22.615, MHD Theory of Fusion Systems
Prof. Freidberg
Lecture 6: The Safety Factor and the Ohmic Tokamak

Calculate q(y) in an Axisymmetric Torus

1. Introduce toroidal coordinates .
&
R=R, +rcosé
Z =rsing r
AN
¢
¢
3
2. Calculate the field line trajectory by means of the tangent curve
dr _rd¢ _Rd¢
B. B, B,
3. As the magnetic line wraps exactly once around the poloidal cross section (i.e.
A@ = 2n) it travels along an angle A¢ in the toroidal direction given by
Y _ [A6=2n d¢
A= .[0 dg = .[0 %dﬁ
2n rB
= [Tdo_*
0 RB,
4. The rotational transform is the average A# per single transit in the toroidal direction
Ap=27.
5. Because of symmetry, the pattern of field line motion repeats once A9 =2x.
Thus, we simply have to take proportions:
/ average A# per toroidal transit
A S e
Ap Ap 2m
one toroidal transit A¢g =2r
6. Safety factor:
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(v _1_A¢
q—[z—n) ~on

_ 1 (2= rB¢ _ F d/p

7. This integral is difficult to calculate in general because the integrand must be

evaluated on the flux surface

a. y(r,0) =y, =const. > r =r(y,,8) projection of a field line trajectory

b. Note that on a flux surface
B, =B,[r (6 vo).?]
B, =B, [r (6 vo).0]
B, =B.[r(6 vo), 0]

c. We find r (6, y,) as follows

dr B (r.0)
do  B,(r.0)

r(0)=ro(vo)
d. This allows us to calculate g = g (v,)

Basic Procedure for Solving the Grad—Shafranov Equation

1. We assure r/R <1 but not zero

2. The equilibrium problem separates into two parts
a. radial pressure balance
b. toroidal force balance
3. Applications
a. ohmic tokamak, circular, conducting shell
b. ohmic tokamak, circular, vertical field

c. high g tokamak, circular
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d. flux conserving, tokamak, circular
e. noncircular tokamak

f. spherical tokamak

Ohmic Tokamak

1. This is the simplest configuration: low g, circular cross section, simple boundary
conditions

2. Mathematical statement of the problem
A"y =H(y,R) Grad—Shafranov equation

y is regular inside the plasma, (no wires, current sources in plasma)

v (b, 6) =const. <> n-B=B, _loyl
| roo|._p

perfect conducting boundary condition

3. Solution: first transform from R, ¢',Z to r,0,¢ . This step is exact; no expansions are

used
R = r cos 0 Y e.
R0+ . EH EZ
€r = €,C0SO—¢€,sind -
Z =rsinbd ®
e, =e,sinb+e¢e,coso
= B B
g =¢ *€n
4. Then
vy=Ne 1N LW,
or r oo R 0¢
Vv oV, v,
vov=20Ve 1V (1% 1y 0s6-V,sine)
r or rod R op R
2 oy
A" V- Vy - ——
V=YYV T RR
2
0
:lﬁra_w+ia_w_l a_wcose_l Vo sin®
ror or r?a96°> R
VZ
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5. The Grad-Shafranov equation becomes

Viy = yO(R0+rcosa)ng ZF+;(6\V se_laa_\"sinej
" " ror

6. In the infinite aspect ratio limit

R > w

r/lR -0
y(r, ) > y(r) cylindrically symmetric

7. We show the Grad—Shafranov equation reduces to radial pressure balance in this

limit

B¢:;_>F_‘V
Ry +rcos® R,

B, = 1 {8_\4/66 18\|ler} 1 d\v
Ry +rcosé | or r oo R0 dr

ror or dr

10 oy 10y 1d( _dy
V2y = B AN s
v ror or 2 0 rdr(

8. Thus the Grad—Shafranov equation becomes

1d rd—w = —uR? ap Fd—F radial pressure balance?
rdr\ dr dy d
1d( dy) 1d Ry, d
==——|r——|==—rR,B, =——1rB
! rdr(rdrj rdrrRog rdrrg

dp 2 dp dwj Ry dp
T, =-RPZE__R —
2 Rod\,; Odr(dr

ro pdF_ (dv)TdF_ R dB_ R dB
dy dr) dr 2 ROB dar 2 B, dr 2
B2
i ,D+—"j +B—irB =0
dr 2uy | wor dr
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Ohmic Tokamak Expansion

1. Radial pressure balance

By

2. Expand in terms of e= a/R, . Assume e< 1.

a. Assume g ~ 1 for stability

By By r
RB, "B, R

q~

3. Assume the plasma is confined in radial pressure balance by the poloidal field (due to
ohmic current)

BZ
p-
Ho
HoP
ﬂp ~—~1
B;

B~ HoP ~ﬂop~ﬂopB_§~ 2
B2, B2 BB
¢ (4 ¢ 0 “¢

4. Assume the toroidal field does not confine much plasma. It is actually paramagnetic
in practice in experiments with no auxiliary heating

B,6B
p - 2%
Ho
35, P _
2
B¢ B S
22.615, MHD Theory of Fusion Systems Lecture 6

Prof. Freidberg Page 5 of 8



Summary of Assumptions

1. The ohmically heated tokamak is dominated by a large toroidal field. The plasma
pressure and current are small but the safety factor is of order unity. The toroidal
field is required only for stability. The small toroidal current provides both radial

balance and toroidal force balance.

2. The ohmically heated tokamak expansion is given by

B
P e
B¢
g-~1
2UP >
ﬂt - 2 €
B¢
2P 24P
"w.p m M
s *5p %
24P
B~ -1
0B
B¢

Solution of Grad—Shafranov Equation

1. Expand
v(r,0) > wo(r)+wy(r, 0)+....
v1/Vo ~€
Vo ~ MRoBy

2. Expand

F(v)=RB, =Ry [ B, + B, (v)]

dB.
=Ry Bo+Bz(Wo)+d 2

Yy ...
Yo
% ~e?  (small dia/paramagnetism)
(o
dp
3. Expand p(\y) = p(\vo) +d—\u1 +
Yo
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4. Expand R =R, (1+écos eJ

5. Fields:

_ 1 dvo J{i vy _ I dvo cose...:l

Ry dr |Ry or RZ dr
- ton
" Ror 00

2 B
B¢=Bo{1—écose+;.—gcosze+ 2(W0)+___:|
6. Expansion of the Grad—Shafranov equation

el +——= =~y (Ry +rcos ) — - ——+

li(r‘a—"’j 1 Py 2dp d F?
r? 062 dy dy 2

o.1d( _dyg 2 dp d
29 Vo | - B,B
© rdr[ dr )~ MR Gy T dy, (0P

dp
o —211pRyr COS ‘9m ~ HoRGW1

- li( a\Vl] 1 Py
: 2

r— |+
r or or

€ consequences

1 S fp B By

dr Ho Lol dr
rB
2. q(r)==—2+0(e)
RoBy
B = 4;;; jpr dr all are determined in leading order
a Do
167°
B, = prdr
p yOIZ .[
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dy,

a—Wcosé?

or

p
2
0]

-V

d2

dvg

_sing ay

89)

(RCZ)BOBZ) +
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3. Equilibrium relation for a tokamak

a. From the definitions we can find a relation between g,and S,

2
b. Be(a)zﬂl'reqa _ 2ra' By
2na HoRol
4o Yo pol”
c. = rdr = ———"—
& a’B? Jp a’BZ 167°

a® [ uoRoI
d =2 | o0
g Rg(ZnaZBOJ &
2
€ ﬁt = :_zﬂp

4. g on axis

:[_

a q = rB,
° RoBy r=0
B, (r)~B,(0)+B,(0)r +B,(0)r?/2 ~ B, (0)r
b. g = Bo,
ROBHO
_(ng) _ l“o-]o N Bg ~ /Uo-]ol' B,go _ ,UOJO
2 2
2B,
C. Qy=
° #oRo]o
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