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Problem 6.1 (Ohanian, page 291, problem 13)

The masses of the two automobiles are m; = 540 kg and my = 1400 kg and their
velocities, measured along the original direction of m,, are v; = 80 km/h ~ 22.22 m/s
and vy = —80 km/h ~ —22.22 m/s.

(a) We are told that the two automobiles remain locked together after the collision.
After the collision both automobiles move as one, hence they both must have the same
velocity which must also be the velocity of the center of mass (vop). There are no
outside forces, so the velocity of the center of mass remains unchanged during the collision.
Therefore

miv1 + Moo . 540 — 1400
my+mo 540 + 1400

vorm = -80 km/h ~ —35 km/h ~ —9.9 m/s

The velocity of the wreck is given by vcys. Note, it was unnecessary to convert from the
non-metric unit “km/h” if we wanted the value of voy, in units of “km/h”.

(b) The total kinetic energy before the collision is

mivi  mayvl
2 2

1 1
Kpefore = = 5(540)(22.22)2 + 5(1400)(22.22)2 ~4.8x%x10° ]

The total kinetic energy after the collision is

(M1 + ma)vgy,

~82x10J
2 X

Kafter =

Note, it was necessary to convert from “km/h” to “m/s” to achieve an answer in units of
HJ??
(C) This calculation is best done in the center of mass frame. Since there are no

outside forces, this frame is inertial; hence the acceleration in this frame is the same as
the acceleration relative to the ground. We will make use of the kinematic relation

v:— 0}
a=——
2(x — xp)

1



For the automobile of mass my, its speed in the center of mass frame is
v =v; —vey = 22.2 —(—9.9) = 32.1 m/s

The acceleration the passenger compartment experiences is given by
of 2 2
alzﬁ%8.6x10 m/s
For the automobile of mass ms, its speed in the center of mass frame is

vh = vy —voy = —22.2 — (—9.9) = —12.3 m/s

The acceleration the passenger compartment experiences is given by

12

ag = 2—2 ~ 1.3 x 10* m/s?

Problem 6.2 (Ohanian, page 292, problem 23)

This problem is illustrated in Figure 11.12 on page 292. Let m be the mass of each
steel ball. The first steel ball swings and gains kinetic energy until it collides with the
second steel ball. Initially the first steel ball is at rest at an angle 0 relative to vertical,
so its height relative to the bottom of the swing is

h =1(1 — cosf)
Its mechanical energy is
E = mgh = mgl(1 — cos0)

At the bottom of its swing, just before the collision, its mechanical energy is

Conservation of mechanical energy gives
muv?
mgl(1 — cosf) = TN — v =1/2gl(1 — cos )
Also in terms of just h, conservation of mechanical energy gives

mv2 U2



(a) Because we are told the collision is elastic, we know that kinetic energy is conserved.
Momentum is also conserved. If we label the velocity, before the collision, of the first steel
ball vy, and we label the velocity, after the collision, of the first and second steel balls v}

and v}, respectively, then

mvi  muR mo
-y
2 2 2

and
muy = muy + mus

These equations are precisely the same equations for one-dimensional collisions. The
solution is given in Equations (11) and (12) on page 277.

m—m

V] = v =0
m+m

, 2m

Vy = V1 = U
m-—+m

All of the mechanical energy is transferred to the second steel ball (since the first steel
ball comes to rest), so the second steel ball must reach the same height as the first one

started from.
h, et U—g = U—% =
29 2g

(b) We are told the putty balls remain stuck together after the collision. If we label
the velocity of the joined putty balls after the collision v’, then momentum conservation

gives
muvy = 2ma’ — v = —=

2

v'? <%> 1 v h

h/ = — = = — . = —
4

29 29 4 2g

Problem 6.3

Let m; = 100 kg, my = 80 kg, and mp = 10 kg. There are no outside forces acting
on John, Nancy, or the block, so momentum is conserved. Velocity will be considered
positive when it is directed from John to Nancy. Note that kinetic energy is not necessarily



conserved: John and Nancy can interchange internal energy with kinetic energy by sliding
and catching the block.

