MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

Physics 8.01T Fall Term 2004

Problem Set 5: Universal Law of Gravitation; Circular Planetary
Orbits.

Available on-line October 1; Due: October 12 at 4:00 p.m.

Please write your name, subject, lecture section, table, and the name of the recitation
instructor on the top right corner of the first page of your homework solutions. Please
place your solutions in your lecture section table box.

Oct 1 No class

Problem Set 4: Due Tues Oct 5 at 4:00 pm.

Oct 4
Hour One: Universal Law of Gravitation; Circular Planetary Orbits
Reading: YF 5.4,12.1-12.2

Hour Two: Problem Solving Session 5: Uniform Circular Motion, Universal Law of
Gravitation; Circular Planetary Orbits
Reading: YF 5.4,12.1-12.2

Oct 6

Hour One: The Lever Principle: Static Equilibrium and Torque with Experiment 5: Static
Equilibrium

Reading: YF 11.1-11.3, Experiment 5

Hour Two: Problem Solving Session 6: Static Equilibrium and Torque
Reading: YF 11.3

Oct 8
Hour One: Problem Solving Session 7: Static Equilibrium and Torque

Problem Set 5: Due Tues Oct 12 at 4:00 pm.
Oct 11 No class

Oct 13
Hour One: The Concept of Energy; Work; Work-Kinetic Energy Theorem
Reading: YF 6.1-6.4



Hour Two: Problem Solving Session 8: Work and the Dot Product
Reading: YF 6.1-6.4

Oct 15
Hour One: Problem Solving Session 9: Work Done by Friction and other Dissipative

Forces; Motion With Dissipative Forces
Reading: YF 5.3, 6.1-6.4

Problem Set 6: Due Tues Oct 19 at 4:00 pm.



Problem 1: (Second Law Applications: synchronous satellite)

A synchronous satellite goes around the earth once every 24 h, so that its position appears
stationary with respect to a ground station The mass of the earth is m, =5.98x10* kg .

The mean radius of the earth is r, =6.37x10° m. The universal constant of gravitation is

G =6.67x10™ N —m?/kg?. Your goal is to find the radius of the orbit of a synchronous
satellite that circles the earth.

a) Describe what motion models this problem. Write down a vector description of
the acceleration. Clearly indicate your choice of unit vectors and your reasoning
for choosing them.

b) What is the radius of the orbit of a synchronous satellite that circles the earth?
Approximately how many earth radii is this distance?

Answer:

a) The motion of the satellite is uniform circular motion. Given wthe angular
speed of the satellite around the revolution axis (that we will consider passing
through the center of mass of the earth as this is a verv good approximation)

=
and »its distance from the center of the sarth we have:
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I:i] Using Newton's second law we easilv write:
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Problem 2: (Circular motion: banked turn)

A car of mass m is going around a circular turn of radius R which is banked at an angle
6 with respect to the ground. Assume there is a coefficient of static friction x, between

the wheels and the road. Let g be the magnitude of the acceleration due to gravity. You
may neglect kinetic friction. In each part below show your force diagrams.

b)

d)

| &— R —— Q
%

Describe the motion of the car if the car is traveling very slowly or extremely fast.
Is it possible for the car to travel at speeds such that it can undergo circular
motion? If so, what coordinate system best suits this problem. In particular,
describe the acceleration vector in terms of your coordinate system unit vectors.

Derive an expression for the minimum velocity necessary to keep the car moving
in a circle without slipping down the embanked turn. Express your answer in
terms of the given quantities.

Derive an expression for the maximum velocity necessary to keep the car moving
in a circle without slipping up the embanked turn. Express your answer in terms
of the given quantities.

Derive an expression for the velocity necessary to keep the car moving in a circle
without slipping up or down the embanked turn such that the static friction force
vanishes. Express your answer in terms of the given quantities.

