length L then the second mass
will not move! You SHOULD ask yourself the question:
How on Earth can the two masses (2 and 3) move if the upper mass (1) does not move at all?
The answer is simple: it is not possible! It is only possible in our dream-world of zero damping. In the
presence of damping, no matter how little, the peculiar state is unstable. You will be able to go through
that “special” state by varying omega, but you cannot “stop” there.

I strongly recommend that you read Professor Lewin’s own words at the end of the solutions to Problem
3.5.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier ()
  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


