22.615, MHD Theory of Fusion Systems
Prof. Freidberg
Lecture 18
1. Derive 3W for general screw pinch
2. Derive Suydams criterion

Screw Pinch Equilibria

> f
4

. B B
HoP +—~ +Te(rBe) =0

Hody = -B,

z

1
Hod, = r (rBO)
Stability
Z_J — é(r) elm9+LkZ

§=§r§r+§e§e+§z§z =§_L+§Hl2

B B
Note: b = Eege +EZQZ

— _ z
e, —bxe =—2eg,——e

€.€e,,b— orthogonal unit vectors

1. Carry out calculation in terms of &n,§, —>¢&.,&,¢,

BG Bz
= _— + —=
G =t b
E=E, +5b
_ Bz Be
n };e B E.sz B
E=¢&
22.615, MHD Theory of Fusion Systems Lecture 18

Prof. Freidberg Page 1 of 12



2. Check Incompressibility

a. v-g:v-aﬁv-[%'g
B

b. B-V scalar = Bo 0,
r oo

B
Define F = % 1 kB, =k -B,

r

~.B-V scalar = 1F scalar

mB
B, ij scalar = [l ® + 1kBZj scalar
oz r

m
kK=—g, +ke,
K=7¢ €

c. Tomake V-& =0 to minimize W, we must choose ¢, so that

éII
V& +F=—=0 or
E, +1 B
1B
E.:|| F ai

d. If kand m are such that F =0 for O <r <a, then g, is bounded and we
can choose V~§ = 0. This is the usual situation for external modes

e. Suppose k and m are chosen so that F=0 at isolated internal points
0 <r <a. Usual case for internal modes. g, has the form

. Singular surface whera Fir.} = 0

At rg, g, is not bounded (not allowable), but only at one point
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f. Resolution: Choose ¢ :F;B—sz-il

+c

g, is now bounded, but V -& is no longer zero.

‘ ’Eb\/ T

g. Calculate contribution to W

g, \F( BF 2
VE=V.-E +—D=V.g +—|5——=|V-E = V.
g & +g &, B(Fzmzj g .z &,

Assume now that o is very small, but finite

. . . 2
Main contribution to yp |V ~§| comes from around r =r, where F =0

h. Expand about r=r,: F=F(r,)+F (r)(r-r)) = F (r,)x,  Xx=r-r,
Il
0

1 2 1 2

W, =2 [l = Z w72

2

4
G—Zrdrdedz
F2+o )

4
=nL{yp‘V~§_L‘2r} Idx 62 >
s (02 +F xzj

2
2 yp‘V Ev‘_i‘ r
Fl

=T

o

i. For small but finite o, W, -0

Conclusion: Even for isolated singular surfaces, the plasma compressibility
term makes no contribution to W
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Minimize Remainder of sW

1. Separate terms

Q, =(Vx&, xB) =Qe +Qe,

Q =t
BB, B, (B,)
Q, =tFn+a[—Z 0 rﬁ[ﬂ]
BZ
2. E=_ VQ= rBTez_r
re) 282 .G mB
3. Vg, +28, E:u_?g +% G ="t kB,
Zgr'(KXE)
4. (& -vp)(gl k) =5 fef
1[B
5 3=( B)/Bzg{f(rBe) BGBZ:|
6. & xB-Q =B(Qm"-Q.)
Substitute
‘ a2
1 012 BB, rB,(B . .
W _EIdE{F l¢| +|1Fn+§|[ZTe—?Z(Tej} line bending

+|32|(r§)‘_2|3§ +th|2
O

mag. comp.

pressure driven

-g[s[m(an* ]I oy, [B—jﬂ ani
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Simplify

1. Note that n appears only algebraically. Complete the squares and minimize

with respect to n

o o) e
= G(re) +2kB
" rk3B (re) o5
2
k2= 4 k2
r

2. Remaining W

SWe = (2nR0)j:dr[a(r)g'2 +b(r)eE +c(r)§2}

a. integrate (1) by parts

z (D)

b. lots of algebra, using equilibrium relation

W, 2 k?r’B2 - m?B3
3. Result: 26—F = j;dr[Fi + giz} + {% &% (a)
2n° Ry /Ko kgr
_rF?
T2
k0
2k?ugp [ kar? -1 2 mB
g=2CHoP KT~ 1 \ppo 2 [p  MBo e
K5 kgr rko r
Complete Calculation by Computing W, W,
1. Assume no surface currents: — W, =0

~2
2. Vacuum Energy: W, = iJ'Eld[
2
3. Write B, = V¢§, with V2¢, =0

B.C. a. Wall as r:b—mBlb =0
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=n-Vx (&_lx B)‘a % =1F¢ (a) 2

Solution:
¢y = [Cyly (Kr) + K, (kr) Jemrke

o6 . . )
a_rl = [kcl I+ kcsz]e‘me+l z

Choose c; and c, so that (1) and (2) are satisfied

1 ~2 1 * 1 * * 2
Th MW, =— | B;|dr =—| V¢ -Voédr=——-|dr{V-(06 Vd|-¢ V
en W, ZMOI_l r 2”0'[ ¢ -Voar 2uoj[[ (d) d)) b |4|>]
0
1 A 2n°Rpal « 0h
=—|dS¢ D'V¢:——O{¢ _}
21 '[ Ho or g
Substitute
W, rZAFZ} >
e LS
ik (k) (1)
kak, |1 - (Kply ) /(16K3)
2|m|
~ ].-'_(Lb) kb <« 1 ~ m ka— oo
1- (a/b)z‘m‘ ka kb — o
kb —
~1
ka~1
Summary
8W for general screw pinch
W al 2 2} krB, - mB, rZAF? |,
—_— = fe + dr + rF + a
= el L H & j w5
internal modes:  ¢(a)=0
external modes: &(a)#0
22.615, MHD Theory of Fusion Systems Lecture 18
Page 6 of 12

Prof. Freidberg



Suydam’s Criterion
a. Necessary condition for stability
b. Tests against localized interchanges (external modes)

c. Only necessary, because a special “localized” trial function is used

Mathematical Motivation
a. Choose k such that F(r,) =0 for same rsin 0<r, <a
2

b. Around this point F ~0,g ~ ZKLZp' < 0 destabilizing
0

c. A localized mode can still give a finite contribution if & is large.

/ large
fe
\— small

Physical Motivation

\ LTINS TN 7 pineh
~NL L N/

a. interchange plasma and field: plasma wants to expand, field lines want to
contract

b. interchange is more difficult with shear. As interchange takes place, field lines
are bent from one surface to another.

Derivation

1. look as W in the vicinity of X =r —r;

2. assume internal mode so that &(a) =0
3. assume localized internal mode F(r) ~F(ry)+F (rg)x =F (r,)x
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and

2 2
WL r3F 2 ( dg j 2
= dx|x“|—=| —-D.
21°R, /g {kzr2 + mzi J‘ [ dx s
I,

5
D, = _Fk ?2“0}
rF r

S

4. simplify Dyas r=r,, (sz " mBej -0 definition
r I
5. Write q(r) = B,
ROBG

Then F(r) = kB, [1+ :‘:9] ~ kB, (1+ %EJ
r z

kR RyB o
but, at r =r 0 :( 0 9] _ L resonant condition
m LAl
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2u0p G _ . i
D, = —% only a function of equilibrium quantities (no m’s and k’s)

r’B7q

6. SW o Idx (xza'z —Dsazj

a.if p >0, D, < 0— stability
b. assume p <O interesting case, D, > O stability?

7. Vary £—&+ 8¢ to determine minimizing &(r)

jdr(FgZ + gazj—> (F&) -gz=0

jdx{ng'z - Dsgz} ~|(x%€) +Dg =0

8. We can solve Euler—Lagrange equation: assume & = x"

p(p+1)+D; =0
1 1 }/
=-=+=(1-4D,)2
P12 2_2( 5)
9. Need to distinguish two cases: Dy >1/4, D, < 1/4

10. Note: J‘(xzi'z + Dsgzjdx = —x%eg = —px*P+t
p > —% bounded — alternate function
1
p < 5 unbounded — not allowable

p= % logarithmic divergence — not bounded

11.Consider 1-4D, <0

1 .
&= W[cl sin(k, In|x|) + ¢, cos (k, In|x|)}
1
kr = §(4DS - 1)1/2
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“—— X1 Envelope
— Rapid Oscillation

Vo

12. Show oscillatory root always leads to instability by choosing a modified trial
function

ey

I11
v

a. InlandV, £§=¢& =0->38W, =W, =0

b. Inll and IV ¢ satisfies (Xza-)' +DE=0
0= [|(%) +puz o= x| " 102 1 e
oW
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r W, = X%EE

)
=0
n

Wy = X°€8

r, -0
3
c. Region Il £ =¢&, =const, & =0

2
Wy, = J'(ng - Dsazjdr = DE2Ar  Ar=ry-r,

d. by assumption D >%

~8W = -DE2Ar < 0— instability

e. when D, <1/4 no oscillatory solutions exist. One root is not allowable, the
other is allowable

/ %Not allowable as x = 0

Not allowable over large x.

/ Area diverges

Conclusion: when D, < 1/4 not localized, oscillatory trial functions can be
chosen. System is stable to localized interchanges

when D, >1/4 localized treat functions exist which make W <0

1 S
D, < 2 Suydams criterion

\2
rB2 (%J +8up >0 for stability

Destabilizing term: 8u0p' — pressure gradient, bad curvature
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2

Stabilizing term: rB§ q—2—> shear, line bending magnetic energy

q

Suydam Stable
¥

Accumulation Paint

Suydam Unstable

w?

Oscillation theorem

If suydams criterion is violated, there is always a zero mode, macroscopic
mode with maximum growth rate.

This is significance of Suydams criterion.
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