Answer:



a} If the car is going very slowly and tan{@#} > p.the car will turn along the
bank and slide down. Otherwise it can undergo circular motion. I the car is
going very fast and cot{8) > p.the car will turn along the bank and slide up.
There always is a range of speeds for which the car can undergo circular motion.
In this case the motion is restricted to a plane and the position of the car will

—
be given by Rthe vector pointing fram the center of ratation to the car..
b) In this case friction is directed upwards along the incline and equal to its

— —h -
maximum value fe= u,| N|where ¥is the normal force exerted by the bank on
=

the car. Newton's second law in the direction of Nthen gives |N| —mgeons(f] =
m Yy sinf).

Along the incline instead it gives: mgsin(#} — mpe {gcos(@) + 11'; sin{#)) =
m% cos{d) from which

v = {Rg[%%}}* = (Rgtan(d — a))? where p, = tan{a) -

¢} This case simply correspands to changing the direction of the friction
force: mgsin{@) + mp,{gcos(@) + %sin{ﬁ'}] = m% cos{#) from which v =
(Rg{{2ufitie )t = (Rgianif + )

) This case corresponds 1o g, = ) = asa rhat:

v = {Rgtan(#))s
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Problem 3: Experiment 5 Static Equilibrium Analysis

Part a) Suppose a rope of mass m=0.1kg is connected at the same height to two walls
and is allowed to hang under its own weight. At the contact point between the rope and
the wall, the rope makes an angle @ =10° with respect to the horizontal. The object is to
find the tension in the rope at the end and at the middle of the rope.In order to find the
tension in the rope at the end and at the middle of the rope, you will need to think
cleverly what to include as the system in your free body diagrams. Describe

a) What choice did you make for the system for you free body force diagram. Show
all the forces acting on the diagram. What is the tension at the ends of the rope
where it is connected to the walls?

b) What choice did you make for the system for you free body force diagram. Show
all the forces acting on the diagram. What is the tension in the rope at a point
midway between the walls?

Answer:

a) Consider half of the rope as your system. The vertical component of the
tension at the end of the rope must be equal to the weight of half of the rope
m [ T
g0 that T4 = m%l] = 2.82N.
Then the tension at the middle must be equal to the horizontal component
of the tension at the end that is Thiddie = 5o = 2.78

Part b) A device called a capstan is used aboard ships in order to control a rope which is
under great tension. The rope is wrapped around a fixed drum, usually for several turns
(the drawing below shows about three fourths turn as seen from overhead). The load on
the rope pulls it with a force T,, and the sailor holds it with a much smaller force T, .

Show that T, =T,e*’, where , is the coefficient of static friction and & is the total

angle subtended by the rope on the drum? Here’s a hint: choose a small mass element of
arc length RA@ . Carefully indicate the forces acting on this section of the rope. Is the
tension constant in this section?




Answer:

b} Consider # = () where the extremity of the rope not pulled by the sailor
touches the capstan. Then T{0) = Ty.

Consider now a section of the rope of lenght RA#at an angle # on the capstan.
The difference in tension between the two extremities of this piece is equal to
T(#+ Af) —T(#) = —jpt, N where N is the normal force that the capstan exerts
on the piece of rope: N = 2T(#) sin{3L) ~ T(#)A6 . So LT(#) = —p,T(#) and
solving:

T(#) = Tae #=*

T(37/2) = Tae 37Hs/1
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Problem 4: Static Equilibrium The Knee

A man of mass m=70kg is about to start a race. Assume the runner’s weight is equally
distributed on both legs. The patellar ligament in the knee is attached to the upper tibia
and runs over the kneecap. When the knee is bent, a tensile force, T, that the ligament
exerts on the upper tibia, is directed at an angle of @ =40° with respect to the horizontal.
The femur exerts a force F on the upper tibia. The angle, «, this force makes with the
vertical will vary and is one of the unknowns to solve for. Assume that the ligament is
connected a distance, d =3.8cm, directly below the contact point of the femur on the
tibia. The contact point between the foot and the ground is a distance s=3.6x10'cm
from the vertical line passing through contact point of the femur on the tibia. The center
of mass of the lower leg lies a distance x =1.8x10'cm from this same vertical line.
Suppose the mass of the leg is a 1/5 of the mass of the body.

a) Explain the origin of the forces that are shown in the above force diagram.
b) What are the equations for static equilibrium of the forces?

c) About point will you choose to analyze the torques? What are the equations for
static equilibrium of the torques?

d) Find the magnitude of the force T of the patellar ligament on the tibia.

e) Find the direction « of the force of the femur F on the tibia.