(a) Let vy, be the velocity of John’s sled and vp; be the velocity of the block after John
releases the block. The speed of the block relative to John’s sled is said to be 3 m/s, thus

vp1 = vy +3

Momentum conservation gives

0 = myv +mpvpr = myvs +mp(v + 3) =
3
v = __ OB —0.27 m/s -
my+ mp
3mJ
— 3=—-  ~27
U1 = Vj1 + e m/s

(b) Let vny be the velocity of Nancy’s sled after she catches the block. Momentum
conservation gives

mpvp1 = (Mmp + my)vn =
mp mpg 3TTIJ
UN] = —————— U] = . ~ 0.30 m/s
mp+ my mp-+my my-+mpg

(C) Let vy be the velocity of Nancy’s sled and vgs be the velocity of the block after
Nancy slides the block to John. The speed of the block relative to Nancy’s sled is said to
be 3 m/s, thus

Upy = Un2 — 3

(Note that here it is “—3” and above it is “+3”. This is due to our choice for positive
velocity.) Momentum conservation gives

(mB + mN)vm = MpUps + MNUN2 = mB(ng — 3) + MyNUN2 ——

3
UN2 = (mB * mN)UNl * s ~ 0.63 m/S —
mp+my

VB2 = UN2 — 3~ -24 IIl/S

(d) Let vys be the velocity of John’s sled after he catches the block. Momentum
conservation gives



+
myv + mpupa = (Mg + mp)vss = V2 = m‘](:;l _i_:iBY)JBZ ~ —0.46 m/s
J B

(e) The total kinetic energy of the block and sled after John releases the block is

2 2
2 2

K ~41J

Initially there was no kinetic energy, but John converts chemical energy (stored in his
muscles) to kinetic energy by sliding the block to Nancy.

(f) The total kinetic energy of the two sleds and the block just after Nancy catches the
block is

myvy, | (mp+my)v,
2 2

K = ~79)J

There are internal forces involved when Nancy catches the block. These forces convert
kinetic energy into other forms of energy.

(g) The total kinetic energy of the two sleds and the block just after Nancy releases
the block is

2 2 2
2 2 2

K = ~ 48 J

Nancy converts chemical energy (stored in her muscles) to kinetic energy by sliding the
block back to John.

(h) The total kinetic energy of the sleds after John catches the block is

(mp 4+ ms)vs, = myUR,
2 2

K = ~ 28]

There are internal forces involved when John catches the block. These forces again convert
kinetic energy into other forms of energy.

Problem 6.4

The center of mass frame is defined as the frame in which the center of mass is at
rest, so the two pucks must travel in opposite directions in that frame. If v; and vy are
the velocities respectively of masses m; and ms, then

miv1 + movg = 0 - V)= —— -0

Clearly the total momentum is zero, but the kinetic energy is



mlv% mgl}%

2 2

K =

We will find it convenient to use the relationship between v; and vy to eliminate vy from
the kinetic energy.

K mivd  mevd My <m2 )2 N mav3  Mmovi My
N 2 2

_ 2
2 2 2 —

(a) We are told that the collision is elastic, so kinetic energy is conserved. Also, there
are no relevant outside forces acting on the pucks, so momentum is conserved. If we let

v} and o, label the velocities after the collision then momentum conservation gives
mo m2
0=mt +mely =  H=——0 = o= v
my

This is the same relation as v; and vy above, so the kinetic energy is given similarly by

K

_oma|vi? | omavy?  mafuy? (m2 >

2
2 2 2 my

Then conservation of kinetic energy gives

2 /12
mzvz.(%H):mzw.(%H) N
2 mq 2 mq

mo mo
v = v — V= — Vg = — - |vh| = |V
gl = v =y = g =

Thus the general conclusion using only kinetic energy conservation and momentum con-
servation is

m
|0y = vy and |v}|=wv; and ¥ = __217;
mq
This indicates that the directions are exactly opposite.

(b) Any two vectors ¥, and @, that satisfy the above equation will also satisfy kinetic
energy and momentum conservation. If we let n represent a unit vector in the plane, then

Uy =vin and Uy = —uven

are all solutions, thus any direction of motion is consistent with kinetic energy and mo-
mentum conservation.



(C) The total kinetic energy in the center of mass frame before the collision was given
above as

K:@ﬁ”@2+g
2 mq

(d) We assumed that the collision was elastic, so kinetic energy is conserved. Therefore
the total kinetic energy after the collision is given as

K:mﬂw_@2+02@ﬁ.@2+0
2 mq 2 my

Problem 6.5

The tennis ball and basketball do not collide until after the basketball strikes the
ground. Both balls fall the same distance, call it h; hence both have the same velocity,
v = v/2gh just before the basketball strikes the ground. The mass of the basketball is
insignificant compared to the mass of the planet; thus the basketball will bounce back
up with the same speed, v. (We assume that the collision is elastic, i.e. kinetic energy is
conserved.)

Now the tennis ball and basketball collide. This collision is best viewed from the
frame moving with the basketball. In this frame the tennis ball travels at a speed 2v and
strikes the basketball at rest. The basketball is much heavier than the tennis ball, thus
the tennis ball will bounce back up with the same speed, 2v. (Again, we assume that
the collision is elastic.) In the original frame, the tennis ball has the speed 2v + v = 3v.

Therefore, the height it will reach is b’/ = &2 = 9”?2 = 9h.

Problem 6.6

Let m = 6 kg, v = 350 m/s, my = 2 kg, v; = 250 m/s, my = 4 kg, and vy =
400 m/s.

(a) The total momentum before the collision is

Pyefore = mv = 2.1 x 10° kg - m/s
The total momentum after the collision is
Pafter = myvy + mavy = 2.1 x 10° kg - m/s

Therefore, Pycfore = Pafter, and momentum is conserved.

(b) The total kinetic energy before the collision is

mu?

Kiefore = —5— »3.68 % 10° J



The total kinetic energy after the collision is

miv?  myv?
_|_
2

Kofter = ~3.83 x 10° J

Therefore, Kycfore 7 Kafter, and kinetic energy is not conserved.

(C) The center of mass velocity before the collision is
mu
Ve ore — —_ — U= 350
bef m v Hl/S

The center of mass velocity after the collision is

miv; + Mmov
Vafter: Lt —2 2 = 350 m/S
mi1 + mo

Therefore, Vicfore = Vafter, and center of mass velocity does not change.

(d) First we must transform the velocities v, vy, and vy into the appropriate center of
mass. Let v/, v}, and v} denote the corresponding velocities in the appropriate center of
mass.

U/:v_‘/beforezv_vzo
V] =01 — Vaprer = 250 — 350 = —100 m/s

vy = v — Vypter = 400 — 350 = 50 m/s
The total momentum before the collision in the center of mass frame is
Prefore = mv' =0
The total momentum after the collision in the center of mass frame is
Py fter = mqv] + movy =0
Therefore, Py fore = Pafter, and momentum is conserved in the center of mass frame. The

total kinetic energy before the collision in the center of mass frame is

m U/Q

Kbefore = T =0

The total kinetic energy after the collision in the center of mass frame is

miv? mavl?

_ 4
5 5 =1.5x10"J

Kafter =

Therefore, Kpefore 7 Kafter, and kinetic energy is not conserved in the center of mass
frame. None of the previous conclusions change.



Problem 6.7

Let my = m and mpg = 3m.

(a) The table is assumed to be frictionless, so the only other force is the spring force
which is conservative; hence mechanical energy is conserved. (Gravity and the normal
force are present, but if the table is level then these forces precisely balance and thus are
irrelevant.) Therefore, the total mechanical energy of the system is constant, and we can
evaluate it at ¢ = 0, at which time both masses are at rest and the spring has potential
energy Uy.

E =10

(b) In general if K4 and Kpg are the kinetic energies of mass A and mass B and Uy is
the potential energy of the spring, then the mechanical energy is

E=Ky+ Kp+Us

Mechanical energy conservation gives
UoZKA+KB+US — US:U()—KA—KB

(C) There are no outside forces acting on this system, so momentum is conserved.
(Again, gravity and the normal force are irrelevant since they cancel.) Therefore, the
total momentum of the system is constant, and we can evaluate it at ¢ = 0, at which time
both masses are at rest.

P=0
Now suppose at some time the velocities are v4 and vz. Then
P =muvu) + mpup = muy + 3mup

Momentum conservation gives

1 1
0 = muy + 3mup — Up = _§U:1 — lvg| = §|U74|

(d) The result above demonstrates that the particles are always moving in opposite
directions. Thus if A is moving in the +x direction then B is moving in the —z direction.

(e) It is convient if we choose the center of our coordinate system to coincide with
the center of mass of the system. Let x4 and xp label the position of mass A and B
respectively. Then by definition of the center of mass



0=muxa + mprp = mx4 +3Mmxp = Ig = ——X4

Then the force acting on A is

. 1 4k 3
miy=F=—k(za+zp—lo)=—k(za+ 3%A— lo) = 5 (za — ZZO)

Thus the equation of motion is

4k 3

fa= =g, @a=gh)

This indicates that the motion is simple harmonic with frequency

_ [
wa = 3m

A similar argument for B yields

3me =F = —/{?(ZL'A +xp — lo) = —k(3iBB +xp — lo) = —4k - (SBA — lo) —

1 4
wB:\/éLk-—: —k

3m 3m

Thus the motion is also simple harmonic in g with the same frequency w given by

4k

W= 3m

Problem 6.8 (Ohanian, page 294, problem 38)

