22.615, MDH Theory of Fusion Systems
Prof. Freidberg
Lecture 16: Variational Principle

Variational Principle

0?2 = W
K

*

1
SW = —Ejg E(g)dr

1 2
K= [plgr

Advantages:

1. allows use of trial functions to estimate ®?

2. can be applied to multidimensional systems efficiently

Disadvantages:

1. still somewhat complicated

2. gives more information than minimum required
Energy Principle

1. Sometimes we only want to know whether the system is stable or not

2. No great need to know eigenvalues «?

3. Growth rate are very fast r> ~ v2 /a? ~ (10 psec)

4. Experimental times ~ 10 msec — sec’s.

5. Since MHD instabilities are very strong, it is more important to know
whether system is stable or not, rather than know the precise growth rate
(which can be easily estimated)

6. In these cases, the variational principle can be simplified further, yielding
the Energy Principle. This is a simpler variational procedure which
accurately gives stability boundaries but only estimates growth rates.

The Energy Principle

1. Variational Principle o2 = W

If all ®® >0, the system is stable
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2. Energy Principle 6W >0 for all
allowable displacements, the system is stable.
Any displacement which makes 8W < 0 = instability

Proof: (based on normal modes) more general proof in text book

1. Assume complete set of normal modes, orthonormal
2 _ * -
~ohpg, =F(&,) [ P& Endr = &
2. Arbitrary trial function

£=) a g,

3. Evaluate 8W
w3 [€ )= Naang Elg o
:——Z%am'[é mpg

1
:Ez(o,zn |am|2

4. If a trial function can be found which makes §W < 0, then at least one
o2, < 0— instability

2

5. If all trial function make W > 0, then all o, > 0— stability

Extended Energy Principle

1. =
w--Z e E@Ea

F(g) =3 xBo +JoxB; - Vpy

=[VxVx(gxB)|xB+(VxB)x[Vx(£xB)|x V[ Vp+rpV-E]

1. Valid with wall on plasma
n-g =0
=ls, SD
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2. Valid with vacuum region

[[D'E]]Sp =0 S
2
Hp+B—]| =0
2ug S,
r_]'El|S =0

3. 3W above not convenient because of complicated boundary condition with
wall, and no explicit appearance of Vacuum energy.

4. These are resolved by Extended Energy Principle
Extended Energy Principle

1. Rewrite 3W, introduce natural boundary conditions

2. 6W=—%J.d[|:VXV><(§x§):|><%+ VL:)BX[Vxé’;xB]+V(é.Vp+rpV.é)]'é*
I
integrate by parts integrate by parts

3. Define Q =B, =V x(£xB)

2
Sy~ [3e@ v (e vp)] Lfes(o ) rove- BB

6W=+1jd[
2
4. Separate £,,§ 1 £=§ +¢b

5. Itis easily shown that b- [g xQ+V(&- Vp)} =0 so that last term becomes

Q+V(c-vp)]

gl -[9x
integrate by parts

note gzvX(gxg):vX(g_Lxg)

§-Vp=¢g, -Vp
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6. W =5W +B.T.

2
g eurply o +fe, volv-g;

’ /

Standard form of the fluid enerqgy

SW :lj'dg
2

. vp}

Introduce natural boundary condition

7.
BZ
p+—1| =0 linearize
2ug
B B2 BB B
p; + +&-Vip+— = L +&-V
L Ho 20 s Ho T 2
- P
_rpv.é_a_l.Vp
8. Substitute above
B-B
BT = 5W, +1_[r_1-§ (_ _1)ds
2 - Mo
W, == [ds(n-&")|e-v B° = b+¢ b
S_E.[ (D'é)é' p*ﬁ §=5n+gb+g,bxn
I—only term which contribute

1 2 B2
=§jd8|g-§| n-UV(erEJH

Surface term is non-zero only if surface currents flow

~

0. 6W=6WF+6WS+1J'dsQ-<§* B
2 Mo

|3

10. Show last term is related to vacuum energy

~2
11. 3W, = ij' B, |dr = iﬂvXAlfdr
2 e - -
Ho Ho
0
1 - * I
= [dr| V(AT x VA ) - AT VY XA,
Ho
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-t dSD'(Al Xél)

2y, S

3>

12.But: since D-Blzn-Vxélzn-Vxéx

then Al =& xB+Vo Choose B, -(nxV¢) =0 as gauge
1 * ~
and W, =——J'ds n- (g} xB)xB,
2u, -

1

- dSn-g BB,
20

Extended Energy Principle

OW = SW + dWg + W,
Boundary Conditions on trial functions

D .

15
|03
=

- —(n-g)[n-(n-v)B]+B-V(n-E)

Sp

depends only on n-¢§
pressure balance conditions not required — natural boundary conditions

Final Step

Intuitive form of W

1. Standard form OK

2. Intuitive form gives more insight.

2
3. oW :%J'gr Q—i—gxgnpwgf (&, vp)v gl
Ho
of - ‘&‘2 o
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3 'QX9=(£XQ)'&JH +QEL -, xb

5, =22 (3xB=vp)

(&

now:
Q =Q~VX(§_LXE)
=b-(B-Ve, ~¢, VBBV ¢,

=—B(v.i+2i-5)+%§_l.Vp

Substitute back

1 2 3 4 5
2 2
oW =5 Jar %f—o\%ﬂm\z+rp|V~é|2—Z(é_l-Vp)(E-i)—Ju(ixb)&
1. line bending > 0 shear alform wave
2. magnetic compression > 0 compressional alform wave
3. plasma compression > 0 sound wave

4. pressure driven modes + or —
5. current driven modes (kinks) + or —

Summary
Energy Principle: W = W + W5 + dW,,
dW > 0 for all allowable displacements — stability
dW < 0 for any allowable displacement — instability

Minimize 8W with respect to three components of & .

Incompressibility

1. Because of the simple way in which &, appears in W, it is possible to
minimize once for all with respect to ¢, and eliminate it from the
calculation.
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2. Only appearance of g,
2
oW, = Idf r|O|V'§|
3. Let g —>¢ + 8§

B
4. Vary W, ézé’;_L+<“;”§

s(ow) - Jar ro(v-¢)v (o2, 2]

I

integrate by parts

)
:—J‘dgg 5~V(rpv-§)

8§
= —Id[?” rpE«V(V~§)

5. Several minimizing condition

B v(v-¢) -0

6. If B-V is non-singular then

V-& =0 (obvious)
W, = %jrp|V - >0

7. Two cases where V& cannot be set to zero

8. Special symmetry

Example: Z pinch  B=By(r)e, &~e™"™¢(r)

Byl _Bed & 1M
- B r 00B, r

S

For m=0 B-V 0
B

Note: V-§=V-§l+V«%§=V-§L+§~V%
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2
In special symmetry V-£=V-£, and &, does not appear. The term rp‘V . gl‘
must be maintained for the rest of the minimization.

9. Closed line (periodicity constraints). Choose &, so V-£=0

o8 o . _x%/B
§V—B— v E’l_B—al
S _ (V&
B_-[ B di

In general %(I +L) = %(I)—) no periodicity

Solution

|

'V V-£=0

homogenous solution

&

§~VB =-V-& +F(p)

G _ (V& Fip)dl _ (V& ' dl
E_—TLdnj 5 _—jo BLo||+F(p)IOE

In periodicity choose

AR
F(p)=<V'&_J_>=T

B

Then 3W, = %jrp|v .§|2d[ = %Irp F2 dr

W, =%Id[rp‘<V~i>‘2

Only a function of &,
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Summary of internal modes in a straight tokamak

1. m=>2 stable
2. m=1,n=1 mustuse for n=1, requires ¢(0)>1 for stability
3. internal modes do not limit 3, or | (q(a)) , but clamp q(O) ~ 1, by sawtooth
oscillations
4. To show instability we needed to calculate W = e?8W, + €* 5W,
I
0
must
Consider now external modes
1. Vacuum no force free fields
2. m=1 Kruskal Shafranov limit
3. High m external kinks
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