Answer:

Choose the unit vectors i to point horizontally to the right and ] vertically upwards. The
two conditions for static equilibrium are

(1) The sum of the forces acting on the rigid body is zero,

—

F,

total

—F 4 F, +F +F, =0,
(2) The vector sum of the torques about any point S in a rigid body is zero,
—total _ = = = P
Tg =T, +T5,+tTs5=0.

The first condition that the sum of the forces is zero becomes

i:—Fsing+Tcosf=0
j:N-Fcosa+Tsind—(1/5)mg=0.

Since the weight is evenly distributed on the two feet, the normal force on one foot is
equal to half the weight, or

N =(1/2)mg,
the second equation becomes

j:(Y2)mg - F cosa +T sin@—(1/5)mg =0

The torque-force diagram on the knee is shown below.



-
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Choose the point of action of the ligament on the femur as the point S to compute the

torque about. Note that the tensile force, T , that the ligament exerts on the upper tibia
will make no contribution to the torque about this point S . Choose counterclockwise ¢ as

the positive direction for the torque, this is the positive k direction.Then the torque due
to the force of the femur F on the tibia is

Ty, =T, xF = djx(—F sinai—F cosaj) —dFsinak .
The torque due to the mass of the leg is
T, =T, x—(1/5)mgj= (—xi - ij)x —(1/5)mgj = (1/5) xmgk .
The torque to the normal force of the ground is
Ty =53 X Nj = (—SE— yNj)x Nj = —sNk = —(1/2)smgf( .

So the condition that the total torque about the point S vanishes becomes

—total _ — - - S

Tg =Tg, 4T, +Ts5=0

becomes
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dF sin ak +(1/5) xmgk —(1/2) smgk = 0.
Recalling our other two force equations
ii—Fsinag+Tcosd=0
j:(l/Z)mg —Fcosa+Tsind—(1/5)mg =0.
The horizontal force equation implies that

Fsina =T cosé.

Substituting this into the torque equation yields

dT cos&+(1/5)xmg —s(1/2)mg =0

We can solve this equation for the magnitude of the force T of the patellar ligament on
the tibia,

T s(1/2)mg —(1/5) xmg
- d cosé '

(3.6x107'm)(1/2)-(1/5)(1.8x10"m)

_ 3
(3.8><10*2m)cos(400) =34-d0°N

T =(70kg)(9.8m-s~?)
We can now solve for the direction « of the force of the femur F on the tibia as follows.
Rewrite the two force equations as
Fcosa =(1/2)mg +T sind—(1/5)mg = (3/10)mg +T sin &
Fsina=Tcosé

Dividing these equations yields

3/10 Tsin®
chsa:cotanoc:(/ )mg+ >IN .
Fsina T cosO
So
3/10)mg +T sin0O
a=cotan™ (310)mg +T s
T cosO
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[ (3/10)(70kg)(9.8m-s7*) +(3.4x10° N )sin(40°)

o =cotan” (3.4><1o3 N )008(400)

= 4.7x10" deg

We can now use the horizontal force equation to calculate the magnitude ‘17“‘ of the force
of the femur F on the tibia,
(3.4x10° N )cos(40°)

F=2— =35x10°N
sin(4.7x10" deg)

Problem 5: Post-Experiment 5a Analysis

You may work together as a group to solve this problem, but each group member should
turn in a copy of this answer with problem set 05, If you like. just fill in the information
above, complete this page, and attach it to yvour homework solutions.

Suppose a rope is tied rather tightly between two trees that are 30 m apart. You grab the
middle of the rope and pull it perpendicular to the line between the trees with as mmech force
as you can. Assume this force is 1000 (about 2251b), and the point where you are pulling
on the rope is 1 m from the line joining the trees.

1. How much is the force tending to pull the trees together 7

2. Give an example where von think this might be of practical nuse.

12
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