Collisions in two dimensions are discussed in Section 11.3 beginning on page 281.
The relevant results, using conservation of momentum and kinetic energy, are

myvy = myv} cos 0] + maovy cos 6,

o Il Il
0 = myv] sin 0] — mavy sin 0,

mivi  mpuE mool?
2 2 2

10



where the various quantities are illustrated in Figure 11.6 on page 281. For the problem
at hand, m; = my = m where m = 1.673 x 10727 kg is the mass of the proton; this allows
us to cancel the masses on each side of the equation. The equations above become

vy = v} cos b + vy cos 05 (2)
0 = v} sin @] — v} sin b, (3)
= oft 4o )

We are given the energy for the initial proton, which will give us vy, and we can measure
0} and 6, from the picture; thus the above equations will suffice to determine v| and
vy, which will then determine the energy of each outgoing proton. To solve the above
equations, multiply Equation (?7?) by sin 65, and multiply Equation (??) by cos#;. The
resulting equations are

sin v = v} sin 6y cos 0] + vy sin 65 cos 605, (5)

0 = v} sin 6] cos 6 — vy sin 05 cos 05 (6)
If we add Equation (?7) and Equation (??) then we get
sin Gyv; = v (sin 0 cos 0] + sin 0] cos 05)
This gives us an equation for v}

: /
, sin 0
Uy

sin 05 cos 87 + sin 0] cos 65,

We can measure the angles from the picture: 6] ~ 45° is the angle of PB relative to AP
and 0}, ~ 44° is the angle of PC relative to AP. This gives

vy & 0.695 - vy
Using Equation (?7) gives

2 12 2 I 2 12~
v = v] + vy == vy = /vi — vy = 0.719 - v,

The energy for the proton initially traveling along AP is

2
B, = % —80x10713J

11



The energy for the proton traveling along PB is

2 2

T = (0.695)" - T = 0483 By~ 39 x 107

E; =

The energy for the proton traveling along PC is

2 2

m;J? = (0.719)2 - % —0.516-F, ~4.1x 1073 ]

Ey =

Problem 6.9

We can use Equation (51) on page 263 which relates the initial velocity and mass
(v; and M;) to the velocity and mass at a later time (vy and M) given the exhaust gas
speed Ueg.

(M
Vr — V; = Ueg IN
f Mf

We are told that v; = 8 x 10®> m/s, vy = 8.5 x 10* m/s, and u, = 2.5 x 10® m/s. If we
assume that the shuttle uses all its fuel, then M; = 10° kg and M; = Mp + M 7 where
M is the mass of the fuel. We can solve the above equation for Mg by the following
sequence of steps.

MF+Mf>

Vi — U = Ueg I
! ( My

— M M
u:h«g)

Ueg Mf
UfTv Mg + Mf
€ UYex —
My

’Uf*’Ui

Mp = Mpe™wer — My~ 2.2 x 10" kg

Problem 6.10

Rocket motion is discussed in Lecture Supplement “Rocket Equations - supplements
for 10/20/99” on the 801 Home Page.

(a) If the exhaust speed is u., and the burn rate is R then the thrust F}, is given by
F;Eh = uexR — Uex = 75

We are told that Fy, = 34 x 10° N and R = 13.8 x 10% kg/s, thus the exhaust speed is

12



_ Fa 34 x 109

S ——— S} 103
Uer = o = T3g s qgp © 2P X 107 m/s

(b) The engines will burn until there is no more fuel. If the initial mass of the
rocket and fuel is M; = 2.85 x 10° kg and the final mass of the rocket (with no fuel) is
M; = 0.77 x 10° kg then the mass of fuel Mp is

Mp = M; — My = 2.85 x 10° — 0.77 x 10° = 2.08 x 10° kg

If the burn rate is constant, then the burn time 7" is given by

MF MF 2.08 x 106
=7 R T 138x 108~ I
(C) The force equation for the rocket is
M(t)-a = Fy, — M(t) - g b
th g M(t)

where M (t) is the mass of the rocket and fuel inside the rocket at time t. The initial mass
is M (0) = M;, so the initial acceleration is

_ Fa 34 x 10°

22X g~ 2
M, 9T a5k 9 m/s

a

(d) The final mass is M (T") = My, so the acceleration just before the engines stop is

 Fa 34 x 106

=~ —g=—"1"—g~r34m/s’
M, 9T omrxgs 9 3Ams

a
(e) The solution to the above differential equation is

M;
— _ul _ gt
v un(M) g

Att=T = %, RT = My and M; — Mp = My, so the speed is

0.77 x 10°

= 25 %10 In |t
v = 2510 n<2.85><106

) —10-151 ~ 1.8 x 10*> m/s

Problem 6.11 (Ohanian, page 271, problem 54)

We are told that the reaction products have a mass of 4.4 kg and that these products
have a kinetic energy of 4.2 x107 J. If the velocity of this mass is u then
4.4 - u?
2

=42x 10" — u=44x10°m/s
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