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1. Introduction to the course

1.1 Why study Quantum Mechanics?
1.2 Striking Characteristics of QM

1.1 Why study Quantum Mechanics?

Quantum mechanics (QM) is a fundamental and general theory that applies on a very wide range of scale, from
subatomic systems to astrophysical objects.

It is nowadays also a widely applied subject, with real-life applications (from transistors to lasers) and an active area
of research. For example, it is at the basis of research in nanotechnology, in materials science, in spintronics (where
the electron spin replaces the charge as the fundamental unit for storing information in a computer), etc.

Also, there has been a resurgent interest in the fundamental theory of QM, due to the interest in quantum information
as well as the availability of control on single quantum systemst. Although you might not be directly interested in
quantum information per se, this discipline has shaped a new view of QM that is having impact also on practical
applications. On the pedagogical side, it has pushed for a new way of presenting QM in college courses, that I will try
to partially follow here, with more emphasis on discrete systems and applications instead of an historical presentation
of QM theory. (You probably already have had that kind of historical introduction, both in undergrad and in 22.101).

1.2 Striking Characteristics of QM

QM is known for being weird, counterintuitive and difficult to understand2. The vast majority of physicists do not
worry about the puzzling aspects of quantum mechanics, but simply use it as a tool without asking questions of
principle. Nevertheless, the theoretical and, especially, experimental progress made over the past twenty years have
led to a better grasp of certain aspects of the behavior of quantum objects.

In this class we will explore these counterintuitive phenomena, in particular we will emphasize three characteristics
of QM:

— Discreteness
This is the characteristic that gave the discipline its name of quantum mechanics3. While classical physics and the
word around us seems to be continuous, in QM some quantities can only take a discrete set of values. Examples are
the discrete energy levels of atoms or the amount of energy emitted in black body radiation (these are historical
examples). In the first part of the course we will focus on discrete systems, in particular on a system that can
assume only two states.

! This is exemplified by the work of the two Physics Nobel laureates in 2012, Dave Wineland and Serge Haroche.

2 For those who are not shocked when they first come across quantum theory cannot possibly have understood it. Niels Bohr,
quoted in Heisenberg, Werner (1971). Physics and Beyond. New York: Harper and Row. pp. 206. I think I can safely say that
nobody understands quantum mechanics. Richard Feynman, in The Character of Physical Law (1965)

3 Etymology: Latin, neuter of quantus how much. Plural quanta. 1 a : quantity, amount. b : a certain or an allotted amount
: portion (from Merriam-Webster dictionary).



— Interference
Interference and diffraction are characteristics of waves, in particular light. In QM it was found that interference
also applied to matter and it is actually a general phenomenon. E.g. diffraction observed with large objects such
as fullurenes (C60). We will see how interference is linked to the possibility of finding a system in a superposition
state and further explore even weirder phenomena such as entanglement.

— Phase coherence
The ability to observe interferences is linked to ability for a system to maintain a phase coherence among the
different parts in a superposition state. Conversely, the loss of this phase coherence is linked to the disappearance
of the QM properties of a system and the observation of classical physics behavior. This occurs e.g. when the
system interacts with an environment and a good part of this course will focus on the study of these so-called
open quantum systems.

References

e A. Tonomura, J. Endo, T. Matsuda, T. Kawasaki and H. Ezawa, Demonstration of single-electron buildup of an
interference pattern American Journal of Physics 57, 2 117-120 (1989)
Online Video

e M. S. Chapman, T. D. Hammond, A. Lenef, J. Schmiedmayer, R. A. Rubenstein, E. Smith, and D. E. Pritchard,
Photon Scattering from Atoms in an Atom Interferometer: Coherence Lost and Regained Phys. Rev. Lett. 75, 3783 - 3787 (1995)

e M. Arndt, K. Hornberger, A. Zeilinger Probing the limits of the quantum world Physics World 35-40 (March 2005)
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2. Mathematical Formalism of Quantum Mechanics

2.1 Linear vectors and Hilbert space
2.2 Operators
2.2.1 Hermitian operators
2.2.2  Operators and their properties
2.2.3  Functions of operators

Quantum mechanics is a linear theory, and so it is natural that vector spaces play an important role in it. A physical
state is represented mathematically by a vector in a Hilbert space (that is, vector spaces on which a positive-definite
scalar product is defined); this is called the space of states. Physical properties like momentum, position, energy,
and so on will be represented by operators acting in the space of states. We will introduce the essential properties
of Hilbert spaces, mainly in the case of finite dimension, as the mathematical theory of Hilbert spaces of infinite
dimension is much more complicated than that of spaces of finite dimension

2.1 Linear vectors and Hilbert space

D: Linear vector space A linear vector space is a set of elements, called vectors, which is closed under addition and
multiplication by scalars.

Using Dirac notation, the vectors are denoted by kets: |k). We can associate to each ket a vector in the dual space
called bra: (¢|.

If two vectors |¢) and |p) are part of a vector space, then |¢) + |¢) also belongs to the space. If a vector [¢) is in
the space, then «|¢) is also in the space (where « is a complex scalar).

A set of linearly independent vectors {|¢;)} is such that >, cx |¢x) = 0if and only if ¢, = 0 V& (no trivial combination
of them sums to zero).

The dimension of the space N is the maximum number of linearly independent vectors (which is also the smallest
number of vectors that span the space).

D: Basis A maximal set of linearly independent vectors in the space is called a basis. (e.g. {|¢x)}, k=1,..., N).
Any vector in the space can be written as a linear superposition of the basis vectors:

) = Zak |px) (1)
k

To any vector we can thus associate a column vector of N complex numbers (aj,as...a,)’. Here we are going to
restrict ourselves to bounded, finite dimension spaces (even if many physical spaces are not: for example energy
spaces can be unbounded and position has infinite dimension).

D: Hilbert space The Hilbert space is a linear vector space over complex numbers with an inner product.

D: Inner product An inner product is an ordered mapping from two vectors to a complex number (for a Hilbert
space a mapping from a ket and a bra to a complex number ¢ = (¥|¢)) with the following properties:

— positivity: (¢[¢0) > 0. The equality holds only for the zero vector |¢) = 0.
— linearity in the second function: (¥|(c1p1) + calpa)) = c1(¥]p1) + c2(P|p2).



— anti-linearity in the first function:({c1p1 + {ca|p2) | {= ¢} {(p1|0) + c5{pa|w).
— skew symmetry: (|p) = (p|)*

D: Norm The norm of a vector is ||[¢|| = v/ {(¢|¢)).

Since the Hilbert space is characterized by its inner product, vectors are defined up to a global phase, that is,
|9) = e™]1h). Relative phase is instead very important: 1) + ¢ |¢) # 1) + |#).
The inner product properties allow us to define two geometric inequalities:

~ Schwartz inequality: |(¥]e)? < (W[ (ple).
~ Triangular inequality: [[(¢+ @) < [l + [4].

The equality holds only if the two vectors are in the same direction: [¢)) = ¢|p).
There is also an antilinear correspondence between the dual vectors ket and bra:

c1ln) + e2la) — eI (P1] + (o]

D: Orthonormal set A set of vectors {|¢y)} is orthonormal if for each pair the inner product (x| ;) = 0k, ;-

2.2 Operators

We can define a set of operators that acting on the vectors return vectors:

D: Operator An operator A on a vector space is a mapping between two vectors in that space: A|y)) = |¢).
A linear operator satisfies:

Ac1[p1) + calthe)) = c1Alh1) + c2 Alib2)

To characterize and parametrize A we look at its action on each vector in the space. Because of linearity, it is
however enough to characterize A with its action on the N basis vectors {|¢),}. In this way we can associate a
matrix representation to any operator, in the same way we associated arrays of complex numbers with the vectors.
In particular, given an orthonormal basis {|v), }, the matrix representation of the operator A is an N x N square
matrix A whose elements are given by Ay ; = (vi| A |vj).

Let us consider an orthonormal basis {v;}, then as seen any vector can be written as: |¢)) = Zi\il ai|v;). The action
of an operator A becomes:

N N
Al) = lo) = > Aailvi) =Y bilvi)
=1 i=1

To extract one of the coefficients, say by we multiply by the bra (vx|, obtaining:

N

Z<Uk|Aai|vi> =bp — ZAkiai = by,

=1

The action of an operator can be thus seen as a matrix multiplication (again, here we are restricting to bounded,
finite dimension spaces that support finite operators, hence this simple matrix representation).

? Question: Perform a simple matrix multiplication.

0 1 0 0 0
1 0 1 0 (=11
0 1 0 1 0
This is equivalent to R, - ¥. = Uy. |

The domain of an operator is the subspace on which it acts non-trivially (spanned by k < N vectors).

10



Two operators A and B are equal if their domains are the same and their action is equal V|¢)) in their domains. The
sum and product of operators are then defined as

(A+ B)l¢) = Al¢) + Bly))
(AB)[¢) = A(Bl¢))

The operators are associative:

A(BO)|¢) = (AB)Cl¢)

But they are not in general commutative:

AB|) # BA[)

D: Commutator . The commutator of two operators is [A, B] = AB — BA. Two operators commute/are commutable

if [A, B] = 0.

2.2.1 Hermitian operators

An important class of operators are self adjoint operators, as observables are described by them.

D: Adjoint The adjoint of an operator Af is an operator acting on the dual space with the property: <(AT1/))‘ ) =
(W|(Ap)), Y{[¥),|e)}. We can also have other notations. From (p|t)) = (¢|)* (where * indicates the complex
conjugate) we have ((AT)| ) = (|(Ap)) = (p|AT1)*. Also, we can write the inner product as (p|(Aw)) = (| Al)

and ((Ap)[v)) = (¢|AT|¢). In matrix representation, this means that the adjoint of an operator is the conjugate
transpose of that operator: ALJ = (k| AT [j) = (j| A k)" = A,

D: Self-adjoint . A self adjoint operator is an operator such that A and A" operate on the same domain and with

the property
(V[Alp) = (plAv)*

or shortly, AT = A. In matrix representation we have then: Ay; = A

? Question: Prove that (cA)" = ¢* AT
We want to prove that (cA)T = ¢*AT. We can take two strategies:
1) From the adjoint operator definition in the form:

(B'olv) = (¢]BY),
with B = cA we obtain:
((cA)'0le) = (gleAy) = (¢l AY) = c(ATo|v) = (" ATlv)
2) Alternatively, we can use the adjoint definition in Dirac’s notation:

(¢|B'I¥) = (¥IBle)",

to get:
(pl(cA)Tv) = (WleAlp)” = ¢ (W|Alp)" = ¢ (o] AT[) = (wle” AT|v)

Note that we can write
(BTly) = (9| BY) = (| Bly) = (¥|BT|g)*".

The second notation (based on Dirac’s notation) could be seen as implying (|)) = (¢| (and thus (Al¢))" = (AT¢|.
However, this applies the adjoint operation to a vector, while the adjoint is only properly defined for operators. For
discrete dimensional spaces, which allow a matrix representation, there is no ambiguity since we have the equivalence
of the adjoint with the complex-transpose of an operator (which can be defined also for vectors).

1 See also quant-ph /9907069 page 12, for a subtle difference between Hermitian and self-adjoint infinite-dimensional operators

11
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? Question: Prove that (AB)T = BT AT
V[iE) we have [) = (AB)[) = (¢] = (4] (AB)". Define |6) = BJv), then [¢p) = Alg), (¢| = (4| B and (9] = {ip| AT, so that
(¢] = (v| BTAT. U

A self-adjoint operator is also Hermitian in bounded, finite space, therefore we will use either term. Hermitian
operators have some properties:

1. if A, B are both Hermitian, then A+ B is Hermitian (but notice that AB is a priori not, unless the two operators
commute, too.).
2. if A, B are both Hermitian but do not commute, then at least AB + BA is Hermitian.

?7 Question: Prove property # 2.
(AB+ BA)' = BTA" + ATBT = BA + AB. O

Before describing other properties we need the following definition.

D: Eigenvector We define a right eigenvector as a column vector |)) g satisfying A|v)) gr = Ar|W) g, s0 (A=Ag1)|[t))r =
0, which means the right eigenvalues Ap must have zero determinant, i.e., det(A — Agrl) = 0. Similarly, a left
eigenvector is such that (Y| A = A (Y]L.

12



The following properties will be very important in QM:

3. if A is Hermitian its eigenvalues are real (eigenvalues: scalar a such that Al|y) = aly)). It is easy to show this
properties from (Y|Al)) = a = a*.

4. distinct eigenvectors of an Hermitian operator are orthogonal: Ali)1) = a1|y1), Ale) = azlhs) — (P1]ih2) =0
unless a1 = as.

5. distinct eigenvalues correspond to orthogonal eigenvectors:

Given A1) = c1 [¢1) and Aliha) = ca |ha), if 1 # ca — (1] h2) = 0.

As observables are given by Hermitian operators, the first properties will imply that the values that an observable
can take on are only real values (as needed for the observable to have a physical meaning). On the domain of the
operator, the eigenvectors form a complete orthogonal basis set.

?7 Question: Prove property # 5.
(V2] Ap1) = (2| c1th1) = (32| ¥1). For Hermitian operators then ¢1 (2| ¥1) = c2 (12| 11), which is satisfied only if ¢1 = ¢z
or if (11]12) = 0. O

? Question: Prove property # 4.

Consider two eigenstates of A |a1) and |az). We have (az| A|a1) = (a1| A]az)” since A is Hermitian. Now (az| A |a1) = a1(az|a1)
and (a1| Alaz2)" = (az{ailaz))” = a2({a1]az))” since as is real (being an eigenvector of A. We thus have a1(az|a1) = az(az|a1)
which is satisfied iif a1 = a2 (contrary to the hypothesis) or if (az|ai) = 0. O

2.2.2 Operators and their properties

D: The Outer Product [1))(y| is an operator, since acting on a vector returns a vector: (|1)(p]) [¢) = (p|o)|1).

It defines a projector operator P; = |v;){v;|. The sum over all projectors on the space is the identity, therefore, for
any basis set we have: ) |v;)(v;| = 1 (closure relation). The product of two projectors is P; P, = 6;,P;. Projectors
derive their name from the property that they project out a vector component of the related basis vector: given

Py = |v;) (vjl, Pjl) = Pj > ek |vk) = ¢jlvj).

D: Trace - The trace of an operator is the sum of the diagonal elements of an operator Tr {A} = Zjvzl Aj; =
>_; (vjl Alvs). It is independent of the choice of basis.

D: Spectral Decomposition - The spectral theorem states that given a self-adjoint operator A on a linear space H,
there exists an orthonormal basis of H consisting of eigenvectors of A. Equivalently, we can state that A can be
written as a linear combination of pairwise orthogonal projections (which are formed from its eigenvectors). This
representation of A is called its spectral decomposition: A =3 a; [v;) (v;|, where A |v;) = a; |v;). In this basis, the
matrix representation of A is diagonal.

B Theorem: If two hermitian operators commute, they share a common set of eigenvectors.

If [A, B] = 0 then AB = BA. Given two eigenvectors of A, we have (a/| (AB—BA)|d") = (d'| B |a")—a" (/| B|a").
This is zero if a”” = o’ (and (a’| B|a’) is a diagonal term of B and it can be anything) or if (a’| B|a”) = 0 (off-diagonal,
with @’ # o). Thus B is diagonal in the basis of A’s eigenvectors, hence A’s eigenvectors are also eigenvectors of
B. O
A simultaneous eigenvector of A and B |a, b) has the property: A|a,b) = ala,b) and B a,b) = bla,b). The notation
la,b) is useful when the eigenvector is degenerate, that is, there exist more than one eigenvector with the same
eigenvalue: A |a(i)> =a ‘a(i)>, 1 =1,...n, where n is the degeneracy. Then the label b serves to distinguish different
eigenvectors.

D: Unitary operator An operator fulfilling the conditions UTU = 1 and UU' = 1 is called unitary.

B Theorem: Given two sets of basis kets {|¢);} and {|¢);} there exist a unitary operator such that |¢); = U|v);, Vi.
(The unitary operator is U = >, [¢x) (¥i])-

13



2.2.3 Functions of operators

Functions of operators are defined by the corresponding Taylor expansion of the function (if that exists). If f(z) =
FO)+ f/(0)z + -+ L fM(0)z™ + ..., then f(A) = f(O)L+ f/(0)A+ -+ L f™(0)A" + ..., where the matrix
power is defined recursively in terms of products A" = A(A"~1).

? Question: Show that given the spectral decomposition of the operator A = 3" A4 |a) (a| we have f(A) =3 f(Xa)]a) (al.
We can first prove that A* = (3, Aa |a) (a])(3°, Aa |a) (a]) = > ap AaNs(la) (al)([b) () = >, A2 |a) (a]. Then show that if the
theorem is valid for n — 1 it is also valid for n. Finally, use the Taylor expansion to show it’s true. O

? Question: Consider in particular the exponential function: exp(éA) = > L (€A)" = 3, exp(€ar) |ar) (ax|. Prove that
J(ABA™Y) = Af(B)A™!

It’s easy to show that (ABA™')" = AB™A™' by expanding the product and using AA™! = 1. In particular for unitary
matrices U~ = U — f(UAUT) = Uf(A)U". O
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3. Axioms of Quantum Mechanics

3.1 Introduction
3.2 The axioms of quantum mechanics
3.2.1 Observables and State Space
3.2.2 Quantum measurement
3.2.3 Law of motion
3.3 Strong measurements
3.3.1 Expectation values
3.3.2  Uncertainty relationships
3.3.3 Repeated measurements and Quantum Zeno Effect

3.1 Introduction

Every physical theory is formulated in terms of mathematical objects. It is thus necessary to establish a set of
rules to map physical concepts and objects into mathematical objects that we use to represent them®. Sometimes
this mapping is evident, as in classical mechanics, while for quantum mechanics the mathematical objects are not
intuitive. In the same way as classical mechanics is founded on Newton’s law or electrodynamics on the Maxwell-
Boltzmann equations, quantum mechanics is also based on some fundamental laws, which are called the postulates
or axioms of quantum mechanics. The axioms we are going to see apply to the dynamics of closed quantum systems.
We want to develop a mathematical model for the dynamics of closed systems: therefore we are interested in defining
states, observables, measurements and evolution. Some subtleties will arise since we are trying to define measurement
in a closed system, when the measuring person is instead outside the system itself. We give below (and explain in
the next few sections) one formulation of the QM axioms. Different presentations (for example starting from density
operators instead of state vectors) are possible.

1. The properties of a quantum system are completely defined by specification of its state vector |¢). The state
vector is an element of a complex Hilbert space H called the space of states.

2. With every physical property A (energy, position, momentum, angular momentum, ...) there exists an associated
linear, Hermitian operator A (usually called observable), which acts in the space of states H. The eigenvalues of
the operator are the possible values of the physical properties.

3.a If |¢) is the vector representing the state of a system and if |¢) represents another physical state, there exists a
probability p(|1), |¢)) of finding [¢)) in state |p), which is given by the squared modulus of the scalar product on
He p(), ) = ||| (Born Rule).

3.b If A is an observable with eigenvalues aj, and eigenvectors |k) (A|k) = ag|k)), given a system in the state |¢), the
probability of obtaining aj as the outcome of the measurement of A is p(ay) = |(k[1))|?. After the measurement
the system is left in the state projected on the subspace of the eigenvalue a;, (Wave function collapse).

4. The evolution of a closed system is unitary. The state vector [¢(¢)) at time ¢ is derived from the state vector
[t(to)) at time ¢y by applying a unitary operator U (¢, ), called the evolution operator: [1(t)) = U(t, to) |t (t0))-

5 See: Leslie E. Ballentine, “Quantum Mechanics A Modern Development”, World Scientific Publishing (1998). We follow
his presentation in this section.
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3.2 The axioms of quantum mechanics

3.2.1 Observables and State Space

A physical experiment can be divided into two steps: preparation and measurement. The first step determines the
possible outcomes of the experiment, while the measurement retrieves the value of the outcome. In QM the situation
is slightly different: the first step determines the probabilities of the various possible outcomes, while the measurement
retrieve the value of a particular outcome, in a statistic manner. This separation of the experiment is reflected into
the two types of mathematical objects we find in QM. The first step corresponds to the concept of a state of the
system, while the second to observables.

The state gives a complete description of the set of probabilities for all observables, while these last ones are all
dynamical variables that in principle can be measured. All the information is contained in the state, irrespectively on
how I got the state, of its previous history. For the moment we will identify the state with the vectors of an Hilbert
space |1). We will see later on that a more general definition exists in terms of state operators p.

All physical observables (defined by the prescription of experiment or measurement ) are represented by a linear
operator that operates in linear inner product space (an Hilbert space in case of finite dimensional spaces). States of
the system are represented by the direction/ray (not a vector) in the linear inner product space (again Hilbert space
in the finite dimensional case).

3.2.2 Quantum measurement

The value of the measurement of an observable is one of the observable eigenvalues. The probability of obtaining one
particular eigenvalue is given by the modulus square of the inner product of the state vector of the system with the
corresponding eigenvector. The state of the system immediately after the measurement is the normalized projection
of the state prior to the measurement onto the eigenvector subspace.

Let A be the observable with eigenvalues aj and eigenvectors |k): A|k) = ay|k). Given a system in the state [¢), the
probability of obtaining aj, as the outcome of the measurement of A in this system is

plax) = |(kl$)[*.

We can also write this in terms of the k*" eigenvector projector Py = |k)(k|: p(ax) = (1| Pg|tb). Since here we are con-
sidering strong, projective measurement, also called Von Neumann measurements, immediately after a measurement
that gave us the result ay, the state of the system is in the |k) eigenstate. More precisely, the normalized output
state after the measurement is

Py|v)

VIWIBIO)]

If we repeat the experiment after the first measurement, we will obtain again the same result (with probability 1).
If ) is an eigenstate of A, Aly) = ay|v), then we will measure a, with probability unity. This is the well-known
collapse of the wavefunction.

The collapse of the wavefunction is of course a source of confusion and contradictions: as stated above it appears
as an almost instantaneous evolution of the system from a given state to another one, an evolution which is not
unitary (as evolution should be per axiom # 4). The source of contradiction stems from the fact that in this simple
description of the measurement, the observer (or the measurement apparatus) are external to the system (thus the
assumption of closed system is not respected) and might not even be quantum-mechanical. A more advanced theory
of measurement attempts to solve these issues®.

On the other side, we note that operationally the wavefunction collapse is required to define a well-formulated
theory. The collapse allows the experimenter to check the result of the measurement by repeating it (on the system
just observed) thus giving confidence on the measurement apparatus and procedure. If this were not the case, no
measurement could be ever believed to be the correct one, so no confirmation of the theory could be done.
Reference

M. Brune, E. Hagley, J. Dreyer, X. Matre, A. Maali, C. Wunderlich, J. M. Raimond, and S. Haroche Observing the
Progressive Decoherence of the Meter in a Quantum Measurement, Phys. Rev. Lett.77, 4887 - 4890 (1996)

[¥') =

6 In addition to the “strong” or projective measurement presented here, generalized models for measurement exist, see for
example POVM in Prof. Preskill’s online notes

16


http://link.aps.org/doi/10.1103/PhysRevLett.77.4887

3.2.3 Law of motion

We can define the time evolution operator U, such that
[y')y = Uly), with UTU = 1.

Since the state has all the information about the system at time ¢, the state of the system at the time ¢+ dt depends
only on the state at time ¢ and on the evolution operator U(t,t + dt) (that thus depends only on the times ¢ and
t + dt, not on any previous times, otherwise it would bring extra information to the system).

The unitarity of the evolution is equivalent to the following statement regarding the evolution of the state vector.
The dynamics of the system are generated by the system Hamiltonian # (the observable corresponding to the total
energy of the system), as described by Schrodinger equation:

L d[Y)
Sl = )

where £ is the reduced Planck’s constantZ (1.0545 x 10734 Js).

We would like to link this second statement (Schrédinger equation) to the previous statement regarding the unitarity
of the evolution. To do so we first look at the evolution for an infinitesimal time dt.

For an infinitesimal evolution we have then: |¢(t + dt)) = |[¢) — idtH|). Tt follows that U(¢,dt) = 1 — iHdt. Since
the Hamiltonian is a self-adjoint operator, to the same order of approximation we retrieve the fact that U is unitary:
UUT = (1 — iHdt)(1 + iHdt) =~ 1 + o(dt?).

We can build the dynamics for any time duration in terms of infinitesimal evolutions, U (t,t') = U(¢',¢' —dt)... U(t+
2dt, t + dt)U(t + dt,t) since the propagator U depends only on the time ¢.

If the Hamiltonian is time independent (and setting ¢ = 0), we obtain: |¢(¢)) = U(0,t)]4(0)), where the evolution
operator U is given by U = e~"*, i.e. U is an exponential operator.

7 Question: Show from the infinitesimal time product and the Taylor expansion for the exponential that this is indeed the
case. O

Equivalently, we can find a differential equation for the dynamics of the propagator: from U(t + dt,to) — U(t,to) =
—+HU(t,to) we have the Schrédinger equation for the time evolution operator (propagator):

L oU

ih 5 = HU
This equation is valid also when the Hamiltonian is time-dependent (and we will see later on a formal solution to
this equation).
As the Hamiltonian represents the energy of the system, its spectral representation is defined in terms of the
energy eigenvalues €, with corresponding eigenvectors |k): H = >, ex|k)(k|. The evolution operator is then:
U =Y, e k) (k|. The eigenvalues of U are therefore simply e~ “**, and it is common to talk in terms of eigen-
phases et. If the Hamiltonian is time-independent we have also UT = U(—t), it is possible to obtain an effective
inversion of the time arrow.

? Question: What is the evolution of an energy eigenvector |k)?
First consider the infinitesimal evolution: |k(t + dt)) = U(t +dt, t) |k(t)) = (1 —iHdt) |k(t)) = (1 —ierdt) |k(t)). Thus we have
the differential equation for the energy eigenket: dly? = —iey |k), so that |k(t)) = e™**' |k(0)). We can also use the spectral

decomposition of U: |k(t)) = U(t,0) |k(0)) = (3=, e " |h) (h]) |k(0)) = e *** |k(0)). d

In conclusion, our picture of QM is a mathematical framework in which the system is completely described by
its state, which undergoes a deterministic evolution (and invertible evolution). The measurement process, which
connects the mathematical theory to the observed experiments, is probabilistic.

7 We will quite often set & = 1, that is, we will measure the energies in frequency units
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3.3 Strong measurements

3.3.1 Expectation values

Although the result of a single measurement is probabilistic, we are usually interested in the average outcome, which
gives us more information about the system and observable. The average or expectation value of an observable for a

system in state [¢) is given by
(4) = (¥IA[y)

?7 Question: Prove that this can be simply derived from the usual definition of average
Ay =X, plaw)ar = X, [(lar) Par = X, (bn)(nl)ar = (@|(3,, arlk)(k|)|[v), and we get the desired result from A =
22 anlk) (Kl 0

3.3.2 Uncertainty relationships

D: Compatible Observables Two observables A, B are said to be compatible if their corresponding operators commute
[A, B] = 0 and incompatible otherwise.

D: Degeneracy If there exist two (or more) eigenstates of an operator A with the same eigenvalues, they are called
degenerate.

We have already seen how commuting operators have common eigenvectors and how a compatible observables can
be used to distinguish between degenerate eigenvectors. We now look from a more physical point of view at the
meaning of commuting (or compatible) observables. Suppose we first measure A, given a state [1)). We retrieve e.g.
the eigenvalue a and the state is now projected into the eigenstate |a). Allowing for the presence of degenerate

eigenstates, we actually have a superposition state |¢))post-Meas = Zle ¢i la,b;), where d is the degree of degeneracy
of the eigenvalue a. We then measure B obtaining one of the b;, b. The state is thus projected into }a, l~)> If we now

measure again A we will retrieve the same result as before: the two measurements of commuting observables A and
B do not interfere.

Consider now non-commuting observables. As AB|y) # BA)) we cannot define a state )a, l~7> which is described
by the (separate) eigenvectors of the two observables. Also, if we repeat the same 3 successive measurements as

above, we obtain a different result. In particular, the second measurement of A does not in general retrieve the same
eigenvalue as the first one.

? Question: Show why measurement of non-commuting observables are not compatible.

Given a state [1)) we measure A, with result a. The state is now projected into the eigenstate |a) as before (we neglect here
degeneracy). Now we rewrite this state in the basis of the operator B (which is not the same as the basis for A, so |a) ¢ {|b:)}):
la) = 3, ci(a)|b;). When we measure B we will therefore obtain an eigenvalue b; with probability |c;(a)|?, and the state is

iected into: Pila) _ [bi)(bila) = |b;).
ProJected 1nto: e B Tlan(b:) (b ) (al 172 [b:)
Again, this can be written as a non-trivial superposition of eigenstates of A: [bi) =37, ¢;(bi) |a;) so that it is now possible to
obtain a measurement a; # a when we again measure A. |

D: Variance of an operator. We define an operator AA = A — (A) for any observable A. The expectation value of its
square is the variance of A: (AA?) = (A%) — (A)*.

B Theorem: (Uncertainty relation). For any two observables, we have

(A2%) (AB?) 2 114, B))
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From Schwartz inequality (|(¢[¢)|* < (¢|1)(¢|¢)) we have (AA?) (AB?) > | (AAAB) |?. Now AAAB = 1[AA, AB]+

{AA, AB} (where we defined the anticommutator {4, B} = AB + BA). Taking the expectation value (noting that
([AA, AB]) = ([A, B])) we have

(AAAB) = % (A, B)) + % ({AA, ABY) .

Now we can show that [A4, B] = iC and {A, B} = D where C' and D are hermitian operators. Then the first term in
the RHS is purely imaginary and the second purely real. Thus we have:

(AA%) (AB?) > [(AAAB) |* = il ([4,B]) [ + %I ({A4,AB}) 7 > Z1([A, B]) |*.

=

3.3.3 Repeated measurements and Quantum Zeno Effect
A. Photon Polarization

In the same way an electromagnetic wave can be polarized, also individual photons possess a polarization. In particular
they can be in a state of linear or circular polarization (the most general case, is called elliptical polarization). We
consider a photon polarizer. This can be thought as a filter that ensures photons coming out of it are only of the
right polarization.

— In-class demonstration with polarizer filters —
The photon polarizer (a polarization filter) is very similar to a measurement process and indeed it can be described by
a projector. Let’s assume that light can be described as either being in the horizontal |h) or vertical |v) polarization.
Then , for an horizontal polarizer, for example, we have Py = |h) (h|. If we send a photon in the state |¢)) through
this linear (horizontal) polarizer, its state after the polarizer will be |h). However the photon will emerge only with
a probability [(h [ |2. If we then send the photon to an orthogonal (vertical) polarizer Py = |v) (v], the probability
of a photon coming out is just zero. This situation is very similar to the case of repeated measurement. Thus the
polarizer is a measurement process.
Now let’s send an horizontally polarized photon (|h)) through a 45 degrees polarizer. This polarizer can be described
by the projector operator Pys = |h + v) (h + v| /2. The state after the polarizer is then (|h + v) /v/2, and the proba-
bility of coming out is . If now we send this photon through a |v) (v| polarizer, we obtain as a final state [v), and
the total probability is 1/4 (compare to zero before).
We can extend this even further. Assume we have a large number of polarizers each ensuring a polarization at a
growing angle, each in a small step ¢ with the horizontal (that is, the first polarizer’s angle is ¥, the second 2¢ etc.).
The relevant projector is then

P, (¥) = (cos(n?) |h) + sin(nd) |v))(cos(nd) (h| + sin(nd) (v]).

We start with a photon horizontally polarized [¢))g = |h). After the first polarizer, the photon emerges through in the
state 1)1 = cos ¥ |h)+sin ¥ [v) with probability p; () = |(cos ¥ (h|+sind (v|) |h) | = cos® 9. Now passing through the
second polarizer the photon will emerge again with probability cos? 9 and in the state [1)); = cos(219) |h) +sin(29) |v).
After n polarizers, the state of the emerging photon is

[t))r, = cos(nd) |h) + sin(nd) |v) .

Of course, we could get no photon at all, however the combined probability of getting a photon is cos(¥)?" ~ 1 if
the angle 1 is small and the number of polarizer n is large. Thus we obtain an evolution of the system by using a
measurement process.

B. Quantum Zeno effect
We consider a photon polarization rotator, whose action is to rotate the polarization about the propagation axis. By

denoting {h,v} the horizontal and vertical polarization, respectively, the polarization rotator achieves the following
transformation:
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Fig. 1: a) Rotation by measurement. b) Quantum Zeno effect

|h) — cos(9)|h) + sin()|v)
|v) = cos(P)|v) — sin(F)|h)

This corresponds to the evolution matrix U:

o= (B =)

7 Question: What are the eigenstates of U?
By diagonalizing the matrix, we find the eigenvectors corresponding to right and left polarization:

R=(h) +ilv))/V2
L= (=ilh) +v))/V2
9

With eigenvalues e’ and e respectively. The evolution given by the polarization rotator is unitary. O

Now assume another experiment in which we alternate a polarizer rotator and an horizontal polarizer. First consider
just a set of polarizer rotators, each described by the formula above:

U) = ( f(s)fr%) 22% )

After n of these rotators, the photon is rotated to U(9)" |h) = U(nd) |h) = cos(nd) |h) + sin(nd) |v). Now if we
alternate with the horizontal polarizer, every time the photon is transmitted with probability cos? ¢ and rotate back

to |h). Again for 9 small, the probability of a photon emerging tends to 1, and the final state of the photon is |h).

This is a phenomenon called quantum Zeno effect® or we can call it a ”watched milk never boils” phenomenon. The
repeated measurements inhibit a (slow) evolution.

References

e B. Misra and E. C. G. Sudarshan, The Zeno’s paradox in quantum theory J. Math. Phys. 18, 756 (1977).

e W. M. Itano, D. J. Heinzen, J. J. Bollinger, and D. J. Wineland, Quantum Zeno effect, Phys. Rev. A 41, 2295 - 2300 (1990).

e Saverio Pascazio, Mikio Namiki, Gerald Badurek and Helmut Rauch Quantum Zeno effect with neutron spin,
Physics Letters A, 179, 155 - 160, (1993).

8 Zeno’s paradoxes are a set of problems (8 of which surviving) generally thought to have been devised by Zeno of Elea
to support Parmenides’s doctrine that ”all is one” and that in particular, contrary to the evidence of our senses, motion is
nothing but an illusion. The arrow paradox as related by Aristotle, (Physics VI:9, 239b5) states that ”The third is ... that
the flying arrow is at rest, which result follows from the assumption that time is composed of moments ... . he says that if
everything when it occupies an equal space is at rest, and if that which is in locomotion is always in a now, the flying arrow is
therefore motionless.” To make the argument more similar to the QM version, we can rephrase it as: If you look at an arrow
in flight, at an instant in time, it appears the same as a motionless arrow. Then how do we see motion?
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4. Two-level systems

4.1 _Generalities
4.2 Rotations and angular momentum
4.2.1 Classical rotations
4.2.2 QM angular momentum as generator of rotations
4.2.3  Example of Two-Level System: Neutron Interferometry
4.2.4 Spinor behavior
4.2.5 The SU(2) and SO(3) groups

4.1 Generalities

We have already seen some examples of systems described by two possible states. A neutron in an interferometer,
taking either the upper or lower path. A photon linearly polarized either horizontally or vertically. A two level system
(TLS) is the simplest system in quantum mechanics, but it already illustrates many characteristics of QM and it
describes as well many physical systems. It is common to reduce or map quantum problems onto a TLS. We pick the
most important states -the ones we care about— and then discard the remaining degrees of freedom, or incorporate
them as a collection or continuum of other degrees of freedom termed a bath.

In a more abstract way, we can think of a TLS as carrying a binary information (the absence or presence of something,
the information about a position, such as left or right, or up or down, etc.). Thus a TLS can be thought as containing
a bit of information. By analogy with classical computers and information theory, TLS are thus called qubits. Their
basis states are usually defined as |0) and |1) with a vector representation:

A general state is then [¢)) = «|0) + 3|1). If it is normalized we have |a|? + |3]*> = 1. Then, this state can also be
written quite generally in terms of the two angles ¥ and ¢:

[9) = cos(9/2)|0) 4 €™ sin(9/2)|1)

For this state, the probability of finding the system in the 0[1] state is cos? (6/2) [sin?(#/2)]. Notice that T could have
written the state also as _ _
[0) = 1¢) = e=**/% cos(9/2)[0) + ¢'/? sin(8/2)]1)

The two states are in fact equivalent up to a global phase factor. While relative phase factors (in a superposition)
are very important, global phases are irrelevant, since they yield the same results in a measurement outcome.

? Question: Show that a global phase factor does not change measurement outcomes and measurement statistics.
1.(Measurement outcome) As the possible measurement outcomes are the eigenvalues of the measurement operators, the first
is trivially true.

2.(Statistics) Let’s consider an observable A with eigenvectors |a) = ao|0) + ai|1) corresponding to the eigenvalues a, then
the probability of obtaining a from the measurement is p(a) = ||(¢|a)||* = |aocos (0/2) + a1e*®sin(0/2)|*> = |[(pla)|® =
laoe™**/2 cos /2 + a1e'*/?sin 0/2|?. O
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Consider for example |a) = (|0) + [1))/v/2. Then we obtain p(a) = 3(1 + cos ¢ sind). Thus the relative phase of |0)
w.r.t. |1) is important. But a global phase multiplying the state is not.

Image by MIT OpenCourseWare.
Fig. 2: Bloch sphere representation of a qubit (TLS) [From wikipedia]

Describing a TLS via the two angles 6 and ¢ leads to a simple geometrical picture for the space occupied by this
system. The angles define a point on a sphere of radius 1, which is called Bloch sphere. The TLS can then assume
any of the points on the surface of the sphere via a unitary transformation (in the following, we will also interested
in the points inside the sphere, as well as means to reach them). The unitary evolution for this particular system
can then be described as rotations of the state vector in the sphere.

Using the example of a TLS we are thus going to introduce the concept of rotation and angular momentum, which
can be generalized also to larger systems.

4.2 Rotations and angular momentum
4.2.1 Classical rotations

Let’s review rotation in classical mechanics (geometry). The first property that we want to analyze is the fact that
successive rotations about different axes do not commute. Consider for example to start with a vector aligned along
the z axis and then effectuate two rotations, one about the y axis and one about the z axis. Depending on the order,
we obtain a rotation or no rotation at all.

Rotation are represented in 3D by orthogonal 3 x 3 matrices. (an orthogonal matrix is such that RRT = RTR = 1.
In particular, rotations about the 3 axes are as follow:

1 0 0
R.(¢)=1 0 cos(¢) —sin(¢p)
0 sin(¢) cos(o)
cos(¢) 0 sin(¢)

R)= o 1 o
—sin(¢) 0 cos(¢)
cos(¢p) —sin(¢) O
R.(¢) = | sin(¢) cos(¢) 0
0 0 1

It is easy then to show that R, (U)Rg(¢) # Rp(¢)Ra (V) unless a = . What about if the rotation angles are very
small? We might expect then that the order matters less. We thus consider infinitesimal rotations, where ¢ = ¢ — 0:
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Thus we see that

1. If we ignored terms o €2 and higher, the rotations do commute.

2. At the second order in € we can write the result as R,(€)R,(e) — Ry(€)R,(e) = R.(€*) — 1. This result stands
also for cyclic permutations of the subscripts. These commutation relationships are a guide in finding commutation
relationships that the equivalent QM rotation operators should obey.

4.2.2 QM angular momentum as generator of rotations

In QM we can as well define rotations, as we already did for classical mechanics. Although we will first study
examples for TLS, rotations can be defined for any system (even higher dimensional systems). Generally, a rotation
will be represented by an operator D(R,(¢)) associated to a classical rotation R, (¢). We first define the action of an
infinitesimal rotation. To do so we define the angular momentum operator J in terms of the infinitesimal rotation :

D(Rn(6¢)) = 1 —idpJ - it

where 77 is a unit vector. A finite rotation can be found by repeating many infinitesimal rotations. For example, for
a rotation about z:

N 1
D(R.(¢)) = lim []1 - isz} =il — ST = exp (i)

N —oc0 N

(Note that here again I took i = 1.) The angular momentum can thus be considered as the generator of rotations.
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A. Rotations properties

— Identity: 31 : 1D =D1 =D

— Closure: D1Ds is also a rotation Ds.

— Inverse: 3 and inverse such that DD~! = 1
— Associativity (D1D2)D3 = Dl (DQDg)

B. Commutation

In analogy with the classical case, we can write the commutation for the infinitesimal rotations:

D, (G)Dy (e) = D, (€)Dy(e)

1 1 1 1
= (1 —iJye— 5Jj&)(n —iJye— 5J§e2) — (1 —iJye— 5Jje?)(]l — iJye — §J§e2) = —(Judy — JyJo)e® + O(e®)

and equate this to D, (e?) — 1 = —iJ.e2. With this analogy we justify the definition of angular momentum operators
as operators that generate the rotations and obey the commutation relationships:

[Ji, J;] = the;ji Tk

C. Spin—%

Although angular momentum operators have some classical analogy, they are more general, as they describe for
example physical properties that have no classical counterparts, such as the spin. In particular, the lowest dimension
in which the commutation relationships above hold is 2. The angular momentum S for a TLS is represented by the
operators:

S, = o = 1(10) (1] + 1))
Sy = 30y = 3(|0)(A] —[1){0])
S. = 502 = 5(|0)(0] — [1){1])
where {0,,0,,0,} are called Pauli operators or Pauli matrices. The Pauli matrices have the following properties:
o2 =1
0i0; + 0j0; = 0, that is, they anticommute.
0i0; = —0;j0; = 10, (from the previous property)

Hermiticity: UZ =0
Zero trace: Tr{o;} =0
Determinant det(o;) = —1.

SOt e

7 Question: Show that § satisfies the commutation relationship.
1. Show it by multiplying the operators.
2. Write down the matrix form and perform matrix multiplications. O

We can now check what is the action of the spin operators on the TLS state vector [¢) = «|0) + 8|1):

ox|th) = al1) + 50)
oy|y) = ia|1) —if|0)
o:¢) = al0) — BI1)

in particular, o, swap the two components (spin flip) and o, invert the sign of the |1) component (phase shift), while
oy does both.
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D. Spin-5 rotations

We can now look at rotations of spin—%. In particular we want to calculate D, () = e~%5=¥. For this we remember
the property: 02 = 1. With this, and using a Taylor expansion it is easy to show that we have

ef’iSatp — COs (@/2)]1 — z'sin (@/2)‘9&

? Question: Calculate the exponential.

From (0 -n)? = (0ona + oyny + 02n2)° = 02nl + nany(0e0y—+0505) + -+ ngll + n21 = 1 and the Taylor expansion we
obtain e 7™ =1 Z (—ip)"/n! +o-n Z (—ip)"/n! =1 cosp+ o -n sinp. O
n even n odd

4.2.3 Example of Two-Level System: Neutron Interferometry

Now we can revisit the TLS examples we have seen earlier. In particular we notice that the polarization rotator is
represented by rotation operators, in particular rotations around the x-axis e %%,
Consider another very simple system, a neutron interferometer, such as the Mach-Zehnder interferometer.

Fig. 3: Neutron Interferometer

We send in a beam of neutrons. The first beamsplitter divides the neutron flux into two parts, that will go into the
upper arm or the lower arm. Thus the state of the system is at this point in time

W) = a|U)+ BIL), o> + 52 =1

We assume that the flux of neutrons is so low (neutrons can be very slow) so that only one neutron is present at
any time inside the interferometer. The lower and upper beams are then reflected at the mirrors and recombined at
the second beam splitter, after which the neutron flux is measured at one arm. If we assume that both beamsplitter
works in the same way, delivering an equal flux to each arm (that is, the transmission and reflection are the same),

then we have [1); = (JU) +|L))/v/2 and [1)s = |U).

? Question: What is the propagator describing the action of the Beamsplitter?
Ups |U) = (JU) 4+ |L))/v/2 and we also know that Ups(|U) + |L))/v/2 = |U). We can verify that

1 1 1
vss=7 (1 4)

performs as we want. In particular, notice that UgpsUps = 1.

Thus, if our observable is the number of neutron in the upper arm, the measurement always returns 1 with certainty (probability
=1).

Let’s now consider the case in which we want to measure at point 1 how many neutrons are in the upper arm. The observable
is just the projector onto the upper arm Ob = Py = |U) (U] and we will detect one neutron (or zero neutrons) with probability
1. In fact p(U) = |[(»|U)||> = %. Also, the average value of the number of neutron in the upper arm is 1/2 as well, since
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(Ob) = [(Y|Puly)| = % After the measurement, the state is projected onto the upper arm, if we did detect a photon, or the
lower arm, otherwise. We assume that the neutron is free to continue on its path after the measurement and we perform a
second measurement after the second beamsplitter. O

? Question: What is the probability of measuring 1 neutron in the upper part in this case?
Now the state at 2 is [¢)2 = (|U) £ |L))/v/2, hence p(U) = (y|U) = L. d

4.2.4 Spinor behavior

By calculating e~ *52% Sgeida¥ we see that the rotations of the operator give the following result:
S, %58, cos(p) — Sy sin(yp),

Sy % Sy cos(p) + Sz sin(p),

S. %5,
These are the same rotation rules we would have expected classically. In particular, taking the expectation values, we
see that they correspond exactly to the rotations in 3D of a vector, with a periodicity of 27. Things are a bit different
(and more surprising) if we consider instead the state rotation. Consider the rotation of the state |¢)) = «|0) + 5|1)
with respect to S.:

™) = 7%/ %al0) + 2G|,

now the angle of rotation seems to be /2. This has an interesting consequence: if we rotate by ¢ = 27 instead
of returning to the initial state, as we would have expected, we obtain e~ */=27|y)) = —|¢). This is the so-called
spinor behavior. Notice that from a simple measurement this minus sign (which is equivalent to a global phase) is
irrelevant, hence we obtain the same expectation values for the angular momenta as before. We will see in P-Set on
that experiments can be devised to show the spinor behavior (but they need to use more than one spin).

4.2.5 The SU(2) and SO(3) groups

A group G is a finite or infinite set of elements together with a binary operation (called the group operation)
that together satisfy the four fundamental properties of closure, associativity, the identity property, and the inverse
property. A rotation group is a group in which the elements are orthogonal matrices with determinant 1. In the
case of three-dimensional space, the rotation group is known as the special orthogonal group or SO(3)2. The special
unitary group SU(2) is the set of 2 by 2 unitary matrices with determinant +1 [it is a subgroup of the unitary group
U(2)]. The two groups SO(3) and SU(2) both represent rotations, however there is a one-to-two correspondence for
a given R € SO(3) there are 2 U € SU(2). This is because a 27 and 47 rotations are the same in SO(3) but they are
1 and —1 in SU(2).

 For a more rigorous and extensive explanation see J.J. Sakurai “Modern Quantum Mechanics”, Addison-Wesley (1994),
page 168
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5. Time evolution

5.1 The Schrodinger and Heisenberg pictures
5.2 Interaction Picture
5.2.1 Dyson Time-ordering operator
5.2.2 Some useful approximate formulas
5.3 Spin-1 precession
5.4 Examples: Resonance of a Two-Level System
5.4.1 Dressed states and AC Stark shift
5.5 The wave-function
5.5.1  Position representation
5.5.2  Momentum representation
5.5.3 Schrodinger equation for the wavefunction
5.6 Feynman’s path-integral

In a previous lecture we characterized the time evolution of closed quantum systems as unitary, [1(t)) = U(t,0) |¥(0))
and the state evolution as given by Schrédinger equation:

dly)

? a Hly)
Equivalently, we can find a differential equation for the dynamics of the propagator:
ou
ih— = HU
ih—o H

This equation is valid also when the Hamiltonian is time-dependent.

As the Hamiltonian represents the energy of the system, its spectral representation is defined in terms of the
energy eigenvalues e, with corresponding eigenvectors |k): H = >, ex|k)(k|. The evolution operator is then:
U =Y, e k) (k|. The eigenvalues of U are therefore simply e~ ***, and it is common to talk in terms of eigen-
phases @ (t) = et. If the Hamiltonian is time-independent we have also UT = U(—t), it is possible to obtain an
effective inversion of the time arrow.

? Question: What is the evolution of an energy eigenvector |k)?

First consider the infinitesimal evolution: |k(t + dt)) = U(t +dt,t) |k(t)) = (1 —iHdt) |k(t)) = (1 —ierdt) |k(t)). Thus we have
the differential equation for the energy eigenket: % = —ieg |k), so that |k(t)) = e7**" |k(0)).

We can also use the spectral decomposition of U: [k(t)) = U(t,0) |k(0)) = (32, e *** |h) (h]) |k(0)) = e~ *** |k(0)). d

Notice that if a system is in a state given by an eigenvector of the Hamiltonian, then the system does not evolve.
This is because the state will only acquire a global phase that, as seen, does not change its properties. Of course,
superposition of energy eigenkets do evolve.

5.1 The Schrodinger and Heisenberg pictures

Until now we described the dynamics of quantum mechanics by looking at the time evolution of the state vectors.
This approach to quantum dynamics is called the Schrodinger picture. We can easily see that the evolution of the
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state vector leads to an evolution for the expectation values of the observables (which are the relevant physical
quantities we are interested in and have access to).

From the evolution law for a state, |1)) — |[¢)') = Ul), we obtain the following relation, when expressing the state
in the Hamiltonian eigenbasis:

) = Z ek lex) = [¢') = e” M y) = che_ie’“t lex)
k k

Then the expectation value of an observable A evolves as:

(A) = cicj (erl Ales) = > ciey (el Aley) e (o)t

k,j k.j

Quite generally, we can also write (A(t)) = (¥ ()| Alw(t)) = ((Uy)| A|Uv). By the associative property we then
write (A(t)) = (|(UTAU)|w).

It would than seem natural to define an ”evolved” observable A(t) = UT AU, from which we can obtain expectation
values considering states that are fixed in time, [¢)). This is an approach known as Heisenberg picture.
Observables in the Heisenberg picture are defined in terms of observables in the Schrédinger picture as

ARty =UT(t)ASU(t), AH(0) = A"

The state kets coincide at ¢t = 0: [¢))g = [1)(t =0))g and they remain independent of time. Analogously to the
Schrodinger equation we can define the Heisenberg equation of motion for the observables:

dAH

- = _q H
7 i[A" ) H]

? Question: Derive the Heisenberg equation from the Schrodinger equation.

d‘;‘—tH = % = BB—U;ASU + UTAS% = {(U"H)ASU 4 UTAS(—iHU). Inserting the identity 1 = UU' we have =

{(UTHUUTASU — UTASUUTHU). We define H = UTHU. Then we obtain 4% — —i[A" #"]. U and H always com-

mute for time-independent H, thus H = . |

5.2 Interaction Picture

We now consider yet another ”picture” that simplifies the description of the system evolution in some special cases.
In particular, we consider a system with an Hamiltonian

H=Ho+V

where Hy is a "solvable” Hamiltonian (of which we already know the eigen-decomposition, so that it is easy to
calculate e.g. Uy = e~*0!) and V is a perturbation that drives an interesting (although unknown) dynamics. In the
so-called interaction picture the state is represented by

) =Uo())s = ™) s

where the subscript I,.5 indicate the interaction and Schrodinger picture respectively. For the observable operators
we can define the corresponding interaction picture operators as:

Ar(t) = Ul AsUy — Vi(t) = UIVU,

We can now derive the differential equation governing the evolution of the state in the interaction picture (we now
drop the subscript S for the usual Schrodinger picture):

i .
A0 OD) 3 O ) 4 g 20 — imolu) + U o + V)R) = U3V,

ot ot S
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Inserting the identity 1 = UoUg, we obtain

0
U gty o) = Vit

This is a Schrédinger -like equation for the vector in the interaction picture, evolving under the action of the operator

Vr only. However, in contrast to the usual Schrédinger picture, even the observables in the interaction picture evolve
in time. From their definition A;(t) = UJASUO, we have the differential equation % = i[Ho, As], which is an

Heisenberg-like equation for the observable, with the total Hamiltonian replaced by Hg. The interaction picture is
thus an intermediate picture between the two other pictures.

S| H|I
| [ x|V
A X | v |V

Table 1: Time dependence of states and operators in the three pictures

5.2.1 Dyson Time-ordering operator

If we now want to solve the state-vector differential equation in terms of a propagator |¢(t)), = Ui(t) |¢),, we
encounter the problem that the operator V; is usually time-dependent since Vi (t) = Ug V' Uy, thus in general U; #

e~ ™1t We can still write an equation for the propagator in the interaction picture
dU;
1— = Vi (t)U
g~ iU

with initial condition U;(0) = 1. When V; is time dependent and V;(t) does not commute at different time, it
is no longer possible to find a simple explicit expression for U;(t). Indeed we could be tempted to write U;(t) =

. pt ’ ’ .
et Jo Vi)t However in general

B £ eATB it [A,B] #0,

thus for example, although we know that U;(t) can be written as U (¢,0) = Uy (¢, t*)Ur(t*,0) (VO < t* < t) we have
that .

=i I3 Vilthdt' =i [ vi(e)dr 4 et Vit g—i [ Vi()dt' Thys we cannot find an explicit solution in terms of an
mtegral
We can however find approximate solutions or formal solution to the evolution.
The differential equation is equivalent to the integral equation

Urt)=1-—1 /t ViU (¢)dt’
0

By iterating, we can find a formal solution to this equation :

U,(t)_n—z'/ dt'Vi(t') + (—1) /dt’/ dt'Vi(E"\Vi(t") +

t(n 1)
/dt / AV (). V() +
This series is called the Dyson series.

Note that in the expansion the operators are time-ordered, so that in the product the operators at earlier times are
at the left of operators at later times. We then define an operator 7 such that when applied to a product of two
operators it will return their time-ordered product:

, AMB(Y), ift <t
T(A(t)B(t ))—{ B((J)A((tg, ift’<<t
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Now we can rewrite the expression above in a more compact way. We replace the limits of each intervals so that
they span the whole duration {0, ¢} and we divide by n! to take into account that we integrate over a larger interval.
Then we can write the products of integrals as powers and use the time-ordering operator to take this change into

account. We then have:
wm-¢{fﬂjﬁ<%lmﬂwy}

n=0

where we recognize the expression for an exponential

Ur(t) = T{exp (—i /Ot dt’VI(t’)) }

Note that the time-ordering operator is essential for this expression to be correct.

? Question: Prove that fot dt’ ..

T vy v = LT{(Jy at' Vi) } for n =2.

5.2.2 Some useful approximate formulas

Besides the formal solution found above and the Dyson series formula, there are other approximate formulas that
can help in calculating approximations to the time evolution propagator.

A. Baker-Campbell-Hausdorff formula

The Baker-Campbell-Hausdorff formula gives an expression for C' = log (e*e?), when A, B do not commute. That
is, we want C such that e¢ = e4e?. We havell

C=A+B+ %[A,B] + 11—2([/1, [A, B]] — [B,[A, B]]) — %[B, [A,[A, B]]] ...

The Hadamard series is the solution to f(s) = e*ABe™*4. To find this, differentiate the equation:
f/(S) _ GSAABeisA _ esABAefsA _ GSA[A, B]efsA
f"(s) = e*AA[A, Ble*4 — e*4[A, B|Ae ™4 = e*4[A, [A, B]le ™4

fm(s) = €SA[A7 [A7 [A7 BmeisA

etc. and then construct the Taylor series for f(s):

Lo+ ..

£() = £(0) + 50) + 25F"(0) + o

2

to obtain

¢ABe A — B4 [A, Bls + %[A, A, B]js® + %[A, 14, [A, B]J* + ...

With s = it and A = H, this formula can be useful in calculating the evolution of an operator (either in the Heisenberg
or interaction representation or for the density operator).

10 See e.g. wikipedia for more terms and mathworld for calculating the series.
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B. Suzuki-Trotter expansion

Another useful approximation is the Suzuki-Trotter expansiont. To first order this reads:

A+B _ lim (eA/neB/n)n
n—00

(&

Suzuki-Trotter expansion of the second order:

A+B _ im (e4/(20)B/neA/(2n))n
n— o0

(&

In general we can approximate the evolution under a time-varying Hamiltonian by a piecewise constant Hamiltonian
in small enough time intervals:

U(f,to) = U(tﬂfn_l) . U(tg,tl)U(tl,to), to<t1 <tg < - <th_1 <t,

where we usually take t; — tx_1 = 6t and consider the Hamiltonian H to be constant during each of the small time
interval §t.

C. Magnus expansion

The Magnus expansion is a perturbative solution to the exponential of a time-varying operator (for example the
propagator of a time-varying Hamiltonian). The idea is to define an effective time-independent Hamiltonian by

taking: U = Te—tJo dH() = ¢=itH The effective Hamiltonian is then expanded in a series of terms of increasing
order in time H = H( ) ﬁ(l) + ﬁ@) + ..., so that

+7(0)

U = exp{—it[H W

+7Y 7Y )y

where the terms can be found by expanding Te—tJo dHI) and equating terms of the same time power. In order to
keep the time order, commutators are then introduced. The lowest order terms are

Y =1 fo H(t")dt"
F(z) -5 o Lt fo dt"[H (’) H(t")]
HY =& [yt [y de" [y d"{[[H(E), HE")), HE) + [HE), HE),HE)

The convergence of the expansion is ensured only if |||t < 1.

1 See: M. Suzuki, Generalized Trotter’s formula and systematic approzimants of exponential operators and inner derivations
with applications to many-body problems, Comm. Math. Phys. 51, 183-190 (1976)
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5.3 Spin-1 precession

We consider the semi-classical problem of a spin-1/2 particle in a classical magnetic field. To each spin with spin
angular momentum J is associated a magnetic moment p = S where v is called the gyromagnetic ratio, a property
of each spin-carrying particle (nucleus, electron, etc.). The energy of the system in an external mangetic field is
(classically) given by - B, where B is of course the field. Thus, the system Hamiltonian is simply H = vB, S, = w5,
where we take the z axis to point along the external field for simplicity and we defined the Larmor frequency for the
given system.

If the spin is initially in the state |0), the system does not evolve (as it is an eigenstate of the Hamiltonian). If instead
it is prepared in a superposition state, it will undergo an evolution.

|[0) = a0l0) + Bo[1) = [#(1)) = a(£)[0) + B(#)[1)

? Question: What are the functions «(t), 5(t)?
1. As |0), |1) are eigenstates of the Hamiltonian with eigenvalues +w/2, we know that their evolution is just a phase e
so that a(t) = awe™ 2 and B(t) = foet /2.
2. [4(t)) = U(t) [1(0)), with U = e~ = ¢ = 1l cos (wt/2) —isin (wt/2) 2S. Then U(t)|0) = (coswt/2 —isinwt/2)|0) =
e~"/2|0) and we find the same result. d

+iwt/2
)

? Question: What is the probability of finding the spin back to its initial state? _ _
Let’s write the initial state as [1))o = cos(19/2)|0)+e'¥/? sin(19/2)|1). Then the evolution is €™/ 2 cos(1)/2)|0)+e!“t+9)/2 sin(19 /2)|1)
and the probability p = cos? (wt/2) + cos¥? sin? (wt/2) In particular, for 9 = /4 we have cos® (wt/2) (notice that this is an

eigenstate of the S, operator). O
1.0
3 cos(6) = 0
W 0.8
o
Z06
B
>04 cosd) =n/4
g 0.2 cos(f) = Th2
& 0.0
0.0 0.5 10 15 2.0
time

Fig. 4: Spin precession: probability of being in the initial state

?7 Question: What is the evolution of the magnetization in the x direction?

We want to calculate (S, ()). We can use the Heisenberg picture, and calculate U'S,U = S, cos (wt) — Sy, sin (wt). Thus we see

that the periodicity is 7 = 2= while it was 2T for the spin state (spinor behavior). Then we know that (S.) = cos(y/2) sin(¥)
O

and (Sy) = sin(y/2) sin(+}) from which we find (S;(t)) = cos(¢/2 + wt) sin(F)

Nuclear Magnetic Resonance

The evolution of the magnetization is what is usually detected in NMR. The precession of the spin in a large static
magnetic field creates an oscillating magnetic field that in turns generate a current/voltage in a pickup coil. Fourier-
transform of the signal gives spectroscopic information regarding the Larmor frequency; local modification of the
magnetic field (due e.g. to electronic field) induces a variation on the Larmor frequency of each nuclear spin in a
molecule, thus providing a way to investigate the structure of the molecule itself. Before we can have a full vision of
a (simple) NMR experiment, we still need to answer the question on how we first prepare the spin in a superposition
state (e.g. in a S, eigenstate). We will be able to answer this question in a minute.
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5.4 Examples: Resonance of a Two-Level System

We have looked at the precession of the spin at the Larmor frequency, which happens if the spin is initially in a
superposition state. However, the question remained on how we rotate initially the spin away from its equilibrium
state pointing along the large external magnetic field. Consider then a more general problem in which we add a
(small) time-dependent magnetic field along the transverse direction (e.g. x-axis):

B(t) = B.2 4 2B cos(wt)i = B.% + By [(cos(wt)@ + sin(wt)§) + (cos(wt)i — sin(wt))] ,
where Bj is the strength of the radio-frequency (for nuclei) or microwave (for electron) field.
The Hamiltonian of the system H = Ho + Hi(t) + H}(¢) is then:

H= %O'Z + % [cos(wt)oy + sin(wt)oy,] + % [cos(wt)o, — sin(wt)oy],

where we defined the rf frequency w;. We already know the eigenstates of Ho (|0) and |1)). Thus we use the
interaction picture to simplify the Hamiltonian, with Uy = e “?:/2 defining a frame rotating about the z-axis
at a frequency w: this is the so-called rotating frame. Remembering that Upo,Ul = cos(wt)o, + sin(wt)oy, it’s

“Lo,.. We also have

2
= Ul Uy = &L (cos(2wt)o, — sin(2wt)oy). Under the assumptions that wy < w, this is a small, fast oscillating
term, that quickly averages out during the evolution of the system and thus can be neglected. This approximation is

called the rotating wave approximation (RWA). Under the RWA, the Hamiltonian in the rotating frame simplifies to

easy to see that the perturbation Hamiltonian in the interaction frame is Hi; = Ug?—[l Uy =

Hr = Taz + 7U;E
where Aw = wp — w. Notice that if Aw is large (> wy), we expect that the eigenstates of the systems are still going
to be close to the eigenstates of Hy and the small perturbation has almost no effect. Only when w ~ wy we will see
a change: this is the resonance condition. In particular, for Aw = 0 the new Hamiltonian ~ o, will cause a spin
initially in, say, |0) to rotate away from the z axis and toward the y axis. This is how a "pulse” is generated e.g. in
NMR or ESR pulsed spectroscopy. For example, if the By field is turned on for a time ¢/, = 7/2w; we prepare the

state [¢)) = (|0) —4|1))/+/2 that will then precess at the Larmor frequency, giving a spectroscopic signature in the
recorded signal.
We want to study the Hamiltonian in the general case. Given the matrix representation

1 Aw wy
HI_§< w1 —Aw>

wr = :I:%\/l + (w1 /Aw)?.

There are two interesting limits, on resonance (Aw = 0) where w; = w; and far off resonance (Aw > wy) where
wr ~ Aw ~ wy. The eigenstates are found (e.g. via a rotation of the Hamiltonian) to be

we can find the eigenvalues:

|[+); = cos¥|0) + sinv|1)
|—); = cos¥|1) —sin?v|0),

. wr — Aw wr + Aw
sing = 4/ —, cosYy =4/ ——
2w1 2&)]

Consider the evolution of the state |0) under the rotating frame Hamiltonian. At time ¢ = 0 the two frame coincide,
so [1)r = |1) = |0). The state then evolves as

0t A 0t 0t
(t), = [cos <7> - i%sin <7>} 0y — z% sin <7> 1)
where we defined 2 = \/Aw? + w?. The probability of flipping the spin (that is, of finding the spin in the |1) state)
is then p(1) = ﬁi—w% sin? (%) Notice that only if Aw = 0 we can have perfect inversion (i.e. p(1) =1 for t = 7/w;.
Notice that we have defined all the evolutions as in the rotating frame.

with
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Fig. 5: Rabi oscillation. Probability of being in the |1) state for different values of the ratio wi/Aw

5.4.1 Dressed states and AC Stark shift

This Hamiltonian is also used in Atomic physics to describe the ground and (one) excited levels coupled by an
external e.m. field (for example in the visible spectrum). The evolution of an atom in an e.m. field (here we are
considering a classical e.m. field, but we will see that we can also consider the quantized version) is usually described
with the dressed atom picture. This picture (due to Cohen-Tannoudji) describes the atom as dressed by a cloud of
virtual photons, with which it interacts.

This atomic TLS has (unperturbed) eigenstates |e) = |0) and |g) = |1) with energies Ey — E; = Aw, which are

coupled through an interaction wy /2. When we consider the optical transition of an atom we usually call wy the Rabi
frequency.

The coupling mixes these states, giving two new eigenstates as seen before with energies +w; = :I:% V14 (w1 /Aw)?,
which is called the effective Rabi frequency.

tAw Ao+ 0
2A0°

Fig. 6: Energy shift for small coupling perturbation

2
If the coupling is small, we can treat it as a peI;turbation, and the energies are just shifted by an amount JF = 4°le.
1

That is, the new energies are Ej, = %(1 + 55 ). This shift in the context of a two-level atom dressed by the e.m.
field is called the AC Stark shift. It is a quadratic effect that can be seen also as arising (in a more general context)
from second order perturbation theory.

The perturbed energies are shown in the following diagram. Here we explore the range of the eigenvalues +w; =
found before, given a fixed value of the coupling w; and a varying splitting Aw between the two levels. In red are
the two perturbed energies, while the dashed lines follow the unperturbed energies. For Aw = 0, in the absence of
a coupling term, the two eigenstate are degenerate. The perturbation lifts this degeneracy, giving rise to an avoided

crossing. The eigenstates are a complete mix of the unperturbed states, yet remain split in energy by the strength
of interaction wy.
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Fig. 7: Dressed atom energies as a function of the splitting Aw showing the avoided crossing

5.5 The wave-function

We have so far considered systems associated to observables with a discrete spectrum. That is, the system can assume
only a discrete number of states (for example 2, for the TLS) and the possible outcomes of an experiments are a
discrete set of values. Although for the first part of the class this is all that we’ll need, it’s important to introduce as
well systems with a continuous set of states, as they lead to the concept of a particle’s wave function2. This is an
essential concept in non-relativistic QM that you might has seen before (and probably as one of the very first topics
in QM).

5.5.1 Position representation

The state |¢)) of a point-like particle is naturally expanded onto the basis made of the eigenstates of the particle’s
position vector operator R. Of course the position of a point particle is a continuous variable (more precisely a vector
whose components are the three commuting coordinate operators X, Y and Z). The rigorous mathematics definition
of these continuous basis states is somewhat complex, so we will skip some of the details to instead obtain a practical
description of the wave function. The basis states |r) satisfy the relations generalizing the orthonormality conditions:

(rlry =6(r — 1), /dgr [r) (r] =1

where §(r — r’) is the three-dimensional Dirac function. Developing |¢) in the |r) basis yields:

) = [ drin) o)
where we define the wave function (in the position representation)

¥(r) = (r|¢)

The shape of the wave function depends upon the physical situation under consideration. we may say that the
wave function describes the state of the particle suspended, before measurement, in a continuous superposition
of an infinite number of possible positions. Upon measurement of R performed with a linear precision dr, this
superposition collapses into a small wave packet of volume (d7)% around a random position r, with the probability

p(r) = [ {r[¥)[* (o).
5.5.2 Momentum representation

The position representation is suited for measurements of the particle’s position. If one is interested in the particle
momentum P or velocity V.= P/m (where m is the particle mass) it is appropriate to choose the momentum

12 For a nice introduction to these concepts, see S. Haroche, J-M. Raimond, Ezploring the quantum: atoms, cavities and
photons, Oxford University Press (2006). In this section we follow their presentation closely.
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representation and to expand |¢) over the continuous basis of the momentum eigenstates |p):

v = [ @plp) (o]0)
where we define the wave function (in the position representation)

U(p) = (p| ¥)

A simple system could be describing a single particle with a well defined momentum. The state is then [¢) = |p).
In the momentum representation, we obtain the wave function (p) = 6(p). We can as well describe this state in
the position representation, [p) = [ d®r|r) (r| p). Following de Broglie’s hypothesis which associates to a particle
of momentum p a plane wave of wavelength A = h/p, the momentum eigenstates are plane waves in the position
representation
1 .
r) = (r|p) = ————e®P/",
Q/JP( ) < |p> (27Th)3/2

We can take this as the definition itself of the momentum eigenstates; from this definition the well-known commutation

relationship between position and momentum follow. Otherwise one could state the commutation relationship as an
axiom and derive the form of the momentum eigenstates in the position representation.

eipr/h
= @7
i)Hint: Show that the momentum generates translations in x and consider an infinitesimal translation.
ii)Hint: Show that [Py, f(z)] = —ihds f(x).

—ipgx/h
1) We start from (p.|z) = W

? Question: Show how [r;, p;] = ihdi; < Pp(r)

Then we have for any translation a

—ipg(zta)/h _ ﬂ'pma/h(

(pz|z +a) xe e pa|z)
We thus recognized p as the generator of translation and the corresponding propagator U(a) = e~ P=e/h T the Heisenberg

picture, we can thus show U(a)'zU(a) = x + all, since V|1)) we have

@U (@)aU(a)|y) = (¢ + al z|[¢ + a) = (z) + a.

Now we consider an infinitesimal translation da. The propagator then becomes U(da) ~ 1 — ip,da/h. Calculating again
U(da)tzU(8a) = x + dall, we obtain:

) ) 6 2 2 6
xz+ dall = (1 4 ip.da/h)x(1 —ipsda/h) = x + %(pm—xp)—&— ath =z — %[m,p] +0(6a®)
Neglecting terms in da® we thus proved the commutation relationship [z, p] = ihll. a

2) Now we start from the commutation relationship [z, p] = ih and we calculate [2",p]. We start from the lower powers:
(2%, p] = [z, p] + [, plz = 2ihw; [2°,p] = «fa’, p] + [z, ple” = Biha®; [2",p] = nika""!

Let’s now consider any function of x and its commutator with p. Since by definition we can expand the function in a power
series, it is easy to calculate the commutator:

@)l = 0O nla® = 3700 Rt = 2L

n n

Notice that this is also true for the wave function: [P, ¥, ()] = —ihd.vp(z) = p(z|p) — (z|p)p = pYp(x) from which, solving
the differential equation, (p,|x) = % (where the denominator is chosen to have a normalized function). O
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5.5.3 Schrodinger equation for the wavefunction

We have studied already the law governing the evolution of a quantum system. We saw that the dynamics of the
system is generated by the system Hamiltonian # (the observable corresponding to the total energy of the system),
as described by Schrodinger equation:

)

S = Hly)

We can express this same equation in the position representation. We want to describe the evolution of a point
2
particle in a potential V(r) and with kinetic energy T' = 2P—m. The Hamiltonian of this simple system is thus given by

H=V(r)+ %. By multiplying the Schrédinger equation with the bra (r| we obtain:

w = ihdyp(r) = (r| H|g) = ([ V(r)[) + (r| f—m|¢>

Using the relationship

(x| P2|0) = (P2¢)(x,t) = (—ihd,)* W (z, t) = 412%’
we obtain , t B
ih% = —%4¢(r7t) + V(r,t)y(r,t)

(where A is the Laplacian operator in 3D).

5.6 Feynman’s path-integral

The formal solution of the Schrodinger equation above can be written as |¢(t)) = U(¢,0) |(0)). Using the position
representation and the closure relation [ d°r|r) (r| = 1 we can write

(e, 1) = / a3 (x| U (t,0) ') (x', 0),

where U (t,0) = e~"*/" and the matrix element (r| U(t,0) |r/) is the Green function describing how a localized wave
packet centered at r’ at time ¢ = 0 propagates at a later time in the potential V' (r). This equation represents the
wave function of a single particle ¥(r,t) as a sum of partial waves propagating from r’ at time 0 to r at time ¢; it is
thus the superposition of many different paths taken by the particle during its evolution. The probability of finding
the particle at r results from a multiple-path interference process.

This picture of the wavefunction propagation can be used to give a qualitative introduction of Feynman’s path-
integral approach to quantum physics. We do not aim here for a rigorous derivation of that theory, only the main
concepts will be presented!2.

We start by expressing the probability amplitude that a particle, initially prepared at point z;, will pass a time
t later at point z; as the matrix element between the initial and the final state of the system’s evolution opera-
tor: (x| U(t,0) |z;). We expand this expression by slicing the time interval ¢ into infinitesimal intervals 6t and by
introducing at each of these times a closure relationship on the position eigenstates:

(@7 U(,0) i) = (5| U(08)" i) =
/da:n..d:rk..d:rl (xp| U, t — 0t) |xn) (xn| ... UO) |zx) (k] ... U(SE) |21) (21| U (3%, 0) |25)

= /dwn..dxl (x| U(6¢) |2p—1) - -

13 In this section we again closely follow the presentation in S. Haroche, J.-M. Raimond, Ezploring the quantum: atoms,
cavities and photons, Oxford University Press (2006)
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Image by MIT OpenCourseWare.

Fig. 8: Spacetime diagram of the propagation of a particle between two events. Taken from “Exploring the quantum”, S.
Haroche, J-M. Raimond.,

We then evaluate the amplitude (x| U(5t) |zx_1) in the case U(t) = e~ @ /2m+V)/h Ag §t is small, we can approx-
imate it by the product of the two terms:

U(t) = e 100" [2mtV)/h o o=idtV/he—idtp®[2mh. — o=i0tV/ho=idtp® /2mh ([ |p) (p| dp) (where we introduced the closure
expression for the momentum p). We thus obtain the integral

<Ik| U(5t) |$k71> ~ efi/hV(ack)zit/dp ei/hp(mk7mk,1)67i/h(p2/2m)5t,

where we used the fact (x3|p) o< e’/"P*x. The integral over p is just the Fourier transform of a Gaussian, yielding a
Gaussian function of xy — xx_1. The probability amplitude is then

(xp|U(t,0)|z) /dwldxg . dppet/Motlamlzs—2a)? /5 V(@]

_ /dl’ldftz o dxnei/h6t[mvi/2—V(wn)] o ei/h6t[mv?/2—V(wi)]

where we introduced the velocity vy, = (z — x—1)/dt. The probability amplitude for the system to go from z; to
zy in time ¢ is thus a sum of amplitudes one for each possible classical path - whose phase is the system’s action
S = [ Ldt along the trajectory, where £ = %va — V(x) = mv? — H is the Lagrangian of the system. This phase is
expressed in units of A.

We have derived this important result by admitting the Schrodinger equation formalism of quantum mechanics.
Feynman proceeded the other way around, postulating that a quantum system follows all the classical trajectories
with amplitudes having a phase given by the classical action and has derived from there Schrédinger ’s equation.
At the classical limit S/h > 1, the phase along a trajectory evolves very fast when the path is slightly modified,
by changing for instance one of the z; . The amplitudes of various neighboring paths thus interfere destructively,
leaving only the contributions of the trajectories for which the phase, hence the action, is stationary. If the particles
action in units of A is much larger than 1, the particle follows a classical ray. Suppressing the contributions to the
amplitude coming from trajectories far from the classical one does not appreciably affect this amplitude.
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6. Composites systems and Entanglement

6.1 Tensor product of Hilbert spaces
6.1.1 Product Operator Basis
6.2 Quantum Information Processing
6.3 Operators on two Qubits
6.4 No cloning Theorem
6.5 Entanglement and EPR paradox
6.5.1 Bell Inequalities
6.6 Teleportation (Bennet, Peres, Brassard)
6.7 Deutsch-Jozsa algorithm

6.1 Tensor product of Hilbert spaces

Until now we have been concerned with the description and evolution of a single TLS. Although we have seen some
examples of how it describes some real physical systems, of course many systems are more complicated and cannot
be described by that formalism. We could of course start studying higher dimensional systems, such as more general
angular momentum with dimension N. Here we focus instead on systems with dimension N = 2" (with n integer)
because we are interested in studying composite (or multipartite) systems, where two or more TLS systems interact.
Let’s consider 2 two-level Hilbert spaces H 4 and H g, each spanned by the vectors: [0) 4, |1) 4 and |0) g, |1) 5. For each
space we can define the Pauli Matrices and the identity on the space. They are two distinguishable Hilbert space
(we will deal with indistinguishable particles later on). The action of a Pauli matrix on the vector of its own Hilbert
space is as usual (e.g. o2 |[0) , = [1),). But operators of the A Hilbert space do not act on the vectors of the other
Hilbert space, they leave them unchanged: o2 [0) 5 = [0) 5.

We can define the joint space H 4 g by a tensor product Hap = Ha®H g, which has dimensions N = 22x2? = 2% = 16.
When we consider a matrix representation of the Hilbert space, this corresponds to a kronecker product. For example,
the kronecker product of two matrices (operators) A and B is given by:

AnBii AuBiz A1eBu AxBn

Ao B=( AnB AwnB \ _ [ AuBn AnbBn AnbBn
A B AxnB A21B11 A21Bio
21B12

that is, a 4 X 4 matrix. In the same way, the vector states of the joint Hilbert space are defined by the kronecker
products of the basis states of the two spaces. For example:

maoms=| o] s]-

A basis set for a two-qubit system (two TLS) is given by the four states: |00), |01), [10), |11).
Notation-wise, we normally do not write the identity: 04 ® 15 = o2}

o= OO
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If one spin space is spanned by 4 matrices, the joint domain A and B is spanned by 16 operators, which are the

combinations of operators from the two spaces: {1,054, 05, ... ,a;“af, ...olaB}.
The joint space is still an Hilbert space. If |a) is a vector in the H 4 space and |b) in the Hp space, taking a vector

in the joint space |a) ® |b) it has the properties of a linear vector:
(la1) + laz)) @ 1b) = |a1) @ |b) + |az) & |b)

and
c(la) @ b)) = cla) ® [b) = |a) ® c|b)

(notice that the scalar can be pushed trough as desired).

If A is an operator in H4 and B in Hp, each operator acts on its own domain: AB(|a) ® |b)) = (A]a)) ® (B |b)). It
He = Hap is the joint Hilbert space, any operator in it can be written as a linear combination of operators in the
two spaces: C' =, . ¢; jA; Bj, where i and j run on the two domains and {A;}, {B;} form complete sets (a basis
for the operator spaces).

The inner product of vectors in the joint space are

((b1] @ (a1])(|az) ® |az)) = (a1] az) (b1] ba).

A ket of a joint space can also be written as |a, b), that is, a ket can be specified by as many quantum number as
required to fully characterize the state.

6.1.1 Product Operator Basis

We can generalize these considerations to more than two TLS (or qubits or spin—%). We thus define a composite
Hilbert space of dimension N = 2", where n is the number of qubits, as the tensor product of the Hilbert space for
each qubit: # = @', H;. A basis for this operator space is the product operator basis (also called generalized Pauli
operators). Elements of this basis are defined as

n

P=®P,

Jj=1

where each Pl(j) is either a Pauli matrix {o,, 0y, 0.} or the identity 1 in the space of the qubit j. Notice that PlJf =P
(hermitian) and Tr {P, Py} = N§; 1+ (that is, the basis is orthogonal, but nor normalized).

6.2 Quantum Information Processing

Quantum information processing is the study of information processing tasks that can be accomplished (only) using
quantum mechanical systems. What do we mean by only? What we refers to are tasks that can be possible only
if the law of quantum mechanics apply to the system used for processing the information or that are accomplished
in a more efficient way if performed by a quantum system (in terms of time or material resources). For example,
Peter Shor showed in 1994 that it is possible to find the prime factors of a number using a quantum computer in an
exponentially shorter time than in a classical computer. The scaling refers to the fact that if we want to factorize a
number represented by n bits of information (e.g. in its binary representation the string is n-character long) it will
take a time T¢; oc 2" for a classical computer to perform the computation, while only a time T, o n to a quantum
computer. Although factoring the number 15 is easyl?, factoring large numbers is a very time-consuming task, so
much that encryption is based on number factoring (as the reverse operation, finding the product of two numbers, is
instead an easy task).

4 Why do I mention here 15?7 Because that is the number that has been possible to factorize until now by a quantum
computer:

L.M.K Vandersypen, M. Steffen, G. Breyta, C.S. Yannoni, M.H. Sherwood and I.L.. Chuang, Ezperimental realization of Shor’s
quantum factoring algorithm using nuclear magnetic resonance, Nature 414 883-887 (2001)
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While it is still a debate of where the power of quantum computation comes from, two main ingredients seems to
have a preeminent role. Quantum superposition (in the form of parallelism that allows to compute all the possible
solutions of a problem at once) and interference (that leads to algorithms that select a constructive interference for
the correct solution, so that we obtain the right answer with high probability once we measure the quantum system
and collapse the superposition state). As it is implied in this last statement, not all the tasks can be made more
efficient on a quantum computer and in fact it has proven quite hard to find quantum algorithms (although the
known ones are quite powerful).

Quantum information processing has ramifications well beyond quantum computation. Very active areas of research
- and of practical results - are quantum communications, simulations, sensors, and of course on the theory side,
quantum control, quantum complexity, entanglement theory, decoherence, etc.

Here we will adopt some of the language and tools of quantum information to explore ideas that connect to the very
foundation of quantum theory. We will start by describing operations that can be performed on a quantum computer.
As at its heart a quantum computer is just a QM physical system, these operations simply describe the evolution of
the system itself.

In the same way as classical computer are physical systems, circuits made of wires and gates, a quantum computer
is also composed of wires and quantum gates. The wires are used to carry the information around, while the gates
perform operations, manipulate the information. Quantum gates however have the properties of being linear and
invertible, as they represent the unitary evolution of a quantum system (a collection of TLS or qubits). This is
different than usual classical gates, although invertible classical gates were already known.

6.3 Operators on two Qubits

There are several operators which are normally used in quantum computation and that describe the possible evolution
of the system.

- Not4 = o4 ®1p; NotZ =14 ® 0%

- Hadamard gate: H = (0, + 0.)/V/2.

- Controlled Not: rotate B conditionally on the state in the A subspace. Introducing the idempotentst2 (or projectors)
E+ =0) 0] and E~ = 1) 1], the CNOT is CANOT® = E} + E,o%:

CANOT?E =

SO O
SO = O
— o oo
o= OO

If somebody has taken some computer science classes, you can realize that the truth table of the cnot gate is quite
similar to that of a XOR gate. We can also just have general single qubit gates, U, that describe any general rotation

Table 2: Truth table of the CNOT (1st qubit controller, 2nd qubit target)

on a single qubit. If we combine this single qubit rotations with the CNOT gates on any pair of qubit, we are able
to build any possible algorithm (or computation) on the system. That also means that we are able to enforce any
possible evolution of the system, by letting it evolve under these two types of gates. We says that they are universal
gates.

15 Jdempotents since they square to themselves
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A. Measurement in the o, basis

At the end of a circuit, the qubits are measured. While usually it is implicit that the qubits are measured in their
computational basis (]0), |1)), which corresponds to the eigenvalues of the operator o, this does not always has to
been the case. The eigenvectors of o, form an equivalently good basis. We could have expressed a state vector as:
V), =al0)+b[1) = |¢), =c|0),+d|1), =c|+)+d|—) (the last expression is a notation encountered often). The
coefficients ¢ and d can be calculated with a change of basis. First, notice that the eigenvectors of o, in the z-basis
are given by the eigenvectors of the matrix
_ ( 0 1 )
UCE - 1 O K

[+) = (10) +1)/v2  |=) = (10) = 1))/ V2

The operator that perform the change of frame is therefore the Hadamard matrix: |¢)), = H |1) . This is also the
reason why, instead of measuring in the x-basis, we can perform an Hadamard operation to bring back the qubit to
the z-basis, and measure in this more usual basis.

The representations of gates, qubits and wires is usually done via diagrams like the following:

that is:

10) A | H | U}
0)5 El

Fig. 9: Quantum circuit, showing Hadamard, CNot gate and a general gate U

6.4 No cloning Theorem

We are going to study some properties of quantum states that distinguish them from classical states. One property
that has been known for a long time, without stirring much interest before it was considered again in the optics of
quantum computation is the impossibility of copying a quantum state. This impossibilities seemed to doom quantum
computation, because it seemed to forbid correction codes, but quantum resources offer other ways to perform error
correction.

The so-called No-cloning theorem, states that:

B Theorem: It is impossible to make a perfect copy of an unknown, pure state by an unitary operation.

Proof: I want to copy an arbitrary state 1)) = «|0) + 8 |1) on the blank initial state |¢) using a unitary operator U.
The final state is therefore:

Ulg) ® i) = |v) ® [4)

for any state [¢)) in the domain of the first system. If T assume to be able to copy any arbitrary state, I can assume
that T can copy at least another state |¢), which is not the state |¢)) and not orthogonal to it. For this second state
we have:

Ulp) ® i) =) @)
Equating the inner products of the RHS and LHS of the two equations above, we obtain:

o, )| UTU [9,5) = ¢,0|¢,9) =
ply) iliy = oY) <p2|¢>
@ |v) = oY)
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The last equation is verified iif ¢ |¢)) =1 or ¢|¢) = 0. In the first case, the two states are in effect the same state
(up to a normalization factor or a global phase, which are not important). In the second case the two states are
orthogonal, in contradiction with the hypothesis. O
A unitary operator cannot copy an arbitrary state. If we find an operator that can clone one state, it can only copy
that state and states which are orthogonal to it, but it cannot clone all the other states. In a Hilbert space it is
therefore possible to define an operator that clones the basis states, but not an arbitrary superposition of them.

Example of " Cloning”

Consider the action of the CNOT gate on the state [¢)|0), where |¢) is the state we would like to clone and |0) is
the blank bit we want to copy on. If |¢)) = |0), the CNOT gives us the state |00), if it is |1) we obtain the state: |11).
So it seems that it is possible to copy the state of the first qubit on the second qubit. But notice that for the moment
we have only verified that we can copy two orthogonal state. If we have a more general state: 1)) = a |0) + b|1), the
action of the CNOT will give us:

CNOT |4,0) = CNOT(a |00) + b]10)) = a 00) + b |11)
# [¥,9) = (a]0) +b|1))(a|0) + b[1)).

Notice that approximate cloning is possible® (that is, it is possible to obtain an approximate copy of an arbitrary
state up to an error €. The error is usually measured as the deviation from unity of the inner product of the original
and ”cloned” state: e =1 — |(¢)|p)]).

16 Valerio Scarani, Sofyan Iblisdir, Nicolas Gisin and Antonio Acin, Quantum cloning, Rev. Mod. Phys. 77, 1225 - 1256 (2005)
Abstract - The impossibility of perfectly copying (or cloning) an unknown quantum state is one of the basic rules governing
the physics of quantum systems. The processes that perform the optimal approximate cloning have been found in many
cases. These "quantum cloning machines” are important tools for studying a wide variety of tasks, e.g., state estimation
and eavesdropping on quantum cryptography. This paper provides a comprehensive review of quantum cloning machines
both for discrete-dimensional and for continuous-variable quantum systems. In addition, it presents the role of cloning in
quantum cryptography, the link between optimal cloning and light amplification via stimulated emission, and the experimental
demonstrations of optimal quantum cloning.
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6.5 Entanglement and EPR paradox

It is nearly 70 years ago that Schrodinger gave the name Verschraenkung to a correlation of quantum nature. This
term was then rather loosely translated to entanglement. Over the decades the meaning of the word entanglement has
changed its flavor, going from a negative statement by Einstein and coworkers “An entangled wavefunction does not
describe the physical reality in a complete way”, to more quantitative definitions (Bell, “A correlation that is stronger
than any classical correlation”) to more practical ones (C. Bennett: “A resource that enables quantum teleportation”,
P. Shor: “that allows for faster algorithms”).

A simple definition of entanglement is possible for pure, bipartite systems (i.e. composed of two subsystems).

D: Entanglement A pure state |1) is called separable iff it can be written as |¢)) = |p)1 @ |p)2, otherwise it is
entangled. An example for a pure separable state is |00); examples for pure entangled states are the Bell states

|6%) = (|00) + [11))/v2
[wE) = (Jo1) £ [10))/v2

We will see some measure of entanglement and also some difficulties arising for example in defining and measuring
entanglement for more complex systems.

Why is entanglement a difficult property to quantify and more importantly, to grasp its meaning?

We will review the so-called EPR paradox which makes it manifest some of the weirdness of QM as associated to
entanglement.

In 1935 Einstein published a paper with some coworkers that asked :

Can Quantum-Mechanical Description of Physical Reality Be Considered Complete?L

We will rephrase their result in a slightly different way (due to Bohm) and following the presentation in Ballentine’s
book!&.

6.5.1 Bell Inequalities

Let us suppose that we are capable of making a state |¢)) = (|01) — [10))/v/2 of two identical spin-1/2 particles,
with the two particles traveling with equal momenta in opposite directions. For example, they could originate in the
decay of an unstable particle of zero spin and zero momentum, in which case momentum conservation implies that
the particles move in opposite directions and have spin with zero sum.

Two experimentalists, conventionally named Alice and Bob (A,B), measure the spin component of each particle along
a certain axis when the particles are very far apart compared with the range of any force of mutual interaction and
when they have not interacted with each other for a long time.

Alice measures the spin component on the @ axis for the particle traveling to the left, particle a, while Bob measures
the component along the b axis of the particle traveling to the right, particle b. Let us first study the case where
Alice and Bob both use the z-axis, a = b = 2. For the moment we can just think of the spins as a property of the
particles, as it could be e.g. the color of a ball.

Alice measures the z component of the spin of particle a, S¢, with the result :I:%, and Bob measures S°. They
obtain a series of random results, when they repeat the experiment. After the series of measurements has been
completed, Alice and Bob meet and compare their results. They conclude that the results for each pair exhibit a
perfect (anti-)correlation. When Alice has measured +1/2 for particle a, Bob has measured —1/2 for particle b and
vice versa.

Upon reflection, this result is not very surprising. It can occur also for classical particles (or travelers!). Two travelers
a and b, each carrying a suitcase, depart in opposite directions from the origin and eventually are checked by two
customs inspectors Alice and Bob. One of the suitcases contains a red ball and the other a green ball, but the travelers
have picked up their closed suitcases at random and do not know what color the ball inside is. If Alice checks the
suitcase of traveler A, she has a 50% chance of finding a green ball. But if in fact she finds a green ball, clearly Bob

7 A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47, 777 - 780 (1935)
'8 L. E. Ballentine, Quantum Mechanics A Modern Development, World Scientific Publishing (1998)
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will find a red ball with 100% probability. Correlations between the two suitcases were introduced at the time of
departure, and these correlations reappear as a correlation between the results of Alice and Bob.

However, the situation becomes weirder if Alice and Bob decide to use the x axis instead of the z axis for another
series of measurements. In the classical case, this would correspond to the fact the ball hidden in the suitcases
possess another property (for example they are shiny or matte). Again, one would obtain the same result of perfect
anti-correlation of the results (try e.g. expressing the Bell state in the x basis).

In the usual classical picture of the world, one would assume —as stated by Einstein— the hypothesis of LoCALITY
and REALISM (both of these hypothesis should be true at the same time). What do these hypotheses entail?

1. Realism: At preparation, particles a and b possess both the properties (color and gloss for the classical balls and
Oy 0z, With 0, » = 2(2) = £1 for the quantum particles).

2. Locality: When I measure particle a I cannot modify instantaneously the result of measuring particle b, since b
already had its own properties and there is no action at distance (faster than light).

In the EPR paper, the authors argue that since QM does not give a description coherent with these hypotheses,
there must be a more complete theory able to fully describe reality while respecting these hypotheses.

The search for a theory of hidden variables is still open, but it has been shown already that local realism is in conflict
with experiment.

The Bell inequalities want to show that these two hypotheses cannot be true together for quantum mechanics. They
describe a more general experiment to what done until now.

I - Assume that A measure her particles along the axis @ = 2 while B along the axis b such that b- 7 = cosd. The
results of the measurements are <U;4> = a and <0{73> = b and we are interested in the correlation ab). This is given
by

1
(odaf) = 5(<01| oo 101) + (01) o 2o 110) + (10| oo |01) + (10| 020 |10)

({0lo 10} (L]oy’ 1) + (Dl £HT) 1oy’ [0) + (Lo [1)(0]a;’[0) + (Le£ 107 0oy’ (1))

= % (<1|crg3|1> — <O|af|0>) = —cosV

N =

where the last equation comes from the fact that o2 = cos¥ol + sindo?.

II - Now we choose two other directions @ and b’ each rotated by some angle ¢ with respect to the original directions.
Then what we have done is a collective rotation of the coordinate frame, but we have seen already that the Bell state
is unchanged by such a rotation. Thus by repeating the same analysis we will find that (a'b’) = (ab) = — cos .

IIT - Consider then the following experiment:
A can measure either @ or @
B can measure either b or b’

and we want to look at the correlation of the outcomes (ab), (a'b), (ab’) and (a’b’). The quantity we are interested
in is actually (S) = (ab) + (a'b') + (ab’) — (a’b). There are two possible strategies:

a) One can measure each correlation in separate experiments (i.e. we measure separately (ab) etc.). We then expect
the results (ab) = — cosVgp, (a'b) = — cos Uy, ete. and

S) = —(cosVap + cosVaryy + cos Vg — cosVyrp)

b) One can look at the outcome of the quantity Sy = (0202 +(0A0E )+ (0l of )k —(0A08)k at each k™" experiment.
Then the expectation value is S) = limy_, 0 % > & Sk. Notice that this definition of the quantity Sj implies that
even in experiments were we measure e.g. along @ (i.e. we measure o' and not @', o4 still has a well-defined value
(realism). We can rewrite S, as

Sk =0 (0} + 0y )k — (0 — o3 )

In each measurement, the possible results for af are +1 (and the same for 05 ) so that the possible outcomes for

of +of are {0,+2, —2} and the same for the difference. Whenever o + o} = 42 we have however that o —cff =0
and vice-versa. Thus the possible outcomes for Sy are +20, or +20,/ or finally S = +2 (since outcomes for o, are
+1 and we assume that the act of measuring B does not change the outcome of A). Then, the expectation value for
any possible choice of the axis direction is bounded by

-2 <(S) <42
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If we now go back to the first strategy a) and choose as the measurement axes

i=7 d=& b=7-7 V=7+7
we find :
(ab) = — cosap = —1/V/2 (a'b) = — cos Iy = —1/V2
(ab') = — cosVapr = —1/V/2 (a'b) = —cosVap = 1/V2
which yields
(5) = {ab) + (@) + (ab) — (a'D) = ~—7= = ~2/E < -2

V2

Thus the two hypothesis that we assumed in b) to arrive at the conclusion —2 < (S) < 42 must be wrong (or at
least one of them: which one?)
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6.6 Teleportation (Bennet, Peres, Brassard)

Two parties -Alice and Bob- want to transfer an unknow quantum state. They share a resource prior to the transfer,
a pair of qubit in one of the Bell States, let say |®1) = (]00) + |11))/2. Alice possesses also another qubit in an
unknow pure state [¢)) = a|0) + b|1), that she wishes to send to Bob. The circuit below shows the steps in the
teleportation algorithm, starting with the gates that create the Bell State on the ancilla qubits.

¥)e H F—1A]
0) A H] A
05 X[z} %) 5

Fig. 10: Circuit for teleportation: the qubit |1))¢ (initially in Alice’s hands) is teleported to Bob (|¢) ) by using two qubits in
a Bell pair |9), .

Alice then transforms her unknown qubit and her part of the shared pair to the Bell State basis by a cnot and a
hadamard gate. She then measures them in this new basis and via a classical communication channel, tells the result
of the measurement to Bob. Bob performs then an operation on his qubit (the second half of the entangled pair)
based on whatever the measurement result was:

if [00) — do nothing
if [01) — o,
if 110)  — o,

if |11y — o0,
This operation leaves Bob’s qubit in the same state of the one initially owned by Alice. Notice that no superluminal
speed of information transmission is proven by quantum teleportation, since classical communication is needed. Also,
no cloning of an unknown, arbitrary state is happening (which is forbidden by quantum mechanics), since the original
state is destroyed in the process.
The state of the 3 qubits at each step is as follows:

1. [900) % (j00) + [10))/v2  (with |¢) = a]0) +b|1))

2. I8 (j00) + [911)) /2 = [v) @)

3. “2NGTA (4]000) + b]110) + @ |011) + b[101))/v/2

4. 7% 1100) (a [0) +b[1)) +01) (@ [1) +]0)) + [10) (a]0) — b 1)) + [11) (a|1) — b]0))] /2
5. MtV 1y g = a|0) + b 1)
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6.7 Deutsch-Jozsa algorithm

To illustrate the power of quantum computation, we present one of the simplest quantum algorithm, the Deutsch-
Josza algorithm. The algorithm’s goal is to decide whether a given function f(z) is constant for all values of = or
balanced, that is, equal to 1 for half of the values of x and to 0 for the other half. The goal is to make this decision
with the minimum possible number of evaluations of the function value on trial x and with a given probability of
arriving at the correct answer.

If the function f is defined on a space of dimension 2™ (i.e. & can be stored in a n-bit string), the classical algorithm
can decide the function with at least % + 1 queries, while the quantum one only needs one query. The steps of the
algorithm are illustrated in the following picture, where H is the Hadamard gate and Uy is a unitary gate which
transform the state |z, y) to Us|z,y) = |z,y & f(x)) (¢ indicates the addition modulo 2).

In the case where f is a function from 1 bit to 1 bit, there are only 4 possible f, two constant and two balanced

0) H—* *HF
n Uf
|1> H y fey[

Fig. 11: Circuit implementing the Deutsch-Josza algorithm.

(filz) =1, fa(z) =0, f3(x) =z, fa(x) =& = NOTx). Since Uy gives the sum y & z, these functions correspond to
the following U;:

fl — Ul = 1;E by UNot,y

f3 = Us=Ucnot

fa = Us=UcnNotUnNot,y

Deutsch’s algorithm is a perfect illustration of all that is miraculous, subtle, and disappointing about quantum
computers. It calculates a solution to a problem faster than any classical computer ever can. It illustrates the subtle
interaction of superposition, phase-kick back, and interference. Finally, unfortunately, is solves a completely pointless
problem.

We begin by illustrating how superposition of quantum state creates quantum parallelism or the ability to compute
on many states simultaneously.
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Given a function f(x) : {0,1} — {0,1} using a quantum computer, use two qubits |x,y) and transform them into
|z, y @ f(x)) (where @ represents addition modular two). We use two qubits since we wish to leave the input = or
the query register, “un-changed”. The second qubit, y, acts as a result register. Let Uy be the unitary transform that
implements this.
Suppose we wish to calculate f(0), then we could input x as |0), and y, our output register, as |0) and apply the Uy
transform, to obtain |0) ® |0) =10,0) — |0,0 & f(0)). If instead we want to calculate f(1), then we could input z as
|1), yielding the transformation : |1) ® |0) = |1,0) — |1,0 & f(1)). In a quantum computer we can actually query the
results of 0 and 1 simultaneously using quantum parallelism. For this, let  equal (|0) 4+ [1)) /v/2 and y equal 0. From
the input [¢) = w w. Uy is applied to |0) and |1) simultaneously.
This is known as quantum parallelism but there is still a problem since measurement produces either |0, f(0)) or
|1, f(1)). Hence we need to be clever about what type of question we ask, and how we go about extracting the answer.
For this we use the circuit in the figure, which exploits another quantum mechanical property: interference.
The initial state is |[t)g) = |0,1). We then apply the H gate to the query and result registers to obtain: |¢1) =
22 (10) + 1)) 25 (10) — 1))
Now, let’s examine y & f(z):

Suppose f(z) = 0. Then y & f(z) =y ® 0= 4 (|0®0) — [1®0)) = 75 (|0) —[1))

Suppose f(z) =1. Theny® f(z) =y® 1= %(|OEB1)—|1EB1>): i\/_(—|0>+|1>)
We can compactly describe this behavior as y @ f(z) = (—1)f(x)i (10) —|1)).
Thus, Uy transforms |x> = (10) — [1)) into:

(—1)" e I5 (j0) - |1>>

Or we can say that

we obtain the output |io) =

Ur |25 100 +11) 25 (10) = 1) = 3 [~ 10) (10) = 1)) + (=)™ 1) (j0) = 1))
Sup:pose f is constant, that is f (0) = f(1), then:

Ur |5 (10) +11)) 75 (10) = 1) | = 75 (10) + 1)) 75 (10) — 1))

Sup:pose instead that f is balar} ed, that is f(0) # f(1), then:

Uy |45 (10) +11)) 75 (10) = [1)| = = 75 (10) = 1)) 75 ([0) = 1))

Now apply the Hadamard gate to the first qubit. Just before the measurement the system is in the state

|wf>—{ :><:0>—|1>> it £(0) = f(1)

1) (10) = [1)) if  f(0) # f(1)
Since in our case f(0) ® f(1) = 0 < f(0) = f(1) we can write this as [¢y) = £|f(0) ® f(1)) {%} Hence it is

possible to measure the first qubit to find f(0) & f(1).
The Deutsch-Jozsa algorithm is a generalization of Deutsch’s algorithm to a function f(x) : {2"} — {0,1} that f is
either constant or balanced. The algorithm just generalize to a larger number of qubits.

a|~a|~
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7. Mixed states

7.1 Mixed States

7.2 Dynamics of mixed states and operators
7.2.1 Heisenberg picture
7.2.2 Interaction picture

7.3 Partial Trace

7.3.1 FExamples

7.4 Entanglement measurement
7.5 Mixed States and interpretation of the density matrix

7.5.1 Classical Macro-states
7.5.2  Quantum Macro-states
7.5.3 Example: Spin—%

7.1 Mixed States

Until now we have considered systems whose state was unequivocally described by a state vector. Although the
result of an observable measurement on the state is probabilistic, until now the state of the system was well defined
and evolved in a deterministic way. When we presented the fundamental concepts of QM we defined the state as a
complete description of the set of probabilities for all observables. In particular, we put this into the context of the
preparation step of an experiment. Since in order to obtain information about a system, the experiment has to be
repeated many times, often we deal with an ensemble of systems (either an ensemble of copies of the same systems,
or an ensemble in time of the same system). In many cases, when we repeat in experiment, it might be difficult to
prepare the system in exactly the same state (or prepare perfectly identical copies), thus there is some uncertainty
on the initial state.

To describe this situation in more abstract terms, we are thus interested in the case where our information regarding
the system is not complete. Thus we will associate the concept of state of a system with an ensemble of similarly
prepared systems. By this, we mean an ensemble of systems that could have been prepared in principle, we do not
need to refer to a a concrete set of systems that coexist in space.

The first postulate now reads: to each state corresponds a unique state operator p. The dynamical variable X over the
ensemble represented by the state operator p has expectation value given by: (X) = Tr {pX} /Tr {p} = >, (i|pX |7)
(Notice that here the summation is done over some basis, but any basis is equivalent as it gives the same result). If
we impose to p to have trace 1, the expectation value of X is just (X) = Tr {pX}. We impose further constraints on
p:

— Tr{p} =1 as said.

— pis self-adjoint p' = p, so that (X) is real.

— p is non-negative (u|p|u) > 0.

These properties will allow us to associate a probability meaning to p. The state operator p can be expressed as
the sum of projectors: p = Ef:[:l Pn [un) (uy|, where N is the dimension of the space (that is, p has a spectral
representation in terms of projectors). With the properties established above, we have: Y p, =1, p, = p},, that is,
the coefficients are real: 0 < p,, < 1.

If the system can also be described by a state vector [1), the state operator is given by: p = [¢) (¢]. A state that
can be written in this way is called pure state.
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Since the state operator for a pure state is a projector, it is an idempotent: p? = p (Proof: (|v) (1])(|20) () = |) (¥]).
Therefore, the eigenvalues of p and p? are the same, or p2 = p, and they must be either 0 or one. Since we know
that the sum of the eigenvalues, which is equal to the trace, must be one, we can deduce that the state operator for
a pure state has just one eigenvalue equal one and all the other are zero. This is the definition of a pure state, a state
with only one non-zero eigenvalue (and equal to 1). An equivalent formulation is to say that Tr { p2} =1.

A more general state operator can be written as a convex sum of pure states. To define a convex sum, let’s consider
a set of state operators {p;} and the operator p = > a;p;. If 0 < a; < 1Vi and 3 a; = 1, the sum is said to be convex
and p is a good state operator.

?7 Question: Show that the representation as a convex sum of pure states is not unique.
Consider p = a|) (| + (1 — a)|p)(p| with 0 < a < 1. Now define

lz) = Valy) + V1 — alp)
ly) = Valp) — V1 —alp)

By substitution, p = % |z) (x| + % ly) (yl. =

There is actually an infinite number of ways of representing p. A state operator that is not pure, is called mixed
state. The properties of a mixed state are that Tr { p2} < 1 and it cannot be expressed in terms of one pure state
only.

As said, the state operator for a pure state is the outer product of the pure state vector and its dual: p = [¢) (¢].
The expectation value of an observable is therefore (X) = Tr {|¢)) (| X} = Tr {(¢p| X |¢)} since the trace is invariant
under permutation. We find the known result: (X) = (| X |1).

Imagine we have two state operators in the same Hilbert space. We have:

0<Tr{mp} <1

the equality Tr {p1p2} = 1 is reached only if the two state operator are equal and pure.

7.2 Dynamics of mixed states and operators

For a pure state, the evolution is dictated by the Schrodinger equation:

d
i1 g1y

which has formal solution: |¢(t)) = U(¢,0) |1(0)). The unitary operator U (the propagator) that gives the evolution

is the solution of the equation:

dU
i~ =HU(1,0)

If the Hamiltonian is time-independent, the propagator has the form: U(¢,0) = e~ . The dynamics of a pure state
in state operator form (p = |¢) (¢|) is simply given by:

p(t) = [ (1)) (1) = U(t, 0) [1(0)) (w(0)] UT(0) = U(t, 0)p(0)U"(¢,0)
The equivalent of the Schrédinger equation for the state operators is the Liouville equation:

dp

dt =1 [va] )

which can be easily derived from the evolution of vector states described by Schrodinger equation.
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? Question: Derive the Liouville equation.
Given the definition of density matrix as a convex sum of pure states:

p=>_ Paltha)(al

where each vector state obeys Schrodinger equation:
ihly) = H[y)
we obtain, by taking the derivative of the first equation and inserting the second one:

ihp = ihY, Pal[Va) (ol + [ha)(thal)
=3 Pa(Hlta) (ol + [va) (PalH) = [H, o]

The solution of the Liouville equation is:
p(t) = U(t)p(0)U(t)

7.2.1 Heisenberg picture

As the Liouville equation is more general than the Schrodinger equation, we would like to reformulate the QM
dynamics starting from it. We are thus interested in obtaining the evolution of the observables in the Heisenberg
picture starting from the Liouville equation.

The expectation value of an observable O at time ¢ is given by the trace: (O(t)) = Tr {p(t)0} = Tr {U(t,0)p(0)UTO} =
Tr { p(0)U TOU}. Notice that using the invariance of the trace under cyclic permutation it is possible to assign the
time dependence either to the state operator (Scrhédinger picture) or to the operator (Heisenber picture). In the first
one, the state evolves forward in time while the observable operator is time-independent. In the Heisenberg picture
instead, the observable evolves "backward” (since as we saw UT = U(—t), at least for time-independent hamiltonian)
and the state operator is fixed. With this last picture we can follow the evolution of the observable without having
to establish a state operator, that is, we can generalize this evolution to a class of state operators.

The operator in the Heisenberg picture at time t is given by: Oy (t) = UT(t,0)OU(¢,0) and it evolves following the
equation:

on 00
d—tH =i[H(t),0nt)] + E)H

The observable expectation value must be the same in the two pictures:

d<?h(f)> =Tr {%O + p%} =Tr {ip(t) [H,0] + p(t)%}

and:

HOW) _r, { p(o)dil?_tH} —Tr {z'p<0> [, On + p(0) %?)H}

7.2.2 Interaction picture

We revisit the interaction picture also in the context of the Liouville equation. Assume that the overall Hamiltonian
of the system can be written as H = Ho + V' (where we separate the known, trivial part Ho from the interesting
one, V). The transformation to the interaction picture is operated by the propagator U;(t) = e~ "ot such that

[Y)r = USp) and A; = UL AU;.
The evolution of the density matrix in the interaction picture p;y = U}L pUr, is then:

ipr = iU p(t)Ur + iU} pU; + iU p(t) Uy
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with
iUt = —=HoUJ(t) and iU; = Ur(t)Ho
We obtain therefore:
~HoUTp(t)U + UT[H, p(t)]U + U p(t)UHo
= —[Ho, pr(t)] + [UTO)H(OU (1), pr(t)]
= [Hr1,pr(t)]

where H; = UJ (t)VU;(t).

A. Example: rf Hamiltonian in the rotating wave approximation

The interaction picture is particularly useful when the Hamiltonian is composed by a large part time independent
(Ho) and a small, time-dependent part H;(t). The interaction picture is defined by the operator U(t); = e~ ot
which would give the evolution of the state operator if #; were zero. The interaction picture allows to make more
evident the effect of the perturbation on the system, by isolating it and often by simplifying the calculations.

Let for example consider the following Hamiltonian acting on a two level system 12:

H = WoO s +w16—iwotaz Umeiwotaz7 wo > w, p(O) — (ﬂ + EUZ)/Q
——
Ho Hl
Since [Ho,0.] = 0, in the absence of the perturbation the system does not evolve, it is a constant of the motion.

Let us define an unitary operator R = e~%0!%= that operates the transformation to the interaction picture. We can
rewrite the Hamiltonian as: H = woo, + Rwio, RT.
The state operator in the interaction picture is given by: p(t); = RT(¢)p(t)R(t). Its evolution is therefore:

dp;  dRf n dp n dR
L= JR(t t)— t)p—
7 = g PRO+ R R+ R (H)p—
Notice that % = —iwpo, and dd—lf = iwgo,. We obtain:
dpr . t dp

and using Liouville equation we have:

do1
dt

dpr

=i [woos, p| — iR [H, p|R = —iR'[H1, p|R = w1[R'(Ro, RN R, R'pR] = 7

= —ifwr04 pr(t)
Notice that this is true in general:

dp1

L= =i [fupr ], #=UlOHOU

7.3 Partial Trace

We define the partial trace of a bipartite system on Hap = Ha ® Hp as a linear map Trp {-} from Hap — Ha (or
‘Hp) that is determined by the equation
Trg {A® B} = ATr{B}

(where A, B are operators on H 4, Hp respectively). This can be extended to more general composite (multipartite)
systems. As for the trace, the partial trace is independent of the basis.

Why do we define the partial trace? Consider a composite system composed of two parts, A and B, and an ob-
servable of the first system only O4. The expectation value of the observable on the system A alone is given by:

19 1t could be a nuclear spin in a magnetic field under the action of a weaker rf field
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(O4) = Tr{Oapa} and on the composite system: (O4) = Tr{(O4 ® 15)pap}. We can rewrite this last equation
as (0q) == Tra{OATrg {pap}} where Trp denote the partial trace on the B system. Thus, to obtain information
about observables of a subsystem we can first take the partial trace of the state density operator and then use that
to calculate the expectation value.

We use also the partial trace to reduce the dimensionality of the system: p4 = Trg {pan}.

To calculate the partial trace, write p as a sum of tensor products p = 3,1, Mijkn lai) (a;]| @ [bx) (br 20 and for each
term we have: Trp {|a;) (a;| ® |bg) (bnl} = |ai) (a;| Tr {|bx) (bn|}.

We are often interested in describing a particular system inside a larger space and we would like to just describe
the state of this system pg without having to describe or know the overall system. The larger system containing the
subsystem which we are interested in, can be the environment, a cavity, a field. By doing a partial trace over the
environment degrees of freedom we discard the knowledge about them. In general we will obtain a state operator
that describes a mixed state (that as we saw, describe some lack of knowledge onthe system). The state operator can
thus be seen as resulting from the reduction of a larger system to a smaller one, via the partial trace. If the initial
multipartite system was entangled, the reduced system is left in a mixed state, since some information was lost. The
partial trace reveals the level of entanglement of a state.

7.3.1 Examples

1) Pure product state (separable): pap = pa ® pp. The reduced density matrix is therefore: p;f‘ =Trg{pa} =pa.
No information is lost about the A state.

2) Pure entangled state: Bell State. p = (|00) + [11)) ® ((00] + (11])/2 = (|00) (00| + |00) (11| + |11) (00| + |11) (11])/2.
The partial trace over B picks up only the diagonal terms and it gives the reduced matrix: p' = Trp{p} =
(10) (0] 4+ 11) (1])/2. All the information about the system A is now lost, since it is now in the maximally mixed state
(the identity).

7.4 Entanglement measurement

We have seen examples of entangled states, but we haven’t given a formal definition of entanglement yet. This is
because it is not easy to give such a definition in the most general case. It is however possible to do so in the simplest
case of bipartite pure systems. In that case we say that a state is entangled if it cannot be written as |1)) = |a) ® |b).
If such a decomposition exists, the state is called a separable or product state. The Schmidt decomposition can be
used to check if the state is separable.

B Theorem: For any vector v on the tensor product H; ® Ha of two Hilbert spaces, there exist orthonormal sets on
each space {u}},{u?} such that v can be written as v = Z:’% a;u; ® u? with a; non-negative.

The proof is obtained from the singular value decomposition=t.

The number m of the vectors needed for the decomposition is called the Schmidt rank and the a; are the Schmidt
coefficients. If the Schmidt rank of a vector is one, the associate state is separable. Note that a? are the eigenvalues
of the reduced density matrix obtained by taking the partial trace over the other system. As such, the rank is easily
calculated by taking the partial trace.

The Schmidt rank is sometimes used to quantify entanglement for pure, bipartite systems. There exists many other
measure of entanglement, however they coincide at least for this simplest case. For more complex cases, multi-partite,
mixed states, the measures are not equivalent and sometimes ill-defined.

A. Concurrence
One of the most used metrics for pure bipartite states is the concurrence. It can be operatively defined as: C' =

2|ad — ], where the 4 coefficients are defined as: [¢)) = «|00) + 5 ]01) +|10) + 6 |11). This metric has the following
properties:

20 Notice that by the Schmidt theorem (see later) we can always find such decomposition.
21 The proof is presented in M. Nielsen & I. L. Chuang, Quantum computation and quantum information Cambridge University
Press (2000).
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1. The concurrence is bounded by 0 and 1: 0 < C < 1.
2. C = 0 iif the state is separable.
3. C'=1 for any maximally entangled state.

The four Bell States are maximally entangled states. They correspond to the triplet and singlet manifolds:

™) = (]00) +[11))/2 ™) = (]00) —[11))/2
[97) = (101) +[10))/2  [¢7) = (|01) — [10))/2

We can go from one of the Bell State to another with simple local operations (e.g. ol|¢oT) = [¢T)), but local
operations (that is, operations on single qubit) cannot change the degree of entanglement.

The concurrence can be used to calculate the entanglement even for a mixed state of two qubits. For mixed qubit,
an equivalent (more general) definition is given by

Clp) = max(0, v/ A — VA2 = VA5 = VA1)

in which Ay, ..., A4 are the eigenvalues of

A=p(oy ® Uy)P*(Uy ® Uy)

in decreasing order (p* is the complex conjugate of the density matrix).

B. Entropy

The von Neumann entropy is defined as
S(p) = =Tr{plogp}

The entropy of the reduced density matrix is a good measure of entanglement:

&= S(pa) =—Tr{palogpa}

where py = Trp {p}. We can prove that this quantity is the same independently of which subsystem we trace over
first.

C. Purity

We can also consider the purity of the reduced state as a measure of entanglement
& — Pur(pa) = —Tr{p%} .

Reference
Dagmar Bruss, Characterizing entanglement, Journal of Mathematical Physics, 43, 9 (2002)

7.5 Mixed States and interpretation of the density matrix

We have seen how a mixed state emerged naturally from tracing over one part of a composite system, when the two
parts were entangled. Now we can also introduce a density operator as a probabilistic description of a system, instead
of the reduced system of a larger one. We consider an ensemble of systems: this ensemble can arise either because
there are many copies of the same system (as for example in NMR, where there are 10'® molecules in the sample) or
because we are making many experiments on the same system (for example in a photon counting experiment from
the same molecule). In this last case we have an ensemble over the time. The requirements on the ensemble are

1. that the elements of the ensemble do not interact with each other (first type of ensemble), and
2. that the system does not have memory (ensemble over time).

With these requirements, the physical ensembles we are considering are equivalent to a more abstract concept of
ensemble; as seen at the beginning of the chapter.
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7.5.1 Classical Macro-states

In classical statistical mechanics, equilibrium properties of macroscopic bodies are phenomenologically described
by the laws of thermodynamics22 . The macro-state M depends on a relatively small number of thermodynamic
coordinates. To provide a more fundamental derivation of these thermodynamic properties, we can examine the
dynamics of the many degrees of freedom N, comprising a macroscopic body. Description of each micro-state p,
requires an enormous amount of information, and the corresponding time evolution is usually quite complicated.
Rather than following the evolution of an individual (pure) micro-state, statistical mechanics examines an ensemble
of micro-states corresponding to a given (mixed) macro-state. It aims at providing the probabilities pys(u), for the
equilibrium ensemble.

A. Microcanonical ensemble

Our starting point in thermodynamics is a mechanically and adiabatically isolated system. In the absence of heat or
work input to the system, the internal energy F, and the generalized coordinates x, are fixed, specifying a macro-state
M = (E,x). The corresponding set of individual micro-states form the microcanonical ensemble. All micro-states
are confined to the surface H(u) = E in phase space. The probability distribution function for a microstate p of
Hamiltonian H is thus just given by the number of accessible states 2(F) at the fixed energy E:

1

pe(p) = m5(H(N) - E)

B. Canonical ensemble

Instead of fixing the energy of the system, we can consider an ensemble in which the temperature of the system is
specified and its internal energy is then deduced. This is achieved in the canonical ensemble where the macro-states,
specified by M = (T, x), allow the input of heat into the system, but no external work. The system S is maintained
at a constant temperature through contact with a reservoir R. The reservoir is another macroscopic system that
is sufficiently large so that its temperature is not changed due to interactions with S. The probability distribution
function (p.d.f.) for a microstate u of Hamiltonian # in the canonical ensemble is

e—BH(w)

pr(p) = m,

where the normalization Z(T,z) = 3 e~ is the partition function and § = 1/k,T (with &, the Boltzmann
factor). Unlike in a microcanonical ensemble, the energy of a system exchanging heat with a reservoir is a random

variable, and it is e.g. possible to define a probability distribution for the energy itself (by changing variables from
w1 to H(p) in the p.d.f. above.)

C. Gibbs and Grand-canonical ensemble

A generalization of the canonical ensemble is to allow the energy to vary by both the addition of heat and work. The
Gibbs canonical ensemble describes a system where (mechanical) work is done (which changes the internal variables
x). In the Grand-canonical ensemble instead chemical work is performed (which varies the number of particles). Thus
the chemical potential p. is fixed and N can vary.

[The chemical potential of a thermodynamic system is the amount by which the energy of the system would change
if an additional particle were introduced, with the entropy and volume held fixed. The chemical potential is a
fundamental parameter in thermodynamics and it is conjugate to the particle number.]

22 (Note: this section and the next one is taken from Prof. Kardar 8.333 “Statistical Mechanics I” notes as available on OCW,

in some points with only small changes).
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D. Entropy

Given a probability distribution, we can define the entropy S as

S=—ky > palog(pa)

(with the convention that zlog(z) — 0 for x — 0) where p, describe the probability distribution (0 < p, < 1,
o Pa =1). It is a measure of our knowledge about the state of the system.

For example, if p; = 1, p; = 0, Vi # j, S = 0 (minimum entropy, maximum knowledge). If instead we have a uniform

distribution p; = 1/N, Vi, S is maximum:

1 1
S=-ky zi:log (N) = ky log(N).

In the ensemble interpretation of the density matrix, the entropy S(p) = —kpTr {plog p} can be seen to have the same
meaning as in classical statistics, since we give a probabilistic meaning to the density matrix. Given the decomposition
into pure states: p = »_ p; [1);) (1;| we obtain that S(p) = —ky >, pilog (p;). In particular the entropy is maximized
for the identity state.

The entropy S describes the lack of knowledge in the system and it can also be used to quantify subjective estimates of
probabilities. In the absence of any information, the best unbiased estimate is that all NV outcomes are equally likely.
This is the distribution of maximum entropy. If additional information is available, the unbiased estimate is obtained
by mazximizing the entropy subject to the constraints imposed by this information. The entropy maximization method
corresponds to finding the best unbiased estimate by minimizing the amount of information that we introduce in the
estimate (given what we know about the distribution).

For example, in the canonical ensemble, we maximize the entropy given a fixed average energy. The canonical ensemble
can in fact exchange energy with a large heath bath, so that the system is thermalized and the energy kept fixed.
The microcanonical ensemble instead describes an isolated system, where the possible states of the system have the
same energy and the probability for the system to be in any given state is the same.

7.5.2 Quantum Macro-states

We can as well formulate a statistical theory for QM. In QM we have seen already that micro-states are described
by vectors in Hilbert spaces, evolving unitarily according to the Schrodinger equation. Unlike in classical mechanics,
the value of an operator O is not uniquely determined for a particular micro-state. It is instead a random variable,
whose average in a state [1) is given by (O) = (¢|O).

As in the classical case, we can define quantum macro-states describing ensembles of micro-states. Macro-states of
the system depend on only a few thermodynamic functions. We can form an ensemble of a large number N of micro-
states p, corresponding to a given macrostate. The different micro-states occur with probabilities p,. (For example
Pa = 1/N in the absence of any other information.) When we no longer have exact knowledge of the microstate, it
is said to be in a mixed state.

A mixed quantum state is obtained from a set of possible states {|1,)}, with probabilities {p, }. The ensemble average
of the quantum mechanical expectation value of an observable O is thus

@ = Zpa <wa| @ |wa> = Z pa<¢a|n> <n| o |m> <m|wa> = Z <m|wa>pa<¢a|n> <n| o |m> = TI“{pO}

m,n,a m,n,a

where we defined the density matrix:

> pa |ta) (tal

with the properties seen above (trace normalization to 1, hermiticity, positivity). We have also already seen that the
density matrix obeys the Liouville equation:

Ldp
ZhE - [H7p]
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Equilibrium requires time independent averages, and suggests % = 0. This condition is satisfied by choosing p = p(H),
so that [p(H), H] = 0. p may also depend on conserved quantities such that [H, L] = 0. Various equilibrium quantum
density matrices can now be constructed in analogy to classical statistical mechanics. For example, it is possible to
use this minimization of the entropy to calculate the density matrix describing a mixed state.

A. Microcanonical ensemble:

As the internal energy has a fixed value E, a density matrix that includes this constraint is

M- E)

p(E) )

In the matrix representation this can be written as

1
Prnm = <n| P |m> = Zpa<m|¢a><wa|n> = ﬁé(En - E)(Sn,mv

where #H |n) = E, |n). Thus, only eigenstates of the correct energy can appear in the quantum wave-function and
(for p, = 1/N) such states on average have the same amplitude, [(n|y,)|? = 1/£2. This is equivalent to the classical
postulate of equal a priori equilibrium probabilities. The 2 eigenstates of energy E are combined in a typical micro-
state with independent random phases. Note that the normalization condition Tr{p} = 1, implies that 2(E) =
Zn 0(F — E,,) is the number of eigenstates of H with energy E.

Notice that we can also obtain the same result by using the maximization of the entropy method. For a microcanonical
ensemble, we have no other knowledge on the system than the normalization constraint (Tr {p} = 1). We thus want
to find an unbiased estimate that reflects this minimum knowledge by maximizing the entropy. We thus calculate
the density matrix by posing:

{ max(S)

Tr{p} =1

We can use the Lagrangian multiplier method to solve this problem. Define a function £ = S — A[Tr {p} — 1], where
A is a coefficient that multiply the constraint condition. The constrained maximum is found at the maximum of the
function L: ur
{ =0 — —kTr{log,p+ 1} —ATr{1} =0
=0 - Tr{p}=1

We therefore find p o 1, since log(p) o 1 from the first equation. From the normalization condition we obtain:
pii = 1/N, where N is the dimension of the Hilbert space. This expresses the same condition as above (although for
a discrete system).

B. Canonical ensemble:

A canonical ensemble describes a system with a fixed temperature. A fixed temperature 7" = 1/(kp ) can be achieved
by putting the system in contact with a reservoir. The canonical density matrix is then obtained by maximizing the
system entropy under the constrain of a given average energy.

If the average energy is fixed we have another condition, (E) = Tr {#Hp} in addition to normalization. Therefore:

£ = —kpTr {plogy p} — M [Tr {pH} — (E)] = s [Tr {p} — 1]
We can now calculate the maximum of L:
kpyTr{logop+ 1} = MTr{H} — XTr{1} =0 — logyp=-MH+ K1

The density matrix is therefore an exponential: p = e=#%/Z, where f = 1/(kpT) and Z is the partition function,
determined by the normalization condition:

7 = Tr{eiﬁﬂ} = ZeiﬁE"
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(where the last expression is calculated in the energy eigenbasis).
We can calculate the average energy and the entropy:

(B) = Tr {He M)z} = —% (InZ2)
S = —kgTr{plog, p} = kpB(E) + kglnZ

In general, any macroscopic observable can be calculated from the partition function.

C. Grand Canonical ensemble

In the Grand Canonical ensemble the number of particles N, is no longer fixed. Quantum micro-states with indefinite
particle number span a space called Fock space (we will come back to this concept when studying the e.m. field).
The density matrix can be obtained as before, where we maximize the entropy, subjected now to conditions on the
energy and the particle number. It can be shown (although we only mention it here) that

o BHABLN

p(ﬁv:u) = Ta

where the normalization is:

Q(B,p) = Tr {e PHIANY = N " = AN 7y (3)

N=0

7.5.3 Example: Spin-%

Consider a spin—% system in a magnetic field along z. The Hamiltonian is then H = ngaz = hwo,. At thermal
equilibrium, the density matrix is
e*ﬁhwoz/2
Z _ rI\r {efﬁhwcrz/Q}
Z )

We find Z = e #™/2 4 /2 and the expectation values:

p:

(Sz) =(Sy)y=0. (S,)= 3 tanh ——

h Bliw
")

In the high temperature approximation, we can expand the exponential to find p = % + %az. This is the expression
that is used for example in NMR.
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8. Open Quantum Systems

8.1 Combined evolution of system and bath
8.2 Superoperators
8.3 The Kraus Representation Theorem
8.3.1 Amplitude-damping
8.3.2 Phase-damping
8.3.3 Depolarizing process
8.4 The Master Equation
8.4.1 Markov_approximation
8.4.2 Lindblad equation
8.4.3 Redfield-Born theory of relaxation
8.5 Other description of open quantum system dynamics
8.5.1 Stochastic Liouville equation and cumulants
8.5.2 Stochastic Wavefunctions

We now proceed to the next step of our program of understanding the behavior of one part of a bipartite quantum
system. We have seen that a pure state of the bipartite system may behave like a mixed state when we observe
subsystem A alone. What if we want to know the dynamics of A only? Can we describe its evolution even if we don’t
have full knowledge of B? (the bath) We assume that the state of the bipartite system undergoes unitary evolution:
how do we describe the evolution of A alone?

8.1 Combined evolution of system and bath

We will first start introducing the evolution of an open quantum system by considering it as a part of a larger (closed)
system undergoing the usual unitary evolution. The total Hilbert space is thus H = Hg ® Hp and we assume the
initial state is represented by the separable density matrix p = ps ® |0)(0|p 22. The evolution of the total system is
then

plt) = Usn(ps @ |0)(0]5)Ulp
If we are only interested in the evolution of the system S we can at this point perform a partial trace on B

ps(t) =Tep {p(t)} = (k|Usp(ps @ 0)(0]5)ULg k) = > (k| Uspl0)ps(0)(0|UL 4 k)
k k

where {|k)} is an orthonormal basis for Hp. As the result of (k|Usp|0) = Trp {|0Xk|Usp} we obtain an operator
Mj, that acts only on the S Hilbert space. For example, in a matrix representation the elements of My are simply

M7 = (i| My, |5) (with i), ]5) defined on Hg); that is, we have M’ = Tr{|4,0) (i, k| Usg} = (i, k| Usg |, 0).
Now we can write the evolution of the system only density matrix as

ps(t) = M(ps(t)) = > Myps(0)M]
k

23 Here we only assume that the system B is in a pure state that we indicate as |0), we are not assuming that B is a TLS.
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Since the propagator Ugp is unitary, we have that

> MM =15
k

? Question: Prove the above.
Inserting the definition for Mj, we have S, MM, = 3, (0|UL 5 |k) (k| Usp|0) = (0|UL, (>4 |k) (K]) Ussl0) = 1s. a

The properties of the system density matrix are preserved by the map:

L. ps(t) is hermitian: pa ()T = (3, Mips(0)M)T = 32, Mips(0) M] = ps(t).

2. ps(t) has unit trace. (since Tr {Zk MkpsM,I} =Tr {ps >k MkM,I} = Tr{psl})

3. ps(t) is positive.

In the special case where there is only one term in the sum, we revert to the unitary evolution of the density matrix.
In that case, a pure state, for example, would remain pure. If that is not the case, that is, the evolution is not unitary,
it means that in the course of the evolution the system S and bath B became entangled, so that p4 is in a mixed

state after partial trace. Because of the loss of unitarity, superoperators are in general not invertible and thus there
is a specific arrow of time.

A. Ancillary Bath

In many cases it is not possible to fully calculate the evolution of the total system (S + B) as either it is too large or
we have imperfect knowledge of the bath. However, if we have a description of the system dynamics in terms of the
operator sum, it is possible to always augment the system and find a larger, composite system that evolves unitarily
and yields the operator sum upon partial trace. The ancillary system might however not have all the characteristic
of the (unknown) physical bath. What we are looking for is in fact a minimal description for the bath.

We choose as ancillary Hilbert space Hp a space of dimensions at least equal to the number of terms in the operator
sum. This space will have then a set of orthonormal vectors {|k)}, and we can define a normalized state |0) 5 on Hp.
Then the unitary evolution operator of the combined system is defined by imposing the relationship:

Usa([¥)s @ 0)) = > (M@ 1)([$)s @ k) 5,) V[v)s € Hs
k
This ensures that the evolution of the reduced system is given by the Kraus map. The total system evolution is:
Us(ps @ 10)(0]p)ULp = D (Mi © 1) [ihs, k) (s, bl (M @ 1)
k,h

and upon taking the partial trace:

ps(t) =Trp {p(t)} = Z {Jl Z(Mk ® 1) s, k) (s, h| (Mf @ 1) | |5)

j k.h

= D UIRYAL) (ML) (] M)

ps(t) = > MI¥) (v |M;

Although this relationship doesn’t fully define the operator on the full Hilbert space, we can extend the operator as
desired. In particular we want it to be unitary (and this imposes added constraints). As the operator Ugp as defined
above preserves the inner product on the full Hilbert space, a unitary extension of it to the full space does indeed
exists. Furthermore, we can check that upon taking a partial trace on B we retrieve the operator sum as desired,
for an initial pure state on S. But any density matrix can be expressed as an ensemble of pure states, hence this
property is true for any general state on S. O
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B. Non-uniqueness of the sum representation

The operator sum is of course not unique, since the choice of the set {|k)} was quite arbitrary and not unique. If we
had chosen another set {|h)} we would have arrived to a different sum

ps(t) = Nups(0)N}
h

? Question: What is the relationship between the operators M and N?
They are related by the simple unitary transformation that connects the two sets of orthonormal vectors N; = Up, M}, with

1h) =32 Uni [K).- 0

8.2 Superoperators

We want to describe the quantum evolution of systems in the most general case, when the system evolves non-
unitarily due to the presence of an environment®. As we have seen, the states need to be described by density
operators. Therefore, the evolution is to be represented by a map connecting the initial density matrix to the evolved
one p(t) = M[p(0)]. The most general characteristics of this map will be determined by the fact that the properties
of the density matrix should be in general maintained (such as unit trace). As the map M is an operator acting on
operators, it is called a superoperator.

Most generally, we can define a quantum operator describing the time evolution law for density matrices as a map
M : p — p' with the following properties

1. Linear

2. Trace preserving

3. Hermiticity preserving
4. Positive

4’ (Completely positive)

A. Linearity

Although a non-linear map could also always map a density matrix to another density matrix, if we impose linearity
we arrive at results that are more physical. Specifically, the linearity property retains the ensemble interpretation of
the density matrix. What we mean is the following. Suppose we can write a density operator as a linear superposition
of two densities, p = apy + (1 — a)p2. The meaning of this expression is that with probability a we have a system
described by p; and with probability 1 — a by pa. If the map describing the time evolution law is linear, this
probabilistic interpretation is valid also for the evolved state. Assume now that the map is not linear, for example it
depends on the trace of the density matrix: M(p) = et AT M} pe—iATr{pM} “where M is an operator in the Hilbert
space of p and A an Hermitian operator. We now consider a density operator p; such that Tr {p; M} = 0. We assume
that we do not know exactly how we prepared the system, but with 50% probability is in p;. Assume then the density
matrix p = 1(p1 + pL), such that Tr{p. M} = 0. Then, M(p) = p as the traces are zero. If we now instead consider
the initial density matrix p = %(pl + py) (that is, still a 50% probability of being in p), where Tr {Mp”} > 0 we
obtain an evolution for p;. That means, that in the two scenarios, the system behaves differently, even if we had
prepared it in the state p; (remember the probabilistic interpretation), so that the evolution of a potential state of
a system p; depends on another potential state (p1 or pj), even if this second state never occurred.

24 This presentation in this section and the following examples are taken from J. Preskill’'s notes at
http://www.theory.caltech.edu/people/preskill/ph229/
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B. The superoperator preserves trace and hermiticity

Since the density matrix trace has the property to describe the sum of the probabilities of all possible states in
the ensemble, it is important that the trace be preserved. An exception can be made for operators that describe
measurement (and not time evolution). In that case 0 < Tr{p} < 1. In this case, Tr{p} represent the probability
that the measurement outcome described by the map M has occurred and the normalized final state is p/Tr {p}. As
more than one outcome of the measurement is possible, the probability of obtaining p might be less than one.

The superoperator preserves the hermiticity of the density matrix: [M(p)]T = M(p) if pf = p

C. Positivity and complete positivity

The property of positivity means that the map is such that M(p) is non-negative if p is. Although this condition is
enough to obtain a valid density matrix, it leads to a contradiction when we consider composite systems. Let’s take
a valid map M on system 1. Then, if we consider a bipartite system and we apply the map M; ® 1 we would like
to still obtain a density matrix on the composite system. Unfortunately, if the map is simply positive, this is not
always the case. Thus, we require it to be completely positive. A map is completely positive if M; ® 15 is positive
for any extension Ho of the Hilbert space H;.
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8.3 The Kraus Representation Theorem

We have seen in the preceding sections two different ways of describing the evolution of an open system.

The first description started from the evolution of a composite system (including the system of interest and a bath)
and by tracing over arrived at a description of the open evolution via the operator sum.

The second description was instead quite abstract, and only defined the properties of the linear map describing the
evolution in order to arrive at an acceptable (physical) evolved state (that still possess the characteristics of a density
operator). The Kraus representation theorem reconciles these two description, by stating that they are equivalent.

B Theorem: Any operator p — S(p) in a space of dimensions Ng that obeys the properties 1-3,4’ (Linearity, Trace
preservation, Hermiticity preservation, complete positivity) can be written in the form:

K K

S(p) =Y MipM|,  with > M{M;=1
k=1 k=1

where K < N2 is the Kraus number (with Ng the dimension of the system). As seen above, the Kraus representation
is not unique22.
We consider three important examples of open quantum system evolution that can be described by the Kraus

operators. To simplify the description we consider just a TLS that is coupled to a bath.

8.3.1 Amplitude-damping

The amplitude-damping channel is a schematic model of the decay of an excited state of a (two-level) atom due
to spontaneous emission of a photon. By detecting the emitted photon (“observing the environment”) we can get
information about the initial preparation of the atom.

We denote the atomic ground state by |0)4 and the excited state of interest by |1)4. The “environment” is the
electromagnetic field, assumed initially to be in its vacuum state |0) g. After we wait a while, there is a probability p
that the excited state has decayed to the ground state and a photon has been emitted, so that the environment has
made a transition from the state |0)g (“no photon”) to the state |1)g (“one photon”). This evolution is described
by a unitary transformation that acts on atom and environment according to

10)s10) — 10)s]0) £
1D)sl0)r — /1 =p1)s|0)r + /p|0)s|1)k

(Of course, if the atom starts out in its ground state, and the environment is at zero temperature, then there is no
transition.)
By evaluating the partial trace over the environment, we find the Kraus operators

My = (0|Us|0) = < (1) \/1(’Tp ) My = (1|Usg|0) = < 8 ‘673 )

The operator M; induces a “quantum jump”, the decay from |1)4 to |0)4, and My describes how the state evolves
if no jump occurs. The density matrix evolves as

S(p) = MopM{ + MypM] =

_ Poo VI=ppor \  ( ppun 0
VI—=ppio (1 —-p)pn 0 0

_ < poo +pp11 /1 —ppor )
VI=ppio (1—p)pn

25 The proof can be found in Prof. Preskill online notes.
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If we apply the channel n times in succession, the p1; matrix element decays as p11 — p11(1 — p)™ so if the
probability of a transition in time interval 0t is I'0t, then the probability that the excited state persists for time ¢ is
(1 —I'6t)/% ~ e~ T* the expected exponential decay law. Also we have p1a — p1a(1 —p)™/? & proe T2 Ast — oo,
the decay probability approaches unity, so

+ 0
S(p): ( Pooopll 0)

The atom always winds up in its ground state. This example shows that it is sometimes possible for a superoperator
to take a mixed initial state to a pure state.

In the case of the decay of an excited atomic state via photon emission, it may not be impractical to monitor the
environment with a photon detector. The measurement of the environment prepares a pure state of the atom, and
so in effect prevents the atom from decohering. Returning to the unitary representation of the amplitude-damping
channel, we see that a coherent superposition of the atomic ground and excited states evolves as

(al0)s + b[1)5) 0} — (al0)s +by/T—p|1)s) 10} + vEI0)al1) s

If we detect the photon (and so project out the state |1) g of the environment), then we have prepared the state |0) 4
of the atom. In fact, we have prepared a state in which we know with certainty that the initial atomic state was the
excited state |1) 4 as the ground state could not have decayed. On the other hand, if we detect no photon, and our
photon detector has perfect efficiency, then we have projected out the state |0)g of the environment, and so have

prepared the atomic state
al0)s + by/1 —p|l)s

2
(or more precisely, if we normalize it: (a|0)s + by/T — p|1)s)/+/1 — pb? ). Then p(0) = |a]* — 11’;‘“7'2 > |al?.
The atomic state has evolved due to our failure to detect a photon, it has become more likely that the initial atomic
state was the ground state!

8.3.2 Phase-damping

Phase damping describes a process where the system interacts with a large environment composed of many small
subsystems. The interaction of the system with each of the environment subsystems is weak (compared to the system
energy, but strong compared to the subsystem energy). Therefore the system is unchanged, while the environment
subsystem is changed. Since there will be many of these interactions with the environment subsystem, their combined
action does have an effect on the system, however it will not be enough to change its energy.

An example is the interaction of a dust particle with photons. Collision of the particle with one photon is not going
to change the particle state. However, if the particle was in the ground or excited state, the photon will acquire more
or less energy in the collision, thus being excited to its first or second excited state. We now formalize this model.
When looking at the unitary evolution of this process, only the environment changes:

0)510) 5 — /1= p|0)s|0) & + v/Dl0)s[1) E = |0)s(v/1 = p|O)E + v/DI1)E)
1)s10)e = /T=p[1)s10) 5 + VBID)s 2)5 = [1)s (VT = PI0) & + VP [2) )

Thus a possible unitary is

vi=p JF 0 0 0 0
Vi Vi—p 0O 0 0 0
. 0 o 1 0 0 0
- 0 0 0 Vvi—p 0 p
0 o 0 o0 1 0
0 0 0 b 0 I—p

The Kraus operator are found by operating the partial trace of the operator above:
My =(0|U|0) = /1 —pL My = (1|U|0) = /p|0){0] Mz = (2|U|0) = /p|1)(1]
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The state evolution is then

3
S(p) =Y MypM] = (1= p)p+p|0)(0]p|0)(0] + p|1)(1]p[1) (1|
k=1

In matrix form:

S(p) = ( ( P00 (1 =p)po )

1 —p)p1o P11

Considering the Bloch vector: [ng, ny,n.] — [(1 — p)ng, (1 — p)ny, n.] (that is, the transvers component are reduced.
For p = 1 the state becomes diagonal). Assume p = p(At) = I'At is the probability of one such scatter events
during the time At. Then if we have n such events in a time ¢ = nAt the off-diagonal terms become x (1 — p)"* =

(1= DADYA g e T,
—TIt
S(p,t) = _Poo € Po1
o=

Consider for example an initial pure state «|0) + 5|1). At long times, this state reduces to:

|a|2 e’”ozﬁ* |a|2 0

S(p,t) = ( efftoz*ﬂ |ﬂ|2 ) ti;j ( 0 |ﬂ|2 )

thus any phase coherence is lost and the state reduces to a classical, incoherent superposition of populations. Because
in this process phase coherence is lost (but the energy/population is conserved) the process is called dephasing and
the time constant 1/I" is usually denoted by T5. Then we have a representation of the superoperator, by expressing
p as a linear vector: S(p,t) = S(t)p, where S = diag([1,e~ 1t e~ 1" 1]).

8.3.3 Depolarizing process

The depolarizing channel is a model of a decohering qubit that has particularly nice symmetry properties. We can
describe it by saying that, with probability 1 - p the qubit remains intact, while with probability p an “error” occurs.
The error can be of any one of three types, where each type of error is equally likely. If {|0)|1)} is an orthonormal
basis for the qubit, the three types of errors can be characterized as:

1. Bit-flip error: [y = ox|v)  or  |0) = 1) & |1) — |0).
2. Phase-flip error:  |¢p) — o.|¢p)  or  |0) = [0) & [1) — —[1).
3. Both errors: [) = oylp)  or  |0) = ill) & [1) — —i]0).

If an error occurs, then [¢)) evolves to an ensemble of the three states o;[1), o,|¥), 04 |¥).
The depolarizing channel can be represented by a unitary operator acting on Hsg = Hgs ® Hp, where Hp has
dimension 4. The unitary operator Ugg acts as

Uselt)s @ |0)g — /1 —plY)s @ [0) g+

+\/§ (oalt)s ® [L)g + oy [)s ® 2) + 02l6)s  [3) 5]

The environment evolves to one of four mutually orthogonal states that “keep a record” of what transpired; if we
could only measure the environment in the basis {|u), u = 0, 1,2, 3}, we would know what kind of error had occurred
(and we would be able to intervene and reverse the error).
Kraus representation: To obtain an operator-sum representation of the channel, we evaluate the partial trace over
the environment in the {|u) 5} basis. Then

M, = (u|Usp|0)p

p p p
MO: 1_p]15 Ml—\/;o'x; MQ—\/;Uya MS—\/;UZ
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A general initial density matrix pg of the qubit evolves as
p
p—p =1-pp+ 30200 +oypoy +0:p0%)

It is also instructive to see how the depolarizing channel acts on the Bloch sphere. An arbitrary density matrix for a
single qubit can be written as p = & (1+17i-), where 7 is the Bloch vector (with P = || the polarization of the spin).

Suppose we rotate our axes so that 7 = z'and p = %(]l +P.0.). Thensince 0,0,0, = 0, and 0,0,0, = 0,00y = —0>,
we find ) ) ) A
1
= (1- 9)—11—13“ LU —Po)==: |1+ (1— -p)P.o.
f=(1-p+5) 50 Po)+ L5 (M=Po) =5 |1+ -p)Po

or P, = (1— 3p)P.. From the rotational symmetry, we see that P’ = (1 — 3p) irrespective of the direction in which P
points. Hence, the Bloch sphere contracts uniformly under the action of the channel; the spin polarization is reduced

by the factor (1 — %p) (which is why we call it the depolarizing process). This result was to be expected in view of
the observation above that the spin is totally “randomized” with probability %p.

Why do we say that the superoperator is not invertible? Evidently we can reverse a uniform contraction of the sphere
with a uniform inflation. But the trouble is that the inflation of the Bloch sphere is not a superoperator, because
it is not positive. Inflation will take values of P < 1 to values P > 1, and so will take a density operator to an
operator with a negative eigenvalue. Decoherence can shrink the ball, but no physical process can blow it up again!
A superoperator running backwards in time is not a superoperator.
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8.4 The Master Equation

8.4.1 Markov approximation

In the case of coherent evolution, we find it very convenient to characterize the dynamics of a quantum system with
a Hamiltonian, which describes the evolution over an infinitesimal time interval. The dynamics is then described
by a differential equation, the Schrodinger equation, and we may calculate the evolution over a finite time interval
by integrating the equation, that is, by piecing together the evolution over many infinitesimal intervals. It is often
possible to describe the (not necessarily coherent) evolution of a density matrix, at least to a good approximation,
by a differential equation. This equation, the master equation, will be our next topic. In fact, it is not at all obvious
that there need be a differential equation that describes decoherence. Such a description will be possible only if the
evolution of the quantum system is “Markovian,” or in other words, local in time. If the evolution of the density
operator p(t) is governed by a (first-order) differential equation in t, then that means that p(t + dt) is completely
determined by p(t).

In general the density operator pa(t + dt) can depend not only on pa(t), but also on p4 at earlier times, because
the environment (reservoir) retains a memory of this information for a while, and can transfer it back to system.
An open system (whether classical or quantum) is dissipative because information can flow from the system to the
reservoir. But that means that information can also flow back from reservoir to system, resulting in non-Markovian
fluctuations of the system.

Still, in many contexts, a Markovian description is a very good approximation. The key idea is that there may be a
clean separation between the typical correlation time of the fluctuations and the time scale of the evolution that we
want to follow. Crudely speaking, we may denote by dt g the time it takes for the reservoir to “forget” information that
it acquired from the system. After time dtp we can regard that information as forever lost, and neglect the possibility
that the information may feed back again to influence the subsequent evolution of the system. Our description of
the evolution of the system will incorporate “coarse-graining” in time; we perceive the dynamics through a filter
that screens out the high frequency components of the motion, with w > 1/8tcoarse. An approximately Markovian
description should be possible, then, if dtgp < 0teoarse; We can neglect the memory of the reservoir, because we are
unable to resolve its effects. This “Markovian approximation” will be useful if the time scale of the dynamics that
we want to observe is long compared to 0tcoarse, €.g., if the damping time scale 0tgamp satisfies

6tdamp > (%coarse > 6tE

8.4.2 Lindblad equation

Our goal is to generalize the Liouville equation p = —i[H, p] to the case of Markovian but non-unitary evolution, for
which we will have p = L[p]. The linear operator £, which generates a finite superoperator in the same sense that a
Hamiltonian H generates unitary time evolution, will be called the Lindbladian.

We can derive the Lindblad equation from an infinitesimal evolution described by the Kraus sum representation,
with the following steps:

1. From the Kraus sum we can write the evolution of p from t to t 4 0t as: p(t +dt) = >, Mk(dt)p(t)M,I (ot).

2. We now take the limit of infinitesimal time, 6¢ — 0. We only keep terms up to first order in 6¢, p(t+0t) = p(t)+0t dp.

This implies that the Kraus operator should be expanded as M} = M}go) + \/(%M,El) + 5tM,52) +....
Then there is one Kraus operator such that My = 1 + §t(—iH + K) + O(6t?) with K hermitian (so that p(t + dt)

is hermitian), while all others have the form: My, = v/dtLy + O(6t), so that we ensure p(t + 0t) = p(t) + Spdt:

p(t+ 8t) = Mop(t) M + Y MypM;
k>0

= [0+ 6t(—iH + K)]p[L + 6t(iH + K)] + 6t Y _ LgpL]
k

= p —i6t[H, p] + 6t(Kp+ pK) + 6t Y LipL],
k
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3. K and the other operators L are related to each other, since they have to respect the Kraus sum normalization

condition,
1
— T
K= —3 E L) L.
k>0

4. Finally we substitute K in the equation above and take the limit 6 — 0: p(¢t + dt) = p(t) + dtp. We thus obtain
the Lindblad equation

M 1
5(t) = Llp] = Ny <Lkp DL~ L LLanlt) - §p<t>Lsz>
k=1

The first term in L[p] is the usual Schrodinger term that generates unitary evolution (thus we identify the hermitian
operator H with the usual Hamiltonian). The other terms describe the possible transitions that the system may
undergo due to interactions with the reservoir. The operators L are called Lindblad operators or quantum jump
operators. Each L;CpLL term induces one of the possible quantum jumps, while the ——LT wLkp — 2pLT Ly, terms are
needed to normalize properly the case in which no jumps occur.

If we recall the connection between the Kraus representation and the unitary representation of a superoperator, we
clarify the interpretation of the master equation. We may imagine that we are continuously monitoring the reservoir,
projecting it in each instant of time onto the |u) 5 basis. With probability 1 —O(0t), the reservoir remains in the state
|0) £, but with probability of order 6¢, the reservoir makes a quantum jump to one of the states |u1) ;. When we say
that the reservoir has “forgotten” the information it acquired from the system (so that the Markovian approximation
applies), we mean that these transitions occur with probabilities that increase linearly with time.

This is equation is also called the Kossakowski-Lindblad equation2¢.

The Lindblad equation above is expressed in the Schrodinger picture. It is possible to derive the Heisenberg picture
Lindblad equation, which has the form:

i[H, 2] +ZkaLk - LZka—i-:z:LLLk :

where z is the observable under study.
Another way to express the Lindblad equation is for a ”vectorized” density matrix: p = (H+ G)p, with the generator
g:
M 1
G= Lm®Ly—51@ (LhLm) -
m=0

and the Hamiltonian part will be given by H= —i{(H ® 1 — 1 ® #). In this form, the Lindblad equation becomes a
linear equation (a matrix multiplying a vector, if we are considering e.g. discrete systems). Thus it is “easy” to solve

the differential equation, finding;:
p(t) = exp [(H+G)t] p(0),

where we identify the superoperator S = exp [(H + G)t]. More details on how to convert from Kraus sum, to Lindblad
to superoperator description of the open quantum system dynamics can be found in T. F. Havel, Robust procedures
for converting among Lindblad, Kraus and matriz representations of quantum dynamical semigroups, J. Math. Phys.
44, 534 (2003).

1 _. _
5(Ljan) ®1

A. Example: spin-1/2 dephasing

Dephasing, or transverse relaxation, is the phenomenon associated with the decay of the coherence terms (off-
diagonals) in the density matrix. In NMR, since the signal is due to the ensemble of spins, a coherence term which
lasts forever would require all the same spins of the different molecules to precess about the magnetic field at exactly
the same rate. As previously mentioned, the frequency of a single spin depends on the local magnetic field, which
depends on the external field, and on the field created by the surrounding spins. Due to rapid tumbling, the average

26 Andrzej Kossakowski On quantum statistical mechanics of non-Hamiltonian systems, Rep. Math. Phys. 3 247 (1972)
Géran Lindblad On the generators of quantum dynamical semigroups, Commun. Math. Phys. 48 119 (1976)).
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field over time is the same, but does vary across the sample at a particular given time. This instantaneous variation
causes the identical spins of all the molecules to slowly desynchronize and therefore lose coherence across the sample.
Another example of dephasing was already presented when we described phase-damping for a dust particle interacting
with many photons.

The dephasing noise can be thought as arising from random z rotation across the sample, so that the state of the
system can be described by a statistical average over a distribution of rotation angles ¢(¥):

Salp) = / d9g(9)e=120+ p(0)et/20+

_ ([ Poo po1
p(o)_<010 011)

—i9 /20,

Consider an initial density operator

The evolution under a propagator Uy = e gives

—i9
poo  pore "
19 = .
Pt (Pme“9 P11 )

Taking the integral over the angle distribution we find

p(9) = ( P me)’

prol™  pu

where I' = (=) = [q(9)e~Vdd. If () = q(—9) (as given by an isotropic environment) we obtain (e ="’} = (cos ).
For a non-Markovian environment where memory effects are present, we can describe the distribution ¢(¢) as a

Gaussian stochastic process, so that I' = (cos ) ~ e=(9°)/2 — ¢~*/T}  For a Markovian process instead we have an
exponential decay I = e~ /2,
We can also explicitly evaluate Sg:

Sa(p) = /dﬁq(ﬂ)[cos(ﬁﬁ)ﬂ —isin(d¥/2)o,]p(0)[cos(9/2)1 + isin(V¥/2)o,] =

= /dﬁq(ﬁ)[cosz(ﬁ/Z)p(O) + sin?(9/2)0.p(0)o. — i cos(¥/2) sin(9/2)(c.p(0) — p(0)a.)]
By evaluating the integral, and assuming again a symmetric distribution, we have:
Sa(p) = (1 = p)p(0) + po=p(0)o-
1-I

where p = [ ddq(¥9)sin®(9/2). By comparison with the previous result we find p = 5
From the superoperator, we can find the corresponding Kraus sum decomposition:

My = 1—pﬂ, M, :\/I_?UZ

We want now to describe this same evolution under a dephasing environment by a Lindblad equation. Notice that

this is going to be possible only if we have a Markovian environment, I" = e~ */72,
Consider the action of the superoperator Sg(p) = %p(()) + %azp(())oz. If we consider a small time I' = ¢~ 9%/T2 &
1 — 0t/T» and we obtain:
ot ot
Sa(p,dt) =p — %p + %Uzpaz

where 4 = 1/T5. Then, taking the difference p(t) — p(0) in the limit §¢ — 0 we have

0 1
8_;) = g(aszz - P) = %(Uszz - §{Uz0'zup})

where we used the fact 02 = 1. Thus \/;az is the Lindblad operator for dephasing.

Assume now that we had considered a non-Markovian environment, for which I" = e~(*/ 72)*  Then if we tried to find
the infinitesimal time evolution, we cannot define a differential equation, since p(dt) — p(0) is not o d§t. For this type
of environment, the Lindblad equation cannot be defined.
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8.4.3 Redfield-Born theory of relaxation

Consider a system S coupled to an environment £ (the heat bath) such that
H=Ho+V =Hs+Hes+V,

and V describes the interaction between the system and the environment. Most generally it will take the form
V = >, Ak ® Bi(t), with A acting on the system and B on the environment (and we have even allowed for a
time-dependence of the random environment field). In the Schrédinger picture, the time evolution of the density

matrix is given by the Liouville equation, zh% = [H, p(t)].
Define the interaction picture density matrix

pr(t) = eF Gt p(g)e—h (et Het,
and similarly the interaction-picture system-environment interaction

Vi(t) = e (HstHe)ty =5 (Hs+He)t

Then the evolution in the interaction picture is given by

dpi(t)

ih
AT

= R ([H, (1) — [Ho, p(0)]) e #70° = e Hal [V, p(t)]e” Hot = [Vi(t), pr ()]

This has the formal solution .
1
pu(®) = p0)+ 5 [ dts Vi), pr 1)
0

(Note that this is the same equation as above, except in integral form).
Expanding once (by inserting the same equation at the place of ps(t)) we obtain,

) = pr(0)+ 55 [ A Vit r O+ g [ [ s Wi00). Vi), (1)

We could repeat this process to obtain an infinite series (the Dyson series we already saw).

Let us concentrate instead on the evolution of the (interaction picture) reduced density matrix ps = Tre {psr},
obtained by tracing over the environment. To obtain the average density operator, we also need to take an ensemble
average over the random fluctuating environment:

ps(t) = p5(0)+ 55 [ty (Tee (Vi) pr O + sz [ [ s (Tve (e, Wt pr 211

We want to find an explicit expression for the system evolution only (in the form of a differential equation). To do
this, we will make a number of approximations.
A. Simplification: Separability and energy shift
We first assume that at time ¢ = 0 the system and environment are in a separable state:
p(0) = ps(0) ® pe(0).

(this can always be obtained by choosing ¢t = 0 appropriately).
This condition helps simplifying the second term in the LHS of the expression above. We have

Tre {[Vi(t1), pr(0)]} = Y _[Ar(t1), ps(0)] Tre {Bi(t)pe}
k
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that is, we consider the expectation value of the operators Bj. In general we will also need to take an ensemble
average over the random fluctuating field (Bj(t)), as we look at expectation values for the density operator.

We can now make the assumption that (Bg)e = 0, which implies (V;(t))e ~ Tre {Vi(t)pg(0)} = 0. This is not
restrictive, since, if V' is of the form V = As ® Bg with (Bg)z # 0 we can replace V' with V' = As ® (Be — (Bg)¢),
and simultaneously add As (Bg), to Hs. With this condition, (V). = 0 and since pg(0) has the same form in both
Schrédinger and interaction pictures, the result holds in the interaction picture also. The same argument can be
made if V = Ea As,o ® Bg . Then the second term in the equation above vanishes and we have

pdt)zm(@ﬂﬁ / / Lty dts (Tre {[Vi(tr), [Vi(t2), pr(t2)]]})

B. Assumption 1: Born approximation

We can always write (in any picture) p(t) = ps(t) ® pe(t) + peorrelation(t), which may be taken as a definition of
Peorrelation- Let us assume (as done in the previous section) that the interaction is turned on at time ¢ = 0, and
that prior to that the system and environment are not correlated (peorrelation(0) = 0). This assumption is not very
restrictive, since we can always find a time prior to which the system and environment did not interact. Now however
we make a stronger assumption.

We will assume that the coupling between the system and the environment is weak, so that p(t) ~ ps(t) ® pe(t), for
timescales over which perturbation theory remains valid. Furthermore, we will assume that the correlation time 7¢
(and thus the relaxation time) of the environment is sufficiently small that pg(t) = pg(0) if t > 7¢.

Note that since we assume that the environment is in a thermal equilibrium, it has a thermal density matrix

_Eng
pe(0) = 7= >0, ¢ FB7 |ng) (nel,

which is a stationary state, i.e., [pg(0), He] = 0, so that pg(0) has the same form in both the interaction picture and
Schrodinger picture. Then

1 t t1
ps(t) = ps(0)+ T [ [ dtrdta (Tee (V100 i (t2) ps(h2) @ pe O]
o Jo
We can also go further and explicitly write the partial trace:

(Tre {[Vi(t1), [Vi(t2), ps(t2) @ pe(0)]]}) = > (Bi(t1)Bn(t2)) [Af(tr), [A] (t2), ps(t2)]]
kb

where (By(t1)Bn(t2)) = Gin(t1,t2) is the correlation function for the environment.
Differentiating, we get

Grs(0) = s [ ds (T (V0. Vi ). pss) @ pe O

k.h

This should properly be considered a difference equation, since we have assumed that t > 7¢.

C. Assumption 2: Markov approximation

We will also assume that we are working over timescales that are shorter than the gross timescale over which the
system evolves, so that ps(s) ~ ps(t). Thus we can replace ps(s) in the integral with ps(t). We finally get the
Redfield equation:

d

Grs(t) = iz [ s T V0. V(9. p5(0) © O]}
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or

Gostt) = sz [ ds S UBUOBA) (410 [410). ]
,h
We can change variables from s — s’ = ¢ — s (so that we change the integrals as: fot ds — fto dt —s') = — fto ds' =
fot ds’). Then
d 1 I I
st = oy [ s (BB - o) [AL0). (410~ ).05(0]).

k.h

The correlation time of the thermal bath £ is assumed to be very short, so that the correlation function (By(t1 — t2)Bx(0))¢
differs only significantly from zero when t; =~ t5. We can therefore extend the limit of integration to co (and call
t—s=r7):

G50 =i [ dr S (BB (AL [410). s )]

D. Spectral densities

The next step in the simplification program is to take the expectation values with respect to the eigenstates of the
system and then Fourier transform. We will write Ay () = Y- Aje™"r":

o= T3 0w 1 e ]

k,h Dp,q

Here we used the fact that G(t, 7) is stationary, and thus depend only on the difference t — 7, G(t,7) = G(t — 7). We
then changed variables from 7 — ¢t — 7. We can rewrite the equation as

d o0 .
—i(wptwq)t iwgT
7Ps) (DE > > AV (AL, ps(t)]] e /O dr Gpp(T)e™ 7.

k,h p,q

Thus we have the integral fooo e“TG (1) = J(w), where the Fourier transform of the correlation function G(7) is the
the spectral function J(w). With some simplifications (due to statistical properties of the bath operators and to the
fact that we only take terms resulting in an Hermitian operator), we finally arrive at the master equation:

ZZJk wp —k;’ ]q?pS(t)]]

We can also write the master equation as the Redfield equation (subscripts indicate matrix elements):

d
apa,a’ = Z Raa/,bb’pb,b’
b,b’ /b—b’=a—a’

8.5 Other description of open quantum system dynamics

8.5.1 Stochastic Liouville equation and cumulants

Stochastic Liouville theory is based on a semiclassical model of decoherence, in which the Hamiltonian at any instant
in time consists of a deterministic and a stochastic part, which represents the effects of a random noise. In the
simplest case of NMR T5 relaxation, this typically takes the form

Hiot(t) = Haet (t) + Hst(t) = Haee(t) + w(t)Hu,
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where H 4, is the static deterministic Hamiltonian, and we separated the stochastic time dependence described by the
coefficient w(t) from the noise generator Hy. w(t) is a random variable due to stochastic, time-dependent fluctuating
fields and Hp is an operator which describes how these classical fields are coupled to the quantum system.

We now introduce a superoperator £(t) defined on Liouville (operator) space via

ﬁ(t) = IHtt)t(t) RKI-1® Htot(t) = Ldet(t) + w(t)EN

where Ly = Hy ® 1 — 1 ® Hy. This superoperator is the generator of motion for density operator p, meaning

p(t) = Up(0) = Texp (—i/ot dt'ﬁ(t’)) p(0)

where T is the usual Dyson time ordering operator. Since what is actually observed in an experiment is the statistical
average over the microscopic trajectories of the system (p(¢)), we have to take the ensemble average superpropagator
to obtain (p(t)) = (U)p(0). The problem of calculating the average of the exponential of a stochastic operator has

been solved by KuboZL using the cumulant expansion.
First, expand the time-ordered average exponential S = (T exp(—i fot dt'H(t"))) via the Dyson series:

S = A—i [l (M) + ST [Ldty [ dbs (M) H(t2)) + -

+ CNT [Cdty - [y dta(H(t) - H(ta)) + -

n

The term (H(t1) - - - H(tn)) is called the n-th moment of the distribution. We want now to express this same propagator
in terms of the cumulant function K (t), defined by:

S = KO

The cumulant function itself can most generally be expressed as a power series in time:

R G (—it)?
K(t)_z:1 K = ity S Ky
Expanding now the exponential using the expression above we have:
1 2 _ (—it)? 5
S =1+ K1)+ 5 (K(0)" +- =1 —ithy + - (Ko + Kf) + -

By equating terms of the same order in the two expansions we obtain the cumulants K, in terms of the moments of
order at most n. For example:

K = %/O dt' (H(t'))

1 t t
K= o T/ dtl/ dts (H(t)H(t2)) — K7
0 0
The propagator can therefore be expressed in terms of the cumulant averages:

(H(t))., = (H({))
(H(t1)H(t2)), = T(H(t1)H(t2)) — (H(t2))(H(t2))

The propagator can therefore be written as:

Szexp(—i/ot dt’(?—[(t'))c—/otdtl /Otdtg <’H(t1)’H(t2)>c+---)

T R. Kubo, Generalized Cumulant Expansion Method, Journal of the Physical Society of Japan, 17, 1100-1120 (1962)
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Note that if H is a deterministic function of time, the ensemble averages can be dropped and <’H(t)>c = fg dt’ H(t")
becomes the time-average Hamiltonian, which is the first term in the Magnus expansion. The second term in the
cumulant expansion, on the other hand, becomes

T fodty [2* dts Ht ) H(t2) — (fot dt’H(t'))
= 2]3 dtq (;1 dts H(tl)H(tg) — f(; dtq f(; dto H(tl)H(tg)
= [y dtr [)" dia H(t)H(t2) — [y dty [} dta H(tr)H(t2)

= f(f dtq (fl dto [H(t1)7 H(t2)}7

where we have used the fact that the time-ordering operator 7 symmetrizes its argument with respect to permutation
of the time points. This is the second term in the Magnus expansion for the “average” (effective) Hamiltonian.
Proceeding in this fashion one can in principle derive average Hamiltonian theory?® from the Dyson and cumulant
expansions.

In terms of the so-called “cumulant averages” (---)., the superpropagator is given by:

Uy = exp (—z’ / LW AT / iy / ity <c<t1>c<t2>>c+---)

Provided || fot dt’L(t")]] <« 1 for all t > 0, we can safely neglect high order terms in the exponential’s argument.

8.5.2 Stochastic Wavefunctions

The Monte Carlo wavefunction was derived simultaneously in the 1990s by two groups interested in very differ-
ent questions. A group of scientists in France, Dalibard, Castin, and Mglmer, wanted to simulate laser cooling of
atoms quantum mechanically in three dimensions. Their numerical solution required discretizing space into a grid of
40x40x40 positions; to implement the master equation on such a space would have required a density matrix with
0(40%) ~ 10° entries such calculations are beyond the scope of even modern computers. However, simulating a
wavefunction with O(40%) entries is quite feasible. Consequently the group sought to convert the master equation to
something more like the Schrédinger equation2.

At the same time, Carmichael was interested in the effects that continuous monitoring would have on a system3Z.
For example, a two-level atom prepared in an equal superposition of states can decay by emitting a photon; if that
photon is detected, the experimenter knows with certainty that the atom is in its ground state. But what happens
50% of the time when a photon is not detected? Certainly, after a long time has passed, the atom must be in its
ground state, but how does that happen? To study these and similar questions, Carmichael wanted to incorporate
the effects of continuos monitoring, and understand how a measurement can cause the system state to suddenly jump
into a different state.

The description on which both groups converged begins with the most general form of the master equation,

o _

P = —ilH,p] + L(p),

with the Lindbladian -
Lip) ==Y ?(LLLkp + pLi Ly — 2LpL}).
k

28 See for example Haeberlen, High Resolution NMR in Solids: Selective Averaging, Academic Press Inc., New York (1976)
29 Jean Dalibard, Yvan Castin and Klaus Mlmer Wave-function approach to dissipative processes in quantum optics,
Phys. Rev. Lett. 68, 580583 (1992)

30 H. J. Carmichael Quantum trajectory theory for cascaded open systems Phys. Rev. Lett. 70, 22732276 (1993)
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Using this explicit expression and rearranging the terms we have

dp : 0 g
priia (’H—ZZEICLEL/@)P—P(H‘FZ%LLL/@) +Z%LWLL
k " "

=—i Hep—pHlg + Z v LipL},
k

where we have defined an effective Hamiltonian

Heg = H —iZ%LLLk
k

(notice that this is not a valid Hamiltonian in the usual sense, since it is not Hermitian, so its eigenvalues are not
the energy, since they could be imaginary numbers).

Expanding the density matrix in terms of an ensemble of pure states, p = > iDj [1;) (|, we can rewrite the master
equation in a suggestive form:

d
=D py | =iCHer [v) (W] = L) (5| M) + - L |8) (8] L
J k

Now we can interpret the first two terms of this equation as a Schrodinger evolution for each of the pure states in
the density matrix expansion:

d
7 [95) = —iHes [¢05)

while we interpret the last term as a quantum jump operator that changes |¢;) into |, k) = Lk |¢;) with some
probability.

We can then have a probabilistic picture of the pure state evolution. After an infinitesimal time, in the absence of
Jumps, the state will have evolved to

[9(t +6t)) = (1= iHer) [¢5) / /1 = 0pj,

where we have introduced a normalization factor, which is needed since the Hamiltonian is not hermitian:
opj = Z@j,k = 5tZ’7k (W;| L Ly |)
k k
If instead a jump has occurred, the state would have evolved to

| . >7 YOt
(p%k - 6]9

5.k

Ly, [¥)

Thus the evolution of the density matrix is given by

p(t +dt) = ij [(1 — 0p;) [ (t+ 68)) (05 (t+ ) + Y 6psin 05.) (058l

J k

This expression leads us to the following interpretation: the system undergoes a dynamics that yields two possible
outcomes:

1. with probability 1 — dp; the system evolves to the state [¢;(t + dt)), according to the operator Hex with an
appropriate normalization

2. with probability ép; the system jumps to another state. There are many possible states the system can jump to,
each one with a probability 6p; .

This probabilistic picture is of course a coarse graining of the continuous time evolution. However, by discretizing
time it becomes easier to devise a simulation procedure to reproduce the desired dynamics, with a wavefunction
Montecarlo procedure.

7
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9. Harmonic Oscillator

9.1 Harmonic Oscillator
9.1.1 Classical harmonic oscillator and h.o. model
9.1.2  Oscillator Hamiltonian: Position and momentum operators
9.1.3  Position representation
9.1.4 Heisenberg picture
9.1.5 Schrodinger picture
9.2 Uncertainty relationships
9.3 Coherent States
9.3.1 Expansion in terms of number states
9.3.2 Non-Orthogonality
9.3.3 Uncertainty relationships
9.3.4 X-representation
9.4 Phonons
9.4.1 Harmonic oscillator model for a crystal
9.4.2 Phonons as normal modes of the lattice vibration
4. Thermal energy density and Specific Heat

9.1 Harmonic Oscillator

We have considered up to this moment only systems with a finite number of energy levels; we are now going to
consider a system with an infinite number of energy levels: the quantum harmonic oscillator (h.o.).

The quantum h.o. is a model that describes systems with a characteristic energy spectrum, given by a ladder of
evenly spaced energy levels. The energy difference between two consecutive levels is AFE. The number of levels is
infinite, but there must exist a minimum energy, since the energy must always be positive. Given this spectrum, we
expect the Hamiltonian will have the form

Hn) = <n+%>hw|n>,

where each level in the ladder is identified by a number n. The name of the model is due to the analogy with
characteristics of classical h.o., which we will review first.

9.1.1 Classical harmonic oscillator and h.o. model

A classical h.o. is described by a potential energy V = %ka. If the system has a finite energy E, the motion is bound

by two values £, such that V(z¢) = E. The equation of motion is given by m% = —kx and the kinetic energy is

2
of course T' = %me = £—. The energy is constant since it is a conservative system, with no dissipation. Most of the

time the particle is in the position x( since there the velocity is zero, while at x = 0 the velocity is maximum.
The h.o. oscillator in QM is an important model that describes many different physical situations. We will study
in depth a particular system described by the h.o., the electromagnetic field. Another system that can be described
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by this model is solid-state crystals, where the oscillations of nuclei in the lattice can be described as a systems of
coupled oscillators (phonons).

Notice that any potential with a local minimum can be locally described by an h.o.. Provided that the energy is low
enough (or = close to ), any potential can in fact be expanded in series, giving: V (z) ~ V(x¢) + b(z — 20)* + . ..

_ v
where b = W|x0

9.1.2 Oscillator Hamiltonian: Position and momentum operators

We can define the operators associated with position and momentum. They are two observables (p,x) with the
commutation properties: [z, p] = ih. With these two operators, the Hamiltonian of the quanutm h.o. is written as:
2 2 2
P kx P 1 9 9
= — + — =— + -nmw-z",
2m 2 2m 2

where we defined a parameter with units of frequency: w = /k/m.
We use the dimensionless variables,

P:L X = ov/mw

and H = H/w, to simplify the expression to H = w(X? + P?)/2 or H = £(X? + P?).

We have said initially that we expect the hamiltonian to have the form H = (n + 1) In) (n, if expressed in an
appropriate basis. This simply corresponds to diagonalizing the Hamiltonian (thus the basis {|n)} is the energy
basis, or the basis formed by the eigenstates of the Hamiltonian). However the diagonalization is not as intuitive as
for simple TLS (or n TLS) because we are considering a system with infinite dimensions.

The operator H = (n+ 1) |n) (n| is our guess for the diagonalized form of the Hamiltonian, which makes explicit the
presence of energy levels, labeled by n. Correspondingly, there must be operators that act on the ladder of energy
levels. For example, the fundamental operations possible are the raising or lowering of 1 quantum of energy, as well
as an operator giving the number of energy quanta: N |n) = n|n). The raising and lowering operators act as the
following: a|n) oc |n — 1) and a' [n) o [n + 1). They are also called the annihilation and creation operators, as they
destroy or create a quantum of energy.

Instead of deriving rigorously these operators, we guess their form in terms of the X and P operators:

a = Lﬁ{b(X—l—zP) = Lﬁ{b(\/mwx—i- :;w )
al = E(X —iP) = ﬁ(\/mwz — \/ﬁp),

and we will check a posteriori that indeed they act as annihilation and creation operators. Notice that a,a’ are not
hermitian, but they are one the hermitian conjugate of the other (a = (a)? ). Also, we define the number operator
as N = a'a. The commutation properties are: [a, aw =1 and [N,a] = —a, [N, aT] =al.

Also we have:

5 (af + a)

2m

8

€

mwh

p =i/ " (a" —a)

? Question: Prove the commutation relationships of the raising and lowering operators.

[a,a'] = 2—1h[X +iP, X —iP] = 2—171([)(7 —iP] 4 [iP, X]) = —%[}Q P] = —%[:c,p] =1

So we also have aa’ = [a,aT] + afa =1+afa =1+ N.

[N,a] = [aTa,a] = [aT,a]a =—a and [N, aT] = [aTa,aT] = aT[a,aT] =af

Notice that from now on we will take as usual h = 1.



From the commutation relationships we have:
a|n) = la, N]|n) = an|n) — Na|n) = N(a|n)) = (n —1)(a|n)),

that is, a|n) is also an eigenvector of the N operator, with eigenvalue (n — 1). Thus we confirm that this is the
lowering operator: a |n) = ¢, [n — 1). Similarly, a' |n) is an eigenvector of N with eigenvalue n + 1:

a'|n) = [N,a'] |n) = Na'|n) — a'n|n) = N(a' [n)) = (n+ 1)(a|n)).

We thus have a|n) = ¢, |n — 1) and a [n) = d,, |n + 1). What are the coefficients c,,, d,,?
Since
(n|N|n) = (n|a'a|n) = n

and
(n|a'a|n) = ((an|)(a|n)) = (n = 1jn = 1)cj.,

we must have ¢, = \/n. Analogously, since aa’ = N + 1, as seen from the commutation relationship:
d2(n+1n+1) = (a'n|a™n) = (n]aa’ |n) (n| (N +1)|n) =n+1

So in the end we have :

aln) =+v/nin—1); a'ln)=vn+1|n+1).

All the n eigenvalues of N have to be non-negative since n = (n| N |n) = (¢, |thn,) > 0 (this follows from the
properties of the inner product and the fact that |¢,,) = a|n) is just a regular state vector). However, if we apply
over and over the a (lowering) operator, we could arrive at negative numbers n: we therefore require that a|0) =0
to truncate this process. The action of the raising operator a' can then produce any eigenstate, starting from the 0
eigenstate:

Tyn
a

el

The matrix representation of these operator in the |n) basis (with infinite-dimensional matrices) is particularly simple,
since (n|a|n') = 6, n_1v/n and (n|a’ ') = 6, i1/ + 1:

vVioooo... 0
0 V2 ... al = V1
0o 0 ... 0 V2

10).

0 0
0 0
0

IS
I
oo o

The Hamiltonian can be written in terms of these operators. We substitute a, a' at the place of X and P, yielding
H =w(ala+ %) =w(N + %) and the minimum energy hw/2 is called the zero point energy.

9.1.3 Position representation

We have now started from a (physical) description of the h.o. Hamiltonian and made a change of basis in order to
arrive at a simple diagonal form of it. Now that we know its eigenkets, we would like to go back to a more intuitive
picture of position and momentum. We thus want to express the eigenkets |n) in terms of the position representation
(see also section 5.5.1).

The position representation corresponds to expressing a state vector [¢) in the position basis: [¢) = [ dz (z|¢) |z) =
[ dxip(z)|z) (where |z) is the eigenstate of the position operator that is a continuous variable, hence the integral).
This defines the wavefunction i (x) = (z]y).

The wave function description in the x representation of the quantum h.o. can be found by starting with the ground

state wavefunction. Since a|0) = 0 we have %(X +iP)|0) = %(\/mww + \/%) |0) = 0. In the x representation,

given o(x) = (z|0)

% (z] (Vmwz + J0)=0 = (mwz+ j—x)%/lo(x) =0 —= () x e~ mwn?/2

ip
v mw

81



The other eigenstates are built using Hermite Polynomials H, (), using the formula?l |n) = (% |0) to derive

differential equations:
n
—| vo(x)

with solutions ¢, (x) = (z|n) = \/ﬁHn(xﬁ/}O(z).

The n = 2 and n = 3 wavefunctions are plotted in the following figure, while the second figure displays the probability
distribution function. Notice the different parity for even and odd number and the number of zeros of these functions.

2 4

Fig. 12: Left: Harmonic oscillator wavefunction. Right: corresponding probability distribution function for n = 2 (blue) and
n = 3 (Red, dotted).

Classically, the probability that the oscillating particle is at a given value of x is simply the fraction of time that it
spends there, which is inversely proportional to its velocity v(z) = xow,/1 — i—z at that position. For large n, the
0

probability distribution becomes close to the classical one:

10

Fig. 13: Left: Harmonic oscillator wavefunction. Right: corresponding probability distribution function for n = 40. In Red, the
classical probability.

31 For more details on Hermite Polynomials and their generator function, look on Cohen-Tannoudji. Online information from:
Eric W. Weisstein. Hermite Polynomial. From MathWorld—A Wolfram Web Resource.
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9.1.4 Heisenberg picture

We want now to study the time-evolution of the h.o. We first start with analyzing the evolution of the operators in
the Heisenberg picture. We have

da 1

== i[H,a] = ilw(a'a + 5),@] = —iwa — a(t) =a(0)e ™
Similarly:
dat T VIE SR TN SU t )it
E:z[?—[,a]:z[u(aa—l—i),a]:zwa — a'(t) =a'(0)e

Notice that we could have found this last relationship just by taking the hermitian conjugate of the first one.
Using these results, we can also find the time evolution of the position and momentum operators:

p(0)

x(t) = x(0) cos(wt) + o sin(wt)

p(t) = p(0) cos(wt) — mwz(0) sin(wt)

and the corresponding expectation values, e.g.

9.1.5 Schrodinger picture

An initial state can be expressed in terms of the number eigenvectors: 1)) = > ¢, |n). Then its evolution is simply:
[(t)) =, cne ™" |n). From this expression, one can calculate e.g.

{@(t)) =Y ency, (m]a|n) e =),

Since x only connects states that differ by n —m = +1, it’s easy to see that the double sum simplifies and we retrieve
the expression above, found in the Heisenberg picture.

9.2 Uncertainty relationships

The operators x and p for a quantum h.o. do not commute, so they do not share any eigenstate, nor they share
eigenstates with the Hamiltonian. In particular the diagonal elements of x and p in the |n)-basis representation are
both zero, therefore the expectation values are also zero. In a series of measurements, it is possible to get a range of
values; we associate this dispersion of values with the root mean square value of the eigenvalues:

Az = /(2?) — (x)? 3)
Ap =+/(p?) — () (4)
Given the expression for x and p in terms of a and a' we can calculate <:v2>:
h
2y _ tol 4+ of i
(x%) 2mw<n|aa—|—aa +a'a+aa' |n) (5)
=5 (n|a'a+ aa’ |n) = %(271—1-1) (6)

and in the same way, we can calculate (p®): (p?) = 222 (2n+1). Since the expectation values are zero ((z) = (p) = 0),
the deviations are just: Ax = /(x2) and Ap = /(p?) and the uncertainty relation can be expressed by:

ApAzx = g(2n +1) (7)
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We see that in general ApAx > %, with equality for n = 0: the ground state of the harmonic oscillator is a state of
minimum uncertainty. More generally, for any potential V' (z), the ground state of a local minimum is always a state
of minimum uncertainty (since the potential can be always approximated by an harmonic potential).

We expect that higher energy states do not saturate the uncertainty bound. Classically, when a system has some
finite energy, the particle is moving around so Az = v/2z¢. At the minimum energy (that classically is 0), the particle
is at rest, localized (Az = 0). For the quantum h.o., even the minimum energy state is not localized, but rather it is
a gaussian packet (as described by g (z)) thus the state does have some uncertainty in its position. Still, as expected
from the classical intuition, this uncertainty is the minimum possible.

From the expectation values <x2> and <p2> we can calculate the average kinetic and potential energy. We find that
the average potential and kinetic energy are the same, (T') = (V) = %“ = (E) /2, as for classical conservative systems
(virial theorem).

9.3 Coherent States

We now want to look at some connexion of the quantum h.o. with the classical one. We have seen that in the limit of
vanishing energy, the classical and quantum oscillators are very different, since the minimum energy for the quantum
h.o. is non-zero, while the classical h.o. is totally localized. On the opposite side, we saw that at high energy (high
n) the energy difference between two levels vanishes, A—EE = m_kf% =~ 0; thus the energy becomes continuous, as
it would be in the classical case. Still, to find a quantum-to-classical correspondence it is not enough to choose a
stationary eigenstate of the Hamiltonian with a high energy (high n): this state would still have zero expectation
value for the momentum and position. In contrast, the position evolution in classical mechanics is z. = xg coswt:
ideally we would like to find a state 1)) such that (z(t)) = (Y (t)| x| (t)) = xa, as usually stated by Ehrenfest
theorem. Coherent states achieve this result. For this reasons, these states are also called quasi-classical.

The coherent state was defined by Roy J. Glauber22. He was looking for a superposition of eigenstates that looked
as classical as possible, without invoking any decoherence or the action of an external environment. The coherent
states are pure quantum states, however when we look at expectation values with respect to these states, the limit
of high energy we recover the classical results . For example, although the operator z and p do not commute and
give rise to the known uncertainty relationships, when we consider the high energy limit of their expectation values
the uncertainties become a vanishing contribution.

Glauber idea was to introduce a complex classical variable a = (X +iP) (where X and P are the dimensionless

V2
variables defined previously). The classical equations of motion for x and p define the evolution of the variable «:
d t) d
d_f = %, d_Zt) = —mw?r — P —iwa(t)

The evolution of « is therefore just a rotation in its phase space: a(t) = a(0)e~**. This is usual for a conservative
system (in classical mechanics) or closed systems in QM. The initial conditions thus specify the overall evolution,
ap = a(0) contains all the important information.

Since X = v2Re(a) and P = v/2Im(«), the expectation values for X and P oscillate, as usual in the classical case
(again, here X and P are just normalized, classical variable).

<X> = %(aoefi“’t + Oégeth)
<P> — ;i(aoefiwt _ OZSGth)

V2

The classical energy, given by w/2(X? + P?) = wag, is constant at all time.
Now consider the QM problem, where the variables are replaced by the corresponding operators:

X=(a+a)/V2,  P=—ila—d")/V2, sz@%+%%

and consider the evolution of the operator a in the Heisenberg picture. Its expectation value is given by
d{a)

dt
¥ Roy J. Glauber, Coherent and Incoherent States of the Radiation Field, Phys. Rev. 131 27662788 (1963).

= —i{la,H]) = ~i(la,wa'a)) = —iw(a)
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Therefore the expectation value evolution is the same as for the « variable:
(a(t)) = (a(0)) = ™", (a(t)T) = (a(0)")e™"

Inspired by this result, we consider a state that is an eigenstate of the annihilation operator a: a|a) = «|a). With
respect to this state we have (X) = (a| (a +ia') |a) /v2 = (a+ a*)/v2 = Re(a)/V/2 # 0. The evolution of (X) will
then have the same oscillatory character as for its classical counterpart. This eigenstate of the annihilation operator
has the desired property and we thus identify it with a coherent state.

The expectation values of position and momentum with respect to a coherent state give rise to the classical result.
However, when considering the expectation value of the energy, there are still two contributions: the first one con-
tributes to the classical energy (wa'a — E = w|ap|?), while the second term is a purely QM contribution (zero point
energy). The classical limit is reached at higher energy where the first contribution is much larger than the zero-point
energy fuw /2.

9.3.1 Expansion in terms of number states

The coherent state can of course be expressed in terms of number eigenstates: |o) = >° ¢, [n). We want to derive
the coefficients ¢,,. From

o0 o0 o0
ala) =ala) — cha|n> = ch\/ﬁm— 1) = ch+1\/n+ 1|n)
n=0 n=1 n=0
we obtain
o0
Z(acn —CprivVn+1)n) =0 — ac, =cpp1vVn+1
n=0
We thus have a series of equations,
C1 = QCp
2
Coy = %Cl = 3—500

QS

- Xy =
C3 = \/§C2 \/ECO

So in general ¢, = %Co. We finally obtain ¢y from the normalization condition (o] a) = 1:

- (S i) = () -

The coherent state can thus be expressed in terms of the number states as

@) = e Hel 3 2y
a)y =e 2 Z—n
n:Om

This also gives the probability for obtaining a particular energy level n when the system is in a quantum coherent

state:
n

Pa(n) = [(nfa)? = e~ 0

where we have used that the average number of photons is (n) = (a|a'a|a) = |a|?. Notice also that An? = |a|?. We
thus see that the coherent states have a Poissonian distribution.
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9.3.2 Non-Orthogonality

The coherent states |«) do not form a proper basis, since they are eigenvectors of a non-hermitian operator. In
particular they are not orthogonal (even if they are normalized by the choice of ¢g):

<a| ﬂ> = Ze*(|a\2+|5‘2)/2(a*)nﬂm/ /n'm'<n|m> — e*(‘a|2+|5‘2)/2 Z(a*ﬂ)n/n| _ 67(\a|2+|6\272a*ﬁ)/2
Although not orthogonal, their superposition goes to zero as |a — 8| — 0, since

(o] B)[2 = e~ (el +BI =20 B) /2, ~(al*+|B1° ~208")/2 _ o ~lo—pI®

Also, the set of coherent states is complete:
/|a> (o da/m =1

Because of this closure relation, any state can be written in terms of coherent state superposition, thus the coherent
states form an overcomplete basis.

9.3.3 Uncertainty relationships
We have already seen that

*

(X) = VERelo] = —(a+a"). (P) = ~iv2Ima] =

(@ —a)

4l

Now consider the variance. We have:
1 1
<X2> =3 (af a’ + (aT)2 +aa' +ala la)y = 5(a2 + (a*)2 +2a*a+1)

and
1 1 i} . _1 )
(P?) = §<a|a2+(aT)2_aaT_aTa|a> =—§(a2+(a )2 -2 a—1) = 5[1—(04—04 )2]

and for example:

1 1
AX? = 5[(042 + (@) + 20 a+1) = (a+a*)? = 5
We then have AX? = % and AP? = % so that the uncertainty relationship is saturated:
1

The coherent state is thus a minimum uncertainty state (as the number states were).

7 Question: What are the uncertainty relationship in terms of the variables  and p?

@) = =@t a), () =iy 2 (o)

(z%) = %(a2 + (@) +2a"a+1)
2 hmw
==

and

(@ + (") = 20" —1)
We thus have the uncertainties for z and p and their uncertainty relationship

Act=-1 A 2:—%2“" aAmAp:Z

2mw’
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9.3.4 X-representation

We now want to obtain an expression for the wavefunction representing a coherent state, that is, we want to find the
x-representation of the coherent state: (| ). For this, we start from the equation

(z]ala) = afz|a)

.. . _ Vmw i
as well as the explicit form of a in terms of x and p, a = BT + Worem 4

(xlala) = a (@ m/%p) )

Now we define the wavefunction in the x-representation (x|a) = ¥, (x) and we remember that

and (x| p |2’y = —ih0,0(x — ') to obtain:

<\/%x+l\/;p> (@ \/: )m

Equating with the expression obtained before yields the differential equation:

0 2mw mw
%wa@) = <\/ e —CC) Ya(z)

bale) = AeV/ o0z 522"

The constant A can be as usual obtained from the normalization condition:

with solution
© 1/4 o2
/ Wa(z)de =1— A = (%) e

oo 27h

The wavefunction representation is thus a Gaussian wavepacket:

mw 1/4 _o<2 2mwam _7nww2
vl = (505) e

2 e R e 2n
(not just a simple Gaussian, since o can be complex).
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9.4 Phonons

We have introduced the harmonic oscillator as an interesting model because of the energy level structure it gives rise
to. A second reason for its utility is that it can model many different systems around their equilibrium point. Here
we show how it can be used to describe vibrations in a crystal lattice and how the quantum-mechanical description
can be used to derive some of the lattice properties, such as its specific heat.

9.4.1 Harmonic oscillator model for a crystal

We consider a crystal formed by ions of mass M in a lattice (for simplicity we will consider a monoatomic, one-
dimensional lattice).

The ion equilibrium positions are R, = nd, with d the lattice constant, but the actual position of the ions is
rn = R, + x,,, where x,, is the displacement from the equilibrium.

The interaction potential among the ions is

1 1
— 5;“(% —Tm) = 5;7/{(}%” — Ry + 1y — )

Assuming the displacement z,, is small, we can expand the potential as:
= 1Zu(R -R )—FEZ(ZE — 2m)0U(R, — R )+12(x — 2)20%U(Rn — Ri)

n,m

The first term Ugq = %Zn o U(Ry — Ry,) is the interaction potential at equilibrium, which is not of interest here.
Consider the linear term:

% > (@0 — 2m)OURy — Ryy) = % > w0 Y [0U(R, — Ry) — OU(Ry — Rp)l = > 20y OU(R, — Riy)

The term ), OU(R, — Ry,) = F, is the total force exerted on the atom n by all the other atoms. When all the
atoms are at equilibrium, this force must be zero, since there can be no net force at equilibrium. We are then left
with only the second order term:

_ 292
U= 52(:% — T) 03U

n,m

If we assume that only neighboring ions interact, to second order, we retrieve an harmonic potential:

= —KZ $n+1

Then, the Hamiltonian can be written as:
P2 1
H = En —7‘ 5 En —CCn+1

while the equation of motion for each oscillator is:

oU
M«fcn — —% = —K[2£Cn — Tp—1 — anrl]
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9.4.2 Phonons as normal modes of the lattice vibration

The classical oscillator model is solved by guessing a solution in terms of waves (normal modes of the oscillation):

xk (t) o e—ikRne—iwkt
This solution is motivated by the translation symmetry of the lattice. We can check that the solution we guessed is
the correct one, by inserting it in the equation of motion
ou ; ;
_ e*lkd]

Mz, = ~ B — ka:vn = K22, — Tp—1— Tpt1] = —Kz,[2 — pikd
T,

Thus if we set w? = £-2[1 — cos(kd)] the equation is verified. The relationship:

sin ﬁ
2

with wg = /K /M, is called the dispersion relation, which describes the frequency (energy) of the wave as a function
of the wavelength.

This solution describes waves propagating in the chain with phase velocity ¢ = w/k and group velocity v, = ‘g—‘,: (the
speed of sound in the given material). At small k the two velocities are equal, but for large k (small spacing between
ions) we have vy — 0.

w(k) = 2wq

)

We can now turn to the corresponding quantum-mechanical model, by replacing the position and momentum coor-
dinates in the Hamiltonian by the corresponding operators:

H= —|— KZ $n+1

Inspired by the classical solution, we also look for solutions (i.e. eigenvectors that diagonalize the Hamiltonian)
in terms of waves. Then in this basis, x,, and p, will be expressed as linear combinations of waves with different
wavevectors, e.g.:

1 E ikR
Ty = —F— X 67' "
VN - F

We then rewrite the operator X (and Py) in terms of the creation and annihilation operators ag, aL:

T, = otk R +“k ﬂkRn)

1 1
VAT 2 v (e

M ) )
iy /N zk: /% (ake_”“R" _ aLe”“R")

Similar to the solution for the simple h.o. we want to verify that the operators ag, a}; diagonalize the Hamiltonian.
We thus first calculate the kinetic energy, T'= >

and

n2M

M WrWw ) ) ) )
721 - Z / k4 h {azafhefz(kJrh)Rn _ a'};;a/hefl(kfh)Rn + akahez(kJrh)Rn _ aka;rlez(kfh)Rn}
k,h

We then take the sum over n, remember that R,, = nd where n is an integer and d the distance between two ions,
and invert the order of the sums:

_ 1 Tt —i(k+h)R, T —i(k—h)R,,
T——m;h:\/wkwh [akah;e —akah;e + ...
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The sums ) e~ ik th)Rn — > e~ !k+th)nd are zero unless the exponent argument h + k is zero:
1
_ Tt T
T= “IN kgh Vwrwh {akah&c,,h —a,apbp,n + - }

We thus obtain: .
T = 1 ;wk {alaik — azak +ara_p — akal]

We then calculate the potential energy. First we calculate z,, — x,,41:

1kR —ikR,

— age

In —

n ikRpy1 T —ik Ry 41
—l—ak ape

= e 2 (s
T VNM A V2w

(akeikRn(l _ gihd) +aT —ikRn (1 _efikd))

1 1
~ VN NM Zk: Nen

Rn+d/2) | azefik(Rner/Q))

kd ik
sin ape
T VA — < > (
The potential energy is then:

K dsin® () 1 4v f
:_Kz ~ nt1) :_2NMZ S {_ }
k

A0 — Qpag — Qpa—j — Qg
(where we used the same identities for the sum of exponential and the fact that sin(k—zd) sin(%) O,—n = sin (%))
By summing the potential and kinetic energy and imposing as before:

sin kd
2
(with wg = %) we can simplify the Hamiltonian to:

Zwk (akak + akak) Zwk (akak + >

k

Wi = 2wy

The operators ay, aL do diagonalize the Hamiltonian. The number operator ny = azak describes the excitation
number of a normal mode of the ion vibration. Instead of talking of excitations, we can introduce quasi particles,

called phonons. The number of phonons then corresponds to the number of excitations. Thus the operators ag, az
can create or annihilate a phonon of mode k.

9.4.3 Thermal energy density and Specific Heat

We want to first calculate the thermal energy density u = E/V and then the specific heat, ¢y = g—; for a crystal at
thermal equilibrium.
The thermal energy is given by the lattice vibration. Thus we want to calculate:

() = Tr {pH}
with the Hamiltonian given above. The system in thermal equilibrium is described by the usual distribution:

—BH
Z

e

p:
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Notice than that (E) = — B%Z . We thus need to calculate the partition function. Computing the trace in the number

state basis, we have:
1

Z = TY{GXP l ﬂzwk (akak + ) } Tr{HeXp { Bwi <aLak + 5)]}

e—Bwk/2

= 1;[6_Bwk/2 ;(G_Bwk)n = ];[ 1 — eBuwr

Taking the derivative of the logarithm, we find:

- 1 _1 wkﬁ
u_—vaﬁ(an)_VZ . th( ; )

k

This can also be written in terms of the average phonon number for the mode k,

(ng) =n(k) =Tr {alakp} = [efor — 1)L

1 1
= Vzk:wk[n(k) + =

The specific heat is then:
w?

= 8TZ

Note that at high temperature (small 3) this is approximated by cy =~ Zk By — =N3¢ ky which is the classical Dulong-
Petit law, stating that the specific heat is independent of the temperature and glven by the density n = N/V and
the system’s dimension D, cy = Dnky,.

AV, T? smh2 (s22r)
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10. The electromagnetic field

10.1 Classical theory of the e.m. field
10.2 Quantization of the e.m. field
10.2.1 Zero-Point Energy and the Casimir Force
10.3 Quantization of the e.m. field in the Coulomb gauge
10.4 States of the e.m. field
10.4.1 Photon number eigenstates
10.4.2 Coherent states
10.4.3 Measurement Statistics
10.5 Atomic interactions with the quantized field

We will now provide a quanto-mechanical description of the electro-magnetic field. Our main interest will be in
analyzing phenomena linked to atomic physics and quantum optics, in which atoms interacts with radiation. Some
processes can be analyzed with a classical description: for example we studied the precessing and the manipulation
of a spin by classical static and rf magnetic fields. Absorption and emission of light by an atom can also be described
as the interaction with a classical field. Some other phenomena, such as spontaneous emission, can only arise from a
QM description of both the atom and the field. There are various examples in which the importance of a quantum
treatment of electromagnetism becomes evident:

— Casimir force

— Spontaneous emission, Lamb Shift

— Laser linewidth, photon statistics

— Squeezed photon states, states with subpoissonian distribution,
— Quantum beats, two photon interference, etc.

10.1 Classical theory of the e.m. field

Before introducing the quantization of the field, we want to review some basic (and relevant) concepts about e.m.
fields.

Maxwell equations for the electric and magnetic fields, E and B, are:

Gauss’s law V-E= %

Gauss’s law for magnetism V-B=0
Maxwell-Faraday equation (Faraday’s law of induction) VxE=-1 %—]?
Ampere’s circuital law (with Maxwell’s correction) V xB = pupJ + uoso%—f‘

We will be interested to their solution in empty space (and setting ¢ = 1/,/m0€0):

Gauss’s law V-E=0
Gauss’s law for magnetism V-B=0
Maxwell-Faraday equation V xE= —la_]?
Ampere’s circuital law V xB= %5_]?
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Combining Maxwell equation in vacuum, we find the wave equations:

? Question: Show how this equation is derived
We need to take the curl of Maxwell-Faraday equation and the time derivative of Ampere’s law and use the vector identity
V x (V x ¥) = V(V - ¥) — V>¢ and Gauss law. d

A general solution for these equations can be written simply as F = E(wt — k- Z). By fixing the boundary conditions,
we can find a solution in terms of an expansion in normal modes, where the time dependence and spatial dependence
are separated. The solution of the wave equation can thus be facilitated by representing the electric field as a sum of

normal mode functions:
E(@t) =Y fm(t)im (7).

The normal modes u,, are the equivalent of eigenfunctions for the wave equation, so they do not evolve in time
(i.e. they are function of position only). The w,, are orthonormal functions, called normal modes. The boundary
conditions define the normal modes u,, for the field, satisfying:

Vzumz—k;um, Vo tlyy =0, B XuUp,=0

(where n is a unit vector normal to a surface). This last condition is imposed because the tangential component of
the electric field E must vanish on a conducting surface. We can also choose the modes to satisfy the orthonomality
condition (hence normal modes):

/ﬁm(x)ﬁn(x)dgx = On.m
Substituting the expression for the electric field in the wave equation, we find an equation for the coefficient f,,(t):

d%f

72 + A2k2, fn(t) = 0.

Since the mode functions are linearly independent, the coefficients of each mode must separately add up to zero in
order to satisfy the wave equation, and we find :

d?fon
dt?

+ k2, fn(t) = 0.

As it can be seen from this equation, the dynamics of the normal modes, as described by their time-dependent
coefficients, is the same as that of the h.o. with frequency w,, = ck,,. Hence the electric field is equivalent to an
infinite number of (independent) harmonic oscillators. In order to find a quantum-mechanical description of the e.m.
field we will need to turn this h.o. into quantum harmonic oscillators.

We want to express the magnetic field in terms of the same normal modes @, which are our basis. We assume for B
the expansion:

B(z,t) = Z han () [V X up(2)],

From Maxwell-Faraday law:
1
VXE=Y> falt)V xu, = —=0B

d

we see that we need to impose h,, such that dht" = —cf, so that we obtain

1dh, 1
Z—E T V x Up = —EatB

94



which indeed corresponds to the desired expression for the magnetic field. We now want to find as well an equation
for the coefficient h,, alone. From the expressions of the £ and B-field in terms of normal modes, using Ampere’s
law,

10F L dfn
VxB=-— E hn()V x (V X uy,) = — n
X — X (V X uy) p u

c Ot dt
d fn
- hn 2 n — — 5, Un
— ; V=u A 71 U
(where we used the fact that V- u = 0) we find
df, (t
fd—lg) = ck2h,(t).
since we have V2u,, = —k%un. Finally we have:
2
e ha(t) + 2 (1) = 0

The Hamiltonian of the system represent the total energy2?: H = %ﬁ J(E? + B})d3x
We can show that H =Y, &= (f2 + k2h2):

H = 817T/(E2+Bz =—Z(fnfm/ W(2)u m(;v)d3:v+hnhm/(vXun)-(qum)d3x>

Z 24 k2h2)
dfn (1)

where we used [(V X uy,) - (V X up)d*z = k20, m. We can then use the equation #2= = ck2hy(t) to eliminate
h,.Then f,, can be associated with an equivalent position operator and h,, (being a derivative of the position) with
the momentum operator.

Notice that the Hamiltonian for a set of harmonic oscillators, each having unit mass, is

1
Hh.o. = Z 5(]9721 +wihdy)

n

dQn

with gn, pn = the position and momentum of each oscillator.

10.2 Quantization of the e.m. field

Given the Hamiltonian we found above, we can associate the energy %(p% +w?¢?) to each mode. We thus make the
identification of f, with an equivalent position:

In
2wn/T

and then proceed to quantize this effective position, associating an operator to the position @Q,:

Qn:

Qn = i(ail + an)

2wy,

We can also associate an operator to the normal mode coefficients f;,:

=/ 271wph(al + ay)

33 The factor 47 is present because I am using cgs units, in SI units the energy density is €70(E2 + 0232).
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Notice that f,(t) is a function of time, so also the operators a,(t) are (Heisenberg picture). The electric field is the
sum over this normal modes (notice that now the position is just a parameter, no longer an operator):

Z V2hmw,[al () + an,(t)|u, ()

Of course now the electric field is an operator field, that is, it is a QM operator that is defined at each space-time
point (x,t).

Notice that an equivalent formulation of the electric field in a finite volume V is given by defining in a slightly
different way the w, (z) normal modes and writing:

E(z,1) Z\/m t) + an(t)]u, ().

We already have calculated the evolution of the operator a and af. Each of the operator an evolves in the same way:
an(t) = an(0)e~™nt. This derives from the Heisenberg equation of motion “e = L[} a,(t)] = —iw,an(t).
The magnetic field can also be expressed in terms of the operators a,,:

chn\/ﬁ —an|V x uy,(z)

The strategy has been to use the known forms of the operators for a harmonic oscillator to deduce appropriate
operators for the e.m. field. Notice that we could have used the equation dhst(t) = —cfn(t) to eliminate f,, and write
everything in terms of h,,. This would have corresponded to identifying h,, with position and f,, with momentum.
Since the Hamiltonian is totally symmetric in terms of momentum and position, the results are unchanged and we
can choose either formulations. In the case we chose, comparing the way in which the raising and lowering operators
enter in the F and B expressions with the way they enter the expressions for position and momentum, we may
say that, roughly speaking, the electric field is analogous to the position and the magnetic field is analogous to the
momentum of an oscillator.

10.2.1 Zero-Point Energy and the Casimir Force

The Hamiltonian operator for the e.m. field has the form of a harmonic oscillator for each mode of the field3%. As
we saw in a previous lecture, the lowest energy of a h.o. is %hw Since there are infinitely many modes of arbitrarily
high frequency in any finite volume, it follows that there should be an infinite zero-point energy in any volume of
space. Needless to say, this conclusion is unsatisfactory. In order to gain some appreciation for the magnitude of
the zero-point energy, we can calculate the zero-point energy in a rectangular cavity due to those field modes whose
frequency is less than some cutoff w.. The mode functions wu,(x), solutions of the mode equation for a cavity of
dimensions L, x L, x L., have the vector components

Un,o = Ag €08(kn z72) sin(ky y7y) sin(ky, 272)

for {a, 8,7} = {z,y, 2} and permutations thereof. The mode u, o(z) are labeled by the wave-vector k,, with compo-
nents:

NaT
kno=—, na €N
Lo
and the frequency of the mode is w, = /K2 ., + k2  + k2 .. At least two of the integers must be nonzero, otherwise

the mode function would vanish identically.
The amplitudes of the three components A, are related by the divergence condition V - i@, (2) = 0, which requires

that Ak = 0, from which it is clear that there are two linearly independent polarizations (directions of A) for each

34 See: Leslie E. Ballentine, “Quantum Mechanics A Modern Development”, World Scientific Publishing (1998). We follow
his presentation in this section.

96



k, and hence there are two independent modes for each set of positive integers (ng,ny,n). If one of the integers is
zero, two of the components of u(x) will vanish, so there is only one mode in this exceptional case.
In this case the electric field can be written as:

hwy, o o
Bz, t)= Y (Ea+E)= > é‘)‘z’/zeov[“w( wr=wt) g il T-wt)]

a=1,2 a=1,2 n

Here V' = L,L,L. is the volume of the cavity. Notice that the electric field associated with a single photon of

frequency wy, is
27 hw
En =1/ n
\%4

This energy is a figure of merit for any phenomena relying on atomic interactions with a vacuum field, for example,
cavity quantum electrodynamics. In fact, &£, may be estimated by equating the quantum mechanical energy of a
photon 7w, with its classical energy 1 [dV(E? + B?).

Going back to the calculation of the energy density, if the dimensions of the cavity are large, the allowed values of k
approximate a continuum, and the density of modes in the positive octant of k space is p(k) = 2V/73 (the factor 2
comes from the two possible polarizations). The zero-point energy density for all modes of frequency less that w, is
then given by

2 1 21 1
Ey=—= Zhwp &~ — = | dPkp(k)=hw(k
o= gt~ 7 g [ PR e

where we sum over all positive k (in the first sum) and multiply by the number of possible polarizations (2). The
sum is then approximated by an integral over the positive octant (hence the 1/8 factor). Using w(k) = ke (and

d®k = 4rwk?dk), we obtain
22V 4r [k 1 ho[he hek?
Eo = ———”/ dk=hk3e = 22 [ qrk? = B
V8 Jimo 2 212 Ji—o 82

where we set the cutoff wave-vector k. = w./c. The factor k? indicates that this energy density is dominated by
the high-frequency, short-wavelength modes. Taking a minimum wavelength of A\, = 27/k = 0.4 x 10~%m, so as to
include the visible light spectrum, yields a zero-point energy density of 23 J/m?. This may be compared with energy
density produced by a 100 W light bulb at a distance of 1 m, which is 2.7 x 10~% J/m?. Of course it is impossible
to extract any of the zero-point energy, since it is the minimum possible energy of the field, and so our inability
to perceive that large energy density is not incompatible with its existence. Indeed, since most experiments detect
only energy differences, and not absolute energies, it is often suggested that the troublesome zero-point energy of
the field should simply be omitted. One might even think that this energy is only a constant background to every
experimental situation, and that, as such, it has no observable consequences. On the contrary, the vacuum energy
has direct measurable consequences, among which the Casimir effect is the most prominent one.

In 1948 H. B. G. Casimir showed that two electrically neutral, perfectly conducting plates, placed parallel in vacuum,
modify the vacuum energy density with respect to the unperturbed vacuum. The energy density varies with the
separation between the mirrors and thus constitutes a force between them, which scales with the inverse of the
forth power of the mirrors separation. The Casimir force is a small but well measurable quantity. It is a remarkable
macroscopic manifestation of a quantum effect and it gives the main contribution to the forces between macroscopic
bodies for distances beyond 100nm.

We consider a large cavity of dimensions V' = L3 bounded by conducting walls

(see figure). A conducting plate is inserted at a distance R from one of the yz

faces (R < L). The new boundary condition at x = R alters the energy (or L

frequency) of each field mode. Following Casimir, we shall calculate the energy
shift as a function of R. Let Wyx denote the electromagnetic energy within a
cavity whose length in the = direction is X. The change in the energy due to the

insertion of the plate at x = R will be WL WR WL R
AW = (WR + WL—R) - Wy

Each of these three terms is infinite, but the difference will turn out to be finite. -
Each mode has a zero-point energy of %hkc. But while we can take the continuous R

Fig. 14: Geometry of Casimir Effect
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approximation in calculating Wy, and Wp,_ g, for Wi we have to keep the discrete
sum in the z direction (if R is small enough). With some calculations (see Ballentine) we find that the change in
energy is

n L?

AW = —hc——=

“T20 R®

When varying the position R, an attractive force (minus sign) is created between the conducting plates, equal to
0AW w2 L?
F = — = —h¢c—— —
OR 240 R*
w2 he

The force per unit area (pressure) is then P = — 3 #%. This is the so-called Casimir force. This force is very difficult
to measure. The surfaces must be flat and clean, and free from any electrostatic charge. However, there has been
measurements of the Casimir effect, since the experiment by by Sparnaay (1958).

The availability of experimental set-ups that allow accurate measurements of surface forces between macroscopic
objects at submicron separations has recently stimulated a renewed interest in the Casimir effect and in its possible
applications to micro- and nanotechnology. The Casimir force is highly versatile and changing materials and shape
of the boundaries modifies its strength and even its sign. Modifying strength and even sign of the Casimir force has
great potential in providing a means for indirect force transmission in nanoscale machines, which is at present not
achievable without damaging the components. A contactless method would represent a breakthrough in the future
development of nanomachines. More generally, a deeper knowledge of the Casimir force and Casimir torque could
provide new insights and design alternatives in the fabrications of micro- and nanoelectromechanical-systems (MEMS
and NEMS). Another strong motivation comes from the need to make advantage of the unique properties of Carbon
Nanotubes in nanotechnology.

Measuring the Casimir force is also important from a fundamental standpoint as it probes the most fundamental
physical system, that is, the quantum vacuum. Furthermore, it is a powerful experimental method for providing
constraints on the parameters of a Yukawa-type modification to the gravitational interaction or on forces predicted
by supergravity and string theory.
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10.3 Quantization of the e.m. field in the Coulomb gauge

The quantization procedure and resulting interactions detailed above may appear quite general, but in fact we made
an important assumption at the very beginning which will limit their applicability: we considered only the situation
with no sources, so we implicitly treated only transverse fields where V - E=0. Longitudinal fields result from charge
distributions p and they do not satisfy a wave equation. By considering only transverse fields, however, we have
further avoided the issue of gauge. Since a transverse electric field Er satisfies the wave equation, we were able to
directly quantize it without intermediate recourse to the vector potential A and thus we never encountered a choice
of gauge. In fact, the procedure can be viewed as corresponding to an implicit choice of gauge ¢ =0, V - A =0 that
corresponds to a Lorentz gauge.

A more general approach may use the canonical Hamiltonian for a particle of mass m and charge ¢ in an electro-
magnetic field. In this approach, the particle momentum p is replaced by the canonical momentum p — gA/¢, so the
Hamiltonian contains terms like H ~ (p —qA/c)?/2m. In this case, it is still possible to write a wave equation for the
potentials. Then the potential are quantized and for an appropriate choice of gauge we find again the same results.
Specifically, for an appropriate choice of gauge, the p- A terms imply the dipole interaction E - d that we will use in
the following.

Within the Coulomb gauge, the vector potential obeys the wave equation

9?A

2v72 A
W_CVA_O

Taking furthermore periodic boundary conditions in a box of volume V = L? the quantized electromagnetic field in
the Heisenberg picture is:

Altoa) = 3 ST T v D e E g

a=1,2 k
The field can then be written in terms of the potential as F = —%—‘? and we find the similar result as before:
[ 27 hw ; P ; P
E(t7$) _ Z Z 7TV k [akaefz(wktfk-z) _ azaez(wktfkm)} éa(k)
a=1,2 k
and

B(t,z) = Z Z /27Téwk {akaefi(wktféf) _azaei(wktfﬁ-f)} (k % éa(k))

a=1,2 k

10.4 States of the e.m. field

Because of the analogies of the e.m. with a set of harmonic oscillators, we can apply the knowledge of the h.o. states
to describe the states of the e.m. field. Specifically, we will investigate number states and coherent states.

10.4.1 Photon number eigenstates

We can define number states for each mode of the e.m. field. The Hamiltonian for a single mode is given by H,, =

hwn (al,am + %) with eigenvectors |n,,). The state representing many modes is then given by

Ini,ng,...) =[n1) ®[n2) @--- = |n)

Therefore the m!” mode of this state is described as containing n,,, photons. These elementary excitations of the e.m.
field behave in many respects like particles, carrying energy and momentum. However, the analogy is incomplete,
and it is not possible to replace the e.m. field by a gas of photons.
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In a state with definite photon numbers, the electric and magnetic fields are indefinite and fluctuating. The probability
distributions for the electric and magnetic fields in such a state are analogous to the distributions for the position
and momentum of an oscillator in an energy eigenstate. Thus we have for the expectation value of the electric field

operator:
(B( = n|Z\/2hﬂ'wma )+ @ (t)Jum () |7) = 0

However, the second moment is non-zero:

(IB(z, 1)) = 2k Y Jopwm ([af(t) + ap(t)][ah, () + am(t)]) Gy(2) - i ()

p,m

_27Tﬁ2wm|um|2 al (t) + am(t) —27TﬁZwm|um 220, +1)

The sum over all modes is 1nﬁn1te. This divergence problem can often be circumvented (but not solved) by recognizing
that a particular experiment will effectively couple to the EM field only over some finite bandwidth, thus we can set
cut-offs on the number of modes considered.

Notice that we can as well calculate AB for the magnetic field, to find the same expression.

10.4.2 Coherent states

A coherent state of the e.m. field is obtained by specifying a coherent state for each of the mode oscillators of the
field. Thus the coherent state vector will have the form

|&) = Jarag...) = |ag) @ |az) @

It is parameterized by a denumberably infinite sequence of complex numbers. We now want to calculate the evolution
of the electric field for a coherent state. In the Heisenberg picture it is:

= Z V2hmwp [al et 4 ap, et u,, (@)
m
then, taking the expectation value we find:

)) = Z V20w, [k et + ape”“mtu,, (z)

This is exactly the same form as a normal mode expansion of a classical solution of Maxwell’s equations, with the
parameter v, representing the amplitude of a classical field mode. In spite of this similarity, a coherent state of the
quantized EM field is not equivalent to a classical field, although it does give the closest possible quantum operator,
in terms of its expectation value. Even if the average field is equivalent to the classical field, there are still the
characteristic quantum fluctuations. A coherent state provides a good description of the e.m. field produced by a
laser. Most ordinary light sources emit states of the e.m. field that are very close to a coherent state (lasers), or to a
statistical mixture of coherent states (classical sources).

A. Fluctuations

We calculate the fluctuations for a single mode AE,,. From (|Ep|*) = (0| Em - En o) we obtain AEZ =
27 hw, |t (2)]2. Indeed, from {((an, + af,)?) we obtain:

(aml| (al,)? + a2, + af,am + amal, |am) 2mhwlum (2))? = [L+ ((af,)? + a2, + 2a,0m )] 2mhw|wm, (z)]?
while we have (a,, + af,) = (am + o, )V2mhwu,, (), so that we obtain

<(am + ajn)2> - <am + ain>2 = 27y | (22) |2

This is independent of «,,, and is equal to the mean square fluctuation in the ground state. The Heisenberg inequality
is therefore saturated when the field is in a coherent state,
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B. Photon statistics

The photon number distribution for each mode in a coherent state is obtained as for the h.o. The probability of
finding a total of n photons in the field mode is governed by the Poisson distribution.
The probability of finding n photons in the mode m is Py (n.,) = |(nm,|a)[?. Using the expansion of the coherent

state in terms of the number states that we found for the h.o., we obtain P, (n,,) = %e leml”  This is a Poisson
distribution, with parameter |, |?. Thus we have (n,,) = |a,,|?, so that we can rewrite the pdf as P(n) = %e*m).
From the known properties of the Poisson distribution, we also find An? = (n?) — (n)* = (n).

In particular we have the well-know shot-noise scaling % =1/4/(n) (i.e. the fluctuations go to zero when there are

many photons.)

10.4.3 Measurement Statistics

We saw in the previous section the photon number distribution for a coherent state. This corresponds to the exper-
imental situation in which we want to measure the number of photons in a field (such as laser light) which is well
approximated by a classical field and thus can be represented by a coherent state.

This is not the only type of measurement of the e.m. field that we might want to do. Two other common measurement
modalities are homodyne and heterodyne detectionZ2.

Homodyne detection corresponds to the measurement of one quadrature amplitude. In practice, one mixes the e.m.
field with a local oscillator at with a fixed frequency w (same as the field frequency) before collecting the signal with

ez

local oscillator
“ I% (”1 r

I’f"‘l (rz'l IW] (al r

Al s,

© Yoshihisa Yamamoto. All rights reserved. This content is excluded from our Creative
Commons license. For more information, see http://ocw.mit.edu/fairuse.

Fig. 15: Homodyne detection scheme and measurement statistics of the first three photon number eigenstates.

a photon counting detector.

Thus the measurement corresponds to the observable Op, = |aq) (1| (or Opo = |2} (2], epending on the phase of
the local oscillator), where |aq 2) are the eigenstates of the quadrature operators aq = %(a +a') and ay = (aT —a).
The measurement statistics for a number state |m) is thus:

_ 2 _ (ah)" a?/2 _ _ :1
Pran) = [aalm)f? = (o] S [n) = [ 2 B2 (00 /2)e /2, (Ono) = (m| Opelm) =0, (A0m) =

h

where H,, is the n‘" Hermite polynomial and (AO) = 1/(02) — (O)*. We note that these results correspond to what
we had found for the x operator in the case of the quantum harmonic oscillator.

Heterodyne detection corresponds to the simultaneous measurement of the two quadratures of a field. Operationally,
one mixes the e.m. field with a local oscillator of frequency w, modulated at the Intermediate Frequency wyr; the

35 We follow here the presentation in Prof. Yamamoto’s Lectures
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Fig. 16: Heterodyne detection scheme and measurement statistics of the first three photon number eigenstates.

signal, after collection, is demodulated by mixing it with sin(w;r) and cos(wrpt). Thus the measurement corresponds
to the observable Op. = |a) («|. The measurement statistics for a number state |m) is thus:

ef|a\2|a|2n

Py (a) = [{alm)|* = . (One) = (m| One Im) = laf*,  (AOhe) = |of?

n!

(note that of course this is equivalent to the case were we measured a number state for a coherent state). The
measurement statistics for a coherent state |3), would be

Ps(a) = [(a]B)|? = e~ 16l

o) 1) |2
Po(n) py(n) p,(n)
3 ”

| o

Y 2:3 0 1 23 O il 2
© Yoshihisa Yamamoto. All rights reserved. This content is excluded from our Creative
Commons license. For more information, see http://ocw.mit.edu/fairuse.

Fig. 17: Photon counting detection scheme and measurement statistics of the first three photon number eigenstates.

For comparison, photon counting is of course the measurement of the observable O,, = |n) (n|, with statistics for a
number state |m)

Prp(n) = |<n|m>|2 = Opm,ns (On) = (m| On |m) = 6mn, (AO,) =0

10.5 Atomic interactions with the quantized field

Let us consider the interaction of isolated neutral atoms with optical fields. Such atoms alone have no net charge and
no permanent electric dipole moment. In an electric field E associated, e.g., with an electromagnetic wave, the atoms
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do develop an electric dipole moment d which can then interact with the electric field with an interaction energy V
given by
V=dFE

We have already treated a similar case in a semiclassical way, although we were interested in the interaction with
a magnetic field. The semi-classical treatment of this interaction, is quite similar: we treat the atom quantum

mechanically and therefore consider d as an operator, but treat the electromagnetic field classically and so consider
FE as a vector. We can write the dipole moment operator as

d'= e =3 |K) (k] d|h) (8
k,h

where {|k)} forms a complete basis. Transitions are only possible between states with different h and k:
dng = (h|d|k) #£0 iif k#h
and we will consider for simplicity a two-level atom:
d'=0)(1ldor + [1)(0ld1o

Let’s first consider a single mode classical electromagnetic field, given by £ = Eemwt 4 Exeit The full semi-classical
(sc) Hamiltonian is then:

Hac = gho([1)(1] — [0)(0]) — (10) (1ldor + [1) 0ldho) - (B + E%e™)

If we assume {dyo, £} € R, we can rewrite this as
1 L
Hee = 57%.)002 — 20,dyg - € cos(wt)

Notice the correspondence with the spin Hamiltonian H i, = 20, + B cos(wt)o, describing the interaction of a spin
with a time-varying, classical magnetic field.
We can now go into the interaction frame defined by the Hamiltonian Hy = %woaz. Then we have:

7:[56 _ _(|O><1|J61eiwgt + |1><0|651087iw0t) . ((c/_"efiwt + (c:"*eiwt)
On resonance (wp = w) we retain only time-independent contributions to the Hamiltonian (RWA), then
Hae m —([1)(0|d € + 0)(1[d"E™)

Assuming for example that d & is real, we obtain an Hamiltonian —d £o,, in perfect analogy with the TLS already
studied. (A more general choice of d £ just gives an Hamiltonian at some angle in the xy plane).

Now let us consider a full quantum-mechanical treatment of this problem. The interaction between an atom and a

quantized field appears much the same as the semiclassical interaction. Starting with the dipole Hamiltonian for a
two-level atom, we replace E by the corresponding operator, obtaining the interaction Hamiltonian

= —d-E=-Y"(E+ &) - (dn)0] + &loya))

2mhwm — iR T - .
= = 3> T lahe T e T (da1)(0] + di0) (1)

(where « is the polarization and m the mode). As in the semiclassical analysis, the Hamiltonian contains four terms,
which now have a clearer physical picture:
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al |0)(1] Atom decays from |1) — |0) and emits a photon (in the m!* mode).
am|1){0] Atom is excited from |[0) — |1) and absorbs a photon (from the m‘* mode).
al |1)(0] Atom is excited from |0) — |1) and emits a photon (in the m‘" mode).
am|0)(1] Atom decays from |1) — |0) and absorbs a photon (from the m!" mode).

For photons near resonance with the atomic transition, the first two processes conserve energy; the second two
processes do not conserve energy, and intuition suggests that they may be neglected. In fact, there is a direct
correspondence between the RWA and energy conservation: the second two processes are precisely those fast-rotating
terms we disregarded previously.
Consider the total Hamiltonian :

h 1
H:HO+V=5WOUZ+;hwm (ainam+§>+v

If we go to the interaction frame defined by the Hamiltonian Hy, each mode acquires a time dependence etwnt while
the atom acquires a time dependence e®ot:

Z(gma;rnefil;mi‘eiwmt + gzlamei];mfefiwmt) . (e+iwotda|1><0| + dzefiwoat|0><1|)

where &, = \/m%. Thus the time-dependent factors acquired are
af, [0)(1] = af, |0) (1]t (womem)t | 1){0] = @ |1) (0] (womem)t
af, [1)(0] = af, 1) (0[e*wotom)t an|0) (L] = @ |0) (L]e™ (woteom)t
For frequencies w,, near resonance w,, =~ wg, we only retains the first two terms.

Then, defining the single-photon Rabi frequency, gm.a = —%q/m%e“;m'?, the Hamiltonian in the interaction
picture and in the RWA approximation is

H= h(gmaam|l) (0] + g5 aal,10)(1])

From now on we assume an e.m. with a single mode (or we assume that only one mode is on resonance). We can
write a general state as [¢)) = > an(t)|1n) + Bn(t) |On), where [n) = |n,,) is a state of the given mode m we retain
and here I will call the Rabi frequency for the mode of interest g. The evolution is given by:

ithn [1n) + B, [0n) = th [ana,aT [1n) + Bnoia|On)]

=hY glenVn+1(0,n+1)+ Buv/n|ln—1)]
We then project these equations on (1n| and (On|:
il = hgBur (VT 1

ihBn = hgan 1 (t)Vn
to obtain a set of equations:
{ an = —igv/n + 1Bn41
Br+1 = —ig\/n——i—lan
This is a closed system of differential equations and we can solve for «,,, f,41.

We consider a more general case, where the field-atom are not exactly on resonance. We define A = %(wo —w), where
w = wy, for the mode considered. Then the Hamiltonian is:

H =N (g9a|1)(0] + g"a'|0)(1]) + RA (|1){1] — [0){0])
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We can assume that initially the atom is in the the excited state |1) (that is, 3,(0) = 0, ¥n). Then we have:

; 2t iA 2t
_ 1At/2 n _ 3 n
an(t) = a,(0)e [COS ( 5 ) 0 sin ( 5 )]

2igvn +1 sin @
2 2

with 22 = A? +4g¢%(n + 1). If initially there is no field (i.e. the e.m. field is in the vacuum state) and the atom is in
the excited state, then ap(0) = 1, while a,,(0) = 0 Vn # 0. Then there are only two components that are different

than zero:
X 20t 1A 2t
1) = At/2 ovy 2 s [ 20
aop(t) =e cos | = i sin (=5

Bo(t) = —eTiAL/2 S sin <@>
VA2 + 492 2

(1) =~ 0)e 22 |

n

or on resonance (A = 0)

(1,n = 0[y(t)) = ao(t) = cos (%)

. t
(0,n = 0[1b(t)) = Bo(t) = —isin (%)
Thus, even in the absence of field, it is possible to make the transition from the ground to the excited state! In the

semiclassical case (where the field is treated as classical) we would have no transition at all. These are called Rabi
vacuum oscillations.

105



106



11. Perturbation Theory

11.1 Time-independent perturbation theory
11.1.1 Non-degenerate case
11.1.2 Degenerate case
11.1.3 The Stark effect

11.2 Time-dependent perturbation theory
11.2.1 Review of interaction picture
11.2.2 Dyson series
11.2.3 Fermi’s Golden Rule

11.1 Time-independent perturbation theory

Because of the complexity of many physical problems, very few can be solved exactly (unless they involve only
small Hilbert spaces). In particular, to analyze the interaction of radiation with matter we will need to develop
approximation methods38.

11.1.1 Non-degenerate case

We have an Hamiltonian
H="Ho+ eV

where we know the eigenvalue of the unperturbed Hamiltonian #Hy and we want to solve for the perturbed case
H = Ho + €V, in terms of an expansion in € (with e varying between 0 and 1). The solution for € — 1 is the desired
solution.

We assume that we know exactly the energy eigenkets and eigenvalues of H:

Ho k) = B [k)

As My is hermitian, its eigenkets form a complete basis ), |k) (k| = 1. We assume at first that the energy spectrum

is not degenerate (that is, all the E,(CO) are different, in the next section we will study the degenerate case). The
eigensystem for the total hamiltonian is then

(Ho +€V) [r). = Ex(e) lor).

where € = 1 is the case we are interested in, but we will solve for a general € as a perturbation in this parameter:

o)+

36 A very good treatment of perturbation theory is in Sakurai’s book —J.J. Sakurai “Modern Quantum Mechanics”, Addison-
Wesley (1994), which we follow here.

lor) = ‘cp,(co)> +e 901(3)> +..., E= E,(CO) + eE,(Cl) + ezE,(f) +...
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where of course ‘@;ﬂo)> = |k). When € is small, we can in fact approximate the total energy Ej by E,(C0 . The energy

shift due to the perturbation is then only A, = Ej, — E,(CO) and we can write:

(Ho+ V) o) = (B + A lew), = (B = Ho) low) = (v = Ax) [r)
Then, we project onto (k|:
(k| (B = Ho) liow) = ([ (eV — Ay) | r)
The LHS is zero since (k| Ho [ox) = (k| E\”|@), and from the RHS (k| (€V — Ag) [x) = 0 we obtain:

(k| V |ok)
(klek)

where we set (k|pr) =1 (a non-canonical normalization, although, as we will see, it is approximately valid).
Using the expansion above, we can replace Ay by €E} + ¢?EZ + ... and |pg) by its expansion:

A =€ Ay = (k| V [pr)

eBL+ B+ = (VR +e o)+ o)+

and equating terms of the same order in € we obtain:

Ep =V o)

This is a recipe to find the energy at all orders based only on the knowledge of the eigenstates of lower orders.
However, the question still remains: how do we find <p,(€"71)>?

We could think of solving the equation:
(B, —Ho) lx) = (€V — Ar) ) (+)

for o), by inverting the operator (E,(CO) — Hp) and again doing an expansion of |pg) to equate terms of the same
order:

Ky +e o) oo = (B = Ho) eV = A (K) +e ¢ )+

Unfortunately this promising approach is not correct, since the operator (E,(CO) — Ho) ! is not always well defined.

Specifically, there is a singularity for (E,(CO) —Ho) ! |k). What we need is to make sure that (E,(CO) — Hp) ! is never
applied to eigenstates of the unperturbed Hamiltonian, that is, we need |¢y) = (eV — Ay) |pk) # |k) for any |ox).
We thus define the projector Py = 1 — |k) (k| = >_,, 4 |h) (h|. Then we can ensure that V |¢) the projected state

|t))" = Pg 1) is such that (k[¢)') = 0 since this is equal to
(k| Pyli) = (k|¢) — (k[k)(k|¢) = 0

Now, using the projector, (E,(CO) — Ho) "L Pi|t) is well defined. We then take the equation () and multiply it by P
from the left: 0
P(BY = Ho) [or) = Pu(eV — Ar) [ i) -

Since Py, commutes with Ho (as |k) is an eigenstate of Hg) we have Pk(E,(CO) —Ho) lpr) = (E,(CO) —Ho) Py |¢r) and we
can rewrite the equation as

Pior) = (B — Ho) "' Pu(eV — Ay) o)

We can further simplify this expression, noting that Py |¢r) = |pr) — |k){k|ler) = |¢k) — |k) (since we adopted the
normalization (k|pr) = 1). Finally we obtain:

o) = k) + (B — Ho) " PuleV — Ap) o) (+%)
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This equation is now ready to be solved by using the perturbation expansion. To simplify the expression, we define
the operator Ry

0 - |h) (R
B (B o) = 3
h+k k h
Now using the expansion
k) - elgi”) + o = B+ Rue(V = B — eB} — . )(Ik) + el +.)
we can solve term by term to obtain:
1 order:  [ipy) = Rp(V — B})|K) = Ri(V — (k| V [k)) [k) = R,V |k)

(where we used the expression for the first order energy and the fact that Ry |k) = 0 by definition).
We can now calculate the second order energy, since we know the first order eigenstate:

B2 = (V1) = W VRV k) = (v (30 ) v
htk 'k h
or explicitly
5 _ |Vin |
R,
Then the second order eigenstate is
24 order: ¢r) = RiVRLV [k)

A. Formal Solution

We can also find a more formal expression that can yield the solution to all orders. We rewrite Eq. (**) using Ry
and obtain

low) = [k) + Ri(eV — Ay) [or) = RiHi k)
where we defined H; = (V' — Ay). Then by iteration we can write:
lok) = |k) + ReHy ([K) + RiHy |r)) = |k) + Re Hy [k) + R Hy R Hy |ox)

and in general:
lor) = |k) + R Hy |k) + ReHi R Hy |k) + - -+ (Re H1)™ k) + ...

This is just a geometric series, with formal solution:

lok) = (1 — R Hy) ™ [k)

B. Normalization

In deriving the TIPT we introduced a non-canonical normalization (k|pr) = 1, which implies that the perturbed
state |pg) is not normalized. We can then define a properly normalized state as

_ er)
et = (orlpr)

so that (k|r) = 1/1/(pk|¢r). We can calculate perturbatively the normalization factor (pg|pk):
1 1 2/, 17,41 2 |th|2

Notice that the state is correctly normalized up to the second order in e.
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C. Anti-crossing

Consider two levels, h and k with energies E} and E}) and assume that we apply a perturbation V which connects
only these two states (that is, V' is such that (I| V' |j) = 0 and it is different than zero only for the transition from h
to k: (h|V |k) #0.)

If the perturbation is small, we can ask what are the perturbed state energies.

The first order is zero by the choice of V', then we can calculate the second order:

Vi ° [V |*
E(Q) — | J —
k J;; E) - EY  E)-Ep
and similarly
(2) _ 2 | 2 -
B _,ZE,?—]EQ T EY - EY =B
J#h J

This opposite energy shift will be more important (more noticeable) when the energies of the two levels EY and
Eg are close to each other. Indeed, in the absence of the perturbation, the two energy levels would “cross” when
EY = EY. If we add the perturbation, however, the two levels are repelled with opposite energy shifts. We describe
what is happening as an “anti-crossing” of the levels: even as the levels become connected by an interaction, the levels
never meet (never have the same energy) since each level gets shifted by the same amount in opposite directions.

D. Example: TLS energy splitting from perturbation

Consider the Hamiltonian H = wo, + ef20,. For € = 0 the eigenstates are |k) = {|0),[1)} and eigenvalues E? = +w.
We also know how to solve exactly this simple problem by diagonalizing the entire matrix:

El)g =+vw? + 6292,

[p1) = cos(9/2)]0) + sin(9/2)[1), [p2) = cos(9/2)[1) —sin(¥/2)]0) with & = arctan(ef2/w)
For € < 1 we can expand in series these results to find:
€222
E172%:|:(w—|— 2w +)

v ef? ) e
o) = 10) + 511 =10) + 5[ la) & [1) = 5]0) = [1) = =0

As an exercise, we can find as well the results of TIPT. First we find that the first order energy shift is zero, since
E} = (k| V |k) = (0|(£20,)|0) = 0 (and same for (1|(£20,)|1)). Then we can calculate the first order eigenstate:

Pk = 10) -+ (B9 — Ho) " PiV]0) = [0) + [w( — 0)] 1) (1]ef20410) = [0) + 5e2l1){1]04]0) = 10) + e 1)

2 2
2)? .
Vial - (e w) in agreement

similarly, we find @} = |1) — €52]0). Finally, the second order energy shift is £} = 2 = 'S
1 2

with the result from the series expansion.
We can also look at the level anti-crossing: If we vary the energy w around zero, the two energy levels cross each
other.
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Eigenvalues

Fig. 18: Level anticrossing: Eigenvalues of the Hamiltonian H = wo. + €f20, as a function of w. Dashed lines: {2 = 0. Red
lines: {2 # 0 showing the anticrossing.

11.1.2 Degenerate case

If there are degenerate (or quasi-degenerate) eigenvalues of the unperturbed Hamiltonian H, the expansion used
above is no longer valid. There are two problems:

1. If [K'), |K"), ... have the same eigenvalue, we can choose any combination of them as the unperturbed eigenket.
But then, if we were to find the perturbed eigenket |1), to which state would this go to when ¢ — 07

2. The term Ry = ﬁ can be singular for the degenerate eigenvalues.
r —Ho

Assume there is a d-fold degeneracy of the eigenvalue E,, with the unperturbed eigenkets {|k;)} forming a subspace
Hg. We can then define the projectors Qq = ;. <y, |Ki) (ki| and Py = 1 — Q4. These projectors also define subspaces

of the total Hilbert space H that we will call Hy (spanned by Qq) and H; (spanned by Py).
Notice that because of their nature of projectors, we have the following identities:

P} =Py, Qi = Qa, PiQi=QaPi=0 and  Py+Qq=1.
We then rewrite the eigenvalue equation as:
(Ho+€V)lor) = Exlor) = Ho(Qa + Fa) [or) + €V(Qa + Pa) lr) = Ex(Qa + Pa) lor)

= (Qa + Pa)Ho l¢r) + €V (Qa + Pa) lox) = Ex(Qa + Pa) |er)

where we used the fact that [Ho, Q4] = [Ho, Ps] = 0 since the projectors are diagonal in the Hamiltonian basis. We
then multiply from the left by Q4 and P, obtaining 2 equations:

L Pyx[(Qa+ Pi)Holpk) +€V(Qa+ Pa) lpr)] = Pa x (Ex(Qa + Pa) l¢k))

= HoPalor) +ePaV(Qa + Pa) |ox) = ErPalor)
2. Qax[(Qa+ Pa)Holek) +eV(Qa+ Pa) lor)] = Qa X (Ex(Qa + Pa) |¢x))

= HoQalpr) +€QaV(Qa + Pa) lor) = ExQaler)
and we simplify the notation by setting |¢r) = Py |or) and |xx) = Qa |ok)

Ho |Yr) + €PaV (Ixk) + V1) = Ex [tr)

Ho |xk) +€QaV (Ixk) + [¥r)) = Bk [xk)
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which gives a set of coupled equations in [¢;) and |xk):

1. PV |xk) = (Ex — Ho — €PyVPy) |th)

2. €QdV k) = (Ex — Ho — €QaV Qa) [Xk)
Now (Ey, — Ho — eP4V P;)~! is finally well defined in the P, subspace, so that we can solve for [¢;) from (1.):

[thr) = €Pa(Ey, — Ho — €PaV Pa) " PaV |xk)
and by inserting this in (2.) we find
(B —Ho — €QaVQa) Ixx) = €2QaV Pa(Ex — Ho — ePaVPa) " PaV |xi) -
If we keep only the first order in € in this equation we have:
[(Ek — Eq) — €QaVQa] [xx) =0

which is an equation defined on the subspace Hy only.
We now call Uy = QqV Qg the perturbation Hamiltonian in the Hy space and Ay = (Ex — Eq)14, to get:

(Ax — €Uq) [xk) =0

Often it is possible to just diagonalize Uy (if the degenerate subspace is small enough, for example for a simple double
degeneracy) and notice that of course Ay, is already diagonal. Otherwise one can apply perturbation theory to this

k( )> u; k§0)>

and Hg ’k§0)> =FEy ’k§0)>, Vi. Thus, this step sets what unperturbed eigenstates we should choose in the degenerate

subspace. Then we will have found some (exact or approximate) eigenstates of Uy, ‘kgo > s.t. Uy

subspace, hence solving the first issue of degenerate perturbation theory.

We now want to look at terms o €2 in

(Bx — Ho — €Ua) [xk) = €QaV Pa(Ey, — Ho — ePaVFa) " PaV [xx)
where we neglected terms higher than second order. Rearranging the terms, we have:
Ey [xk) = [Ho + eUa+ €QaVPa(Ex — Ho) 'PaV]|xk) —  (Ho+V)Ixk) = Ex [xa)

with
7:[0 =Ho+ €Uy V= eQdVPd(Ek — 'Ho)_lPdVQd

If there are no degeneracies left in Hy, we can solve this problem by TIPT and find ’X;cn)>.

)

For example, to first order, we have
ROV IR )

GG
’X(1)> ka7

J#i

and using the explicit form of the matrix element f/ij = <k§0)|f/|k§0)>,

<k§.0)‘ VIR (| V

NH . ( 2 —1 0)
Vij = <kj VPy(ES —Ho) ' PV ‘k > Z O _ g0
h¢Hq d h
we obtain:
0)
" VI (VD) 1y
‘Xk,i> Z (us — uy) 0) E(O) >

i
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Finally, we need to add |x) and |¢) to find the total vector:

k@’ Vh h v‘k@
‘¢§1)>: > IV k) |h>+e§:u k<0>>M
0 s J 0 0
h¢Ha Eg — Ei(z ) por (uz ’U,J) E((i ) _ El(z )

o) = 3 VIR e BV )

(0) W
hg¢Ha Ej - E), j#i (ui —uj)

Example: Degenerate TLS

Consider the Hamiltonian H = wo, + €f20,. We already solved this Hamiltonian, both directly and with TIPT.
Now consider the case w ~ 0 and a slightly modified Hamiltonian:

H = (wo + w)|0){(0] + (wo — w)|1) (1| + €20, = wol + wo, + Q0.

We could solve exactly the system for w = 0, simply finding Fy1 = wo £+ €2 and |p)o1 = |£) = %(|O> +11)). We

can also apply TIPT.

However the two eigenstates |0), |1) are (quasi-)degenerate thus we need to apply degenerate perturbation theory. In
particular, any basis arising from a rotation of these two basis states could be a priori a good basis, so we need first
to obtain the correct zeroth order eigenvectors. In this very simple case we have Hy = H (the total Hilbert space)
and Hz = 0, or in other words, Q4 = 1, Py = 0. We first need to define an equation in the degenerate subspace only:

(Ax — €Uq) [x) =0

where Uy = Q4V Qq. Here we have: Uy = V = (20,. Thus we obtain the correct zeroth order eigenvectors from
diagonalizing this Hamiltonian. Not surprisingly, they are:

L
V2

with eigenvalues: Ey 1 = wo £ €f2. We can now consider higher orders, from the equation:

o)) = 12 = —=(10) £ ).

(Ho + V) [xx) = Bk |[xx)

with Ho = woll + €20, and V = 0. Thus in this case, there are no higher orders and we solved the problem.

Example: Spin-1 system

We consider a spin-1 system (that is, a spin system with S=1 defined in a 3-dimensional Hilbert space). The matrix
representation for the angular momentum operators S, and S, in this Hilbert space are:

0
0
-1

1

Sy = —
V2

O O =
o OO

0 10
10 1], S =
010
The Hamiltonian of the system is H = Hy + €V with

Ho=AS? V=8,+8.
Given that

S2 =

z

OO =
oo O
_= o O
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The matrix representation of the total Hamiltonian is :

A:—e \% (5)
=1 = O =
0 75 A—E

Possible eigenstates of the unperturbed Hamiltonian are |+1) ,]0), |—1):

1 0 0
Hh =1 0], lO={ 1], [-h=1| 0|,
0 0 1

with energies +A, 0, + A respectively. However, any combination of [+1) and |—1) is a valid eigenstate, for example
we could have chosen:

1 1 1

[+)=— | 0 |, |-1)=— 0

VAW A

This is the case because the two eigenstates are degenerate. So how do we choose which are the correct eigenstates
to zeroth order2Z? We need to first consider the total Hamiltonian in the degenerate subspace.

The degenerate subspace is the subspace of the total Hilbert space H spanned by the basis |+1),|—1); we can call
this subspace Hg. We can obtain the Hamiltonian in this subspace by using the projector operator Q: Hg = QHQ,
with @ = |[+1)(+1| + [-1)(—1| = S2. Then:

Ho = Q(AS? +€(S, +5,))Q = AS? + ¢S,
(Notice this can be obtained by direct matrix multiplication or multiplying the operators). In matrix form:

A+e 0 0
'HQZ 0 0 0 —>7‘[Q—<

A+e 0 )
0 0 A—e¢

0 A—c¢

where in the last line I represented the matrix in the 2-dimensional subpsace Hg. We can now easily see that the
correct eigenvectors for the unperturbed Hamiltonian were the original |[4+1) and |—1) after all. From the Hamiltonian

in the Hg subspace we can also calculate the first order correction to the energy for the states in the degenerate
subspace. These are just E(jl) - Efl) = +¢€ and E(,ll) - E(,Ol) = —c

Now we want to calculate the first order correction to the eigenstates |[+1). This will have two contributions: |¢>$% =

Q|1/)>§:1i + P|1/)>(ili where P = 1 — @ = |0) (0] is the complementary projector to Q. We first calculate the first term
in the following way. We redefine an unperturbed Hamiltonian in the subspace Hg:

Ho=Hg = QHQ = AS? + €S,

and the perturbation in the same subspace is (following Sakurai):
- _ _ €
V = Vo = eQ(VP(A = Ho) " PV)Q = €Q ((S= + 5)[0) (0 (A10) (01) 71 [0) (O] (S- + ) @ = Q8- PS:Q

In matrix form:

€

€ 1 1 €

Now the perturbed eigenstates can be calculated as:

Qi =m+e Y LTl

1 1
netto—r B — B

_O
o OO
— O =

[2)

3T Here by correct eigenstates I means the eigenstates to which the eigenstates of the total Hamiltonian will tend to when
e—0
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In our case:

M) _4q (1| Vg |+1) 1) = 41 € (F1[(@+0s)|+1) 1) = [+1) 4+ - =1
Q) |+>+€E(+11)—E(}1)| ) =141 +eg5 5 =1 =0+ = I-1),
Wy &

In order to calculate Pz/Jill) we can just use the usual formula for non-degenerate perturbation theory, but summing
only over the states outside Hg. Here there’s only one of them |0), so

{0V 1)

=73

Finally, the eigenstates to first order are:

) . €
o) = )+ 15 0+ )
and
(1) - € €
Y1) =|-1) - 1A 1) + A 0)

RV |£1) |?
s LV P,

The energy shift to second order is calculated from Af) = Q)
h¢Ho A-E,

A _OVI+D e

+1 A 2A

and ) )
a@ _ [OVIEDE e

A 24
To calculate the perturbation expansion for |0) and its energy, we use non-degenerate perturbation theory, to find:

Al = o vjoy =0

1vio) 1|V|0> -1 >> __ e+
A V2

) =10} + ¢ (L5 oy o ST

2

and A((J2) =-5.

11.1.3 The Stark effect

We analyze the interaction of a hydrogen atom with a (classical) electric field, treated as a perturbation22. Depending
on the hydrogen’s state, we will need to use TIPT or degenerate TIPT, to ﬁnd either a quadratic or linear (in the
field) shift of the energy. The shift in energy is usually called Stark shift or Stark effect and it is the electric analogue
of the Zeeman effect, where the energy level is split into several components due to the presence of a magnetic field.
Measurements of the Stark effect under high field strengths confirmed the correctness of the quantum theory over
the Bohr model.
Suppose that a hydrogen atom is subject to a uniform external electric field, of magnitude |E|, directed along the
z-axis. The Hamiltonian of the system can be split into two parts. Namely, the unperturbed Hamiltonian,

»? o2
2me Amegr’

38 This section follows Prof. Fitzpatrick online lectures
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and the perturbing Hamiltonian
Hy =c¢|E| 2.

Note that the electron spin is irrelevant to this problem (since the spin operators all commute with H;), so we can
ignore the spin degrees of freedom of the system. Hence, the energy eigenstates of the unperturbed Hamiltonian are
characterized by three quantum numbers—the radial quantum number n, and the two angular quantum numbers [
and m. Let us denote these states as the [nlm), and let their corresponding energy eigenvalues be the FE,,,. We use
TIPT to calculate the energy shift to first and second order.

A. The quadratic Stark effect

We first want to study the problem using non-degenerate perturbation theory, thus assuming that the unperturbed
states are non-degenerate. According to TIPT, the change in energy of the eigenstate characterized by the quantum
numbers n, !, m in the presence of a small electric field is given by

3 [(n, 1, m|z|n/, 1", m")|?

AEim = ¢ [E[ (n,1,m|z|n,l,m) + ¢*|E|? Z T
nlm — Ln/l'm’

n’,Jl’ m’'=n,l,m

This energy-shift is known as the Stark effect. The sum on the right-hand side of the above equation seems very
complicated. However, it turns out that most of the terms in this sum are zero. This follows because the matrix
elements (n,l, m|z|n’,1";m’) are zero for virtually all choices of the two sets of quantum number n,l, m and n’,1I’,m’.
Let us try to find a set of rules which determine when these matrix elements are non-zero. These rules are usually
referred to as the selection rules for the problem in hand.

Now, since [L,, z] = 0, it follows that
(n,l,m|[L,, z]|n/,I",m"y = (n,l,m|L, z — 2z L.|n',I',m') = h(m —m/) (n,l,m|z|n',I';m') = 0.
Hence, one of the selection rules is that the matrix element (n, [, m|z|n',I’;m’) is zero unless
m' =m.

The selection rule for [ can be similarly calculated from properties of the total angular momentum L? and its
commutator with z. We obtain that the matrix element is zero unless

I'=14+1.

Application of these selection rules to the perturbation equation shows that the linear (first order) term is zero, while
the second order term yields
[(n, L, mlz|n, V', m)|?

Enlm - En’l’m

ABpim = €* B> )
n/ l'=l+1
Only those terms which vary quadratically with the field-strength have survived. Hence, this type of energy-shift of
an atomic state in the presence of a small electric field is known as the quadratic Stark effect.
Now, the electric polarizability of an atom is defined in terms of the energy-shift of the atomic state as follows:

1
AE = —§a|E|2.

Hence, we can write
2

=22 Y LLmlzb Vo)
nhm = En’l’m — Lnlm '
n’ l'=1+1

Although written for a general state, the equations above assume there is no degeneracy of the unperturbed eigen-
values. However, the unperturbed eigenstates of a hydrogen atom have energies which only depend on the radial
quantum number n, thus they have high (and increasing with n) order of degeneracy. We can then only apply the
above results to the n = 1 eigenstate (since for n > 1 there will be coupling to degenerate eigenstates with the same
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value of n but different values of [). Thus, according to non-degenerate perturbation theory, the polarizability of the

ground-state (i.e., n = 1) of a hydrogen atom is given by

1,0,0 1,0)[2
a:2e22|<7 ) |Z|n, ) >|

En - El
n>1

Here, we have made use of the fact that E,,10 = Fno0 = Ep.
The sum in the above expression can be evaluated approximately by noting that

62

Ey=——
871’60@011,2,

47 eq B>

T<03~ is the Bohr radius. Hence, we can write

where ag =

82

3
E,—F>FE,—F =- ,
b= ! 4 8megag

which implies that the polarizability is

16
a < o dmeag > 1(1,0,0/z[n, 1,0)|2.

n>1

However, thanks to the selection rules we have, > [(1,0,0]z|n,1,0)[* = (1,0,0[2|1,0,0) = % (1,0,0[r?[1,0,0),
where we have made use of the fact the the ground-state of hydrogen is spherically symmetric. Finally, from

(1,0,0]r%1,0,0) = 3ad we conclude that

16
a< 347%0(13 ~ 5.3 dmegag.

The exact result (which can be obtained by solving Schrdinger’s equation in parabolic coordinates) is

9
o= 547Teoa§’ =45 4T egal.

B. The linear Stark effect

We now examine the effect of an electric field on the excited energy levels n > 1 of a hydrogen atom. For instance,
consider the n = 2 states. There is a single [ = 0 state, usually referred to as 2s, and three [ = 1 states (with
m = —1,0,1), usually referred to as 2p. All of these states possess the same energy, Ey = —e?/(32megag). Because
of the degeneracy, the treatment above is no longer valid and in order to apply perturbation theory, we have to recur

to degenerate perturbation theory.

We first need to Ug = QqV Q4, where Qg is the projector obtained from the degenerate 2s and 2p states (that is, the

operator that project into the degenerate subspace). This operator is,

0 (2,0,0(2/2,1,0) 0 0

B (2,1,02]2,0,0) 0 0 0
Ua = c|E| 0 0 0 0 - (2,1,0/2/2,0,0)

0 0 00

)

0 (2,0,0]2|2,1,0) )
0

where the rows and columns correspond to the |2,0,0), |2,1,0), |2,1,1) and |2, 1, —1) states, respectively and in the
second step we reduce the operator to the degenerate subspace only. To simplify the matrix we used the selection
rules, which tell us that the matrix element of between two hydrogen atom states is zero unless the states possess the
same n quantum number, and [ quantum numbers which differ by unity. It is easily demonstrated, from the exact

forms of the 2s and 2p wave-functions, that

(2,0,0]2]2,1,0) = (2,1,0|2[2,0,0) = 3 ao.
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It can be seen, by inspection, that the eigenvalues of U, are u; = 3eag |E|, us = —3eag |E|, with corresponding

eigenvectors
(0) |27070>+|27170> 1 1
) - -5(3).
V2 V2
‘k(0)>_|270,0>—|271,0>_L( 1 )
? V2 V2 \ 1

In the absence of an electric field, all of these states possess the same energy, E5. The first-order energy shifts induced
by an electric field are given by

AE,
AFE,

+3eap|E|,
—3ea|E|,

Thus, the energies of states 1 and 2 are shifted upwards and downwards, respectively, by an amount 3 e ag |E| in the
presence of an electric field. States 1 and 2 are orthogonal linear combinations of the original 2s and 2p(m=0) states.
Note that the energy shifts are linear in the electric field-strength, so this is a much larger effect that the quadratic
effect described in the previous section.

The energies of states 2p(m=1) and 2p(m=-1) (which are outside the degenerate subspace) are not affected to first-
order (as we already saw above for the non-degenerate case). Of course, to second-order the energies of these states are
shifted by an amount which depends on the square of the electric field-strength, the quadratic shift found previously.
Note that the linear Stark effect depends crucially on the degeneracy of the 2s and 2p states. This degeneracy is a
special property of a pure Coulomb potential, and, therefore, only applies to a hydrogen atom. Thus, alkali metal
atoms do not exhibit the linear Stark effect.
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11.2 Time-dependent perturbation theory

11.2.1 Review of interaction picture

When first studying the time evolution of QM systems, one approach was to separate the Hamiltonian much in the
same way we did above for TIPT. We wrote (see Section 5.2):

H="Ho+ V(L)
where Hg is a ”solvable” Hamiltonian of which we already know the eigen-decomposition,
Holk) = E¢|k),

(so that it is easy to calculate e.g. Uy = e~""0!) and V/(¢) is a perturbation that drives an interesting (although
unknown) dynamics. Here we even allow for the possibility that V' is time-dependent. For any state 1)) = ", ¢x(0)|k)
the evolution can be written as [¢) = Y, ¢ (t)e~"Eit|k). This correspond to explicitly writing down the evolution due
to the known Hamiltonian (if H = Ho then we would have ¢ (t) = ¢, (0) and the evolution would be given by only the
phase factors). In other words, if we want to compare the state evolution with the initial eigenstates, by calculating
the overlap |(k|¢y(t))]?, we would be really interested only in the dynamics driven by V since |(k[v(t))|? = |ex(t)]?
(while EY do not play a role).

We define states in the interaction picture by

[0)r = Uo() 1)) = e™"]y)
Similarly we define the corresponding interaction picture operators as:
Ar(t) = Ul AUy — Vi(t) = UIVU,

We can now derive the differential equation governing the evolution of the state in the interaction picture, starting
from Schrédinger equation.

o) _ oWy _ . 0Ug +Ol)
o T o =i ot ) + U ot )
Inserting 0:Uy = iHoUy and i0¢|1p) = Hol)), we obtain
0
z% = UHole) = Uj(Ho + V)|¥) = USVI¥).
Inserting the identity 1 = UpUJ, we obtain = UIVU U |[)= Vi)
0
2 Vi)

This is a Schrodinger -like equation for the vector in the interaction picture, evolving under the action of the operator
Vi(t) only.

11.2.2 Dyson series

Besides expressing the Schrodinger equation in the interaction picture, we can also write the equation for the prop-
agator that describes the evolution of the state:

dUr

T —iViUr, (), = Ur(t) [+1(0))
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Since Vi (t) is time-dependent, we can only write formal solutions for U;. One expression is given by the Dyson series.
The differential equation is equivalent to the integral equation

Ur(t) =1 —i/ ViU (¢")dt’
0

By iterating, we can find a formal solution to this equation :

Ul(t)_ll—z'/ dt'Vi(t') + (—i) /dt’/ dt'vi(t"vi(t") + ...

t(n=1)

(—i) /dt’ / AtV V(™) +

This is the Dyson series.

11.2.3 Fermi’s Golden Rule

The problem that we try to solve via TDPT is to calculate the transition probability from an initial state to a final
state. Consider an initial state |¢) which is an eigenstate of Ho (Ho |i) = E;|é)). Then in the interaction picture we

have the evolution
i), = Uit ZCk k), with e (t) = (k| Ur(t) |4)

We can insert the perturbation expansion for U;(t) to obtain an expansion for cg(t):

ck(t):<k|11—i/0 ViU (t)dt" |i) = (k| [11 /dt Vi(t") + (—i) /dt/ dt'VitVit") + ... | |i)

In the expansion we will obtain terms such as (k| V7(t) |¢) that we can simplify since:
(kI Vi (1) [i) = (k| (USV ()Uo) [i) = (Uok| V/(t) |Uod) = (k| €V (£)e™ ™" [i) = (k| V" |i) €47 = Vi (t)e™:!

Where we defined w; = E;/h and wy; = wy, — w;. Using these relationships and the series expansion we obtain:
( ) = (k|1 ]i) = i
WDy =—i [y (RIVi (#) |i) dt” = —i I Vi (¢ )etomst’ at!
( — _f() dt/ fo dt”th(t/)V}”(t”) w)kht elwhlt

From this expansion we can calculate the transition probability as P(i — k) = |ex(¢)|>.

We first consider the case where the perturbation V' is time-independent and it is turned on at the time ¢ = 0. Then
we have .
Vi , Vii Wit
C;Cl)(t) _ _Zsz/ iwpit! dt/ _ VEi (1 _ ew)kit) _ —2iﬂ61wkit/2 sin < k1 >
0 Whi Whi 2
Then to first order perturbation, the transition probability is

4Viil* . it
P(i— k)= AVl k | sin? (%)

kz

We can plot this transition probability as a function of the energy separation wy; between the two states. We would
expect that if the separation in energy is smaller, it will be easier to make the transition. This is indeed the case,
since P has the shape of a sinc function square.

Notice that the peak height is proportional to t2, while the zeros appear at 2kw/t, that is, the peak width is
proportional to 1/¢ (the other peaks are quite small). This means that the probability is significantly different than
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2

Fig. 19: Transition probability

zero only for wy;t < 27. In terms of energy, we have that AtAE ~ I (where we defined At as the duration of the
interaction), or in other words, we can have a change of energy in the system only at short times, while at long times
we require quasi-conservation of energy. Consider the limit of the sinc function:

- sin(wt/2)

t—o00 w

Then, from f(x)d(x) = f(0) and sinc(0) = 1, we obtain

i <sin(wt/2)>2 _ sin(t/2) | sin(wt/2) _ sin(wt/2)ﬂ_5(w) _ <sin(wt/2)> %M(w) B ﬂ'_td(w)

w w t—o0 w B w wt/2 2

= mo(w)

t—o00

We have then found the transition probability at long time:

t—oo T

P(i— k)= 75(w)4|v,ﬂ-|2,

which confirms the fact that in the long-time limit we need to enforce energy conservation. A better defined quantity
is the rate of transition:
W (i — k) = 2m |Vii |26 (w).

Notice that for wg; = 0, from c,(cl)(t) = —iVi; fg erit’ dt' we obtain c,(gl)(t) = —iVj;t and thus the probability
lek ()| = |Vii|?t2. There is a quadratic dependence on time for a single final state.

Now we consider a continuum of final states, all with energy Ex, ~ FE;. Then the probability of a transition to this
continuum is given by the sum of the probability for each individual state: Py = >, |cx|* = [ dEgxp(Ey)|ck|?, where
we defined the density of states p(E}), such that p(Fj)dEj is the number of states with energy between Ej and
Ey + dEy. We can then rewrite the probability as

Py = 4/dEP(E) sin® ((E _QEi)t) (;figi)z’

Using the limit of the sinc function, we find

7t Vii 2
Py = 4/dEP(E)5(E - Ei)gﬁ

Since all the states are in a neighborhood of the energy, we expect |Vi;|? ~ |Vii|? over the range of energy of interest.

Thus by evaluating the integral (with the delta function) we obtain the transition probability:

Piy = 2|ViiPrtp(Ey) | poars
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Similarly, we can calculate the transition rate to a continuum of states. From the expression for a single state,
Wisk = 2 |Vii[*6(E) — E;), we integrate over all final energies, Wi, = [ Wi_kp(E)dE}, where f is the continuum
of states k such that E), ~ F;. Then we obtain the transition rate:

2
W= 7|Vki|2p(Ek)|Eszi

This is Fermi’s Golden Rule.

Virtual Transitions

If the matrix element of the interaction connecting two given state is zero, we have seen from the expression above
that no transition is possible, to first order.

However, consider c,(f)(t). This is given by

t t’ t
(2) _ / 1" _dwppt’ dwpit” - thVhi 1 dwpit iwpnt
o’ (t)=— thVh-/ dt / dt" e'rnt gttt — g dt’ (e"rt — e"rnt)
k ; 4 0 0 Z wkl \v_/ \\,_/

h 0 same as before ~0

If By # Ey, E;, the second term oscillates rapidly and goes to zero. Finally we have:

9 2
m
Wisk = f

o 0(Ey — E;)

Vieh Vi
Vki—l-z Wh Th
h

or for a continuum )

21

Wi%f = A

p(Ex)| B ~E

Vin Vi
sz‘-l—z—]zﬁ lh
h

ki

Notice that even if V;; = 0, we can still have a transition to k, via virtual transitions to intermediate states, which
are connected to the two relevant levels.
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12. Interaction of Radiation with Matter

12.1 Scattering Theory
12.1.1 Cross Section
12.1.2 Thermal Neutron Scattering
12.2 Emission and Absorption
12.2.1 Emission
12.2.2 Absorption
12.2.3 Blackbody Radiation
12.3 Wigner-Weisskopf Theory
12.3.1 Interaction of an atom with a single mode e.m. field
12.3.2 Interaction with many modes of the e.m. field
12.4 Scattering of photons by atoms
12.4.1 Thomson Scattering by Free Electrons
12.4.2 Rayleigh Scattering of X-rays
12.4.3 Visible Light Scattering
12.4.4 Photoelectric Effect

12.1 Scattering Theory

We want to describe the interaction of radiation with matter as a scattering process. Specifically, we are interested
in calculating the rate of scattering (and then the cross section), which is nothing else than the transition rate from
an initial state (initial state of the matter + incoming particle) and a final state (final state of the target + outgoing
radiation)32.

This is a problem that can be solved by TDPT. Instead of considering a constant perturbation as done to derive
Fermi’s Golden rule, we analyze the case of a scattering potential, in its most general form. We describe a scattering

Particle
E Scattering Medium . ' t

Fig. 20: Model for scattering: Left, particle trajectory, right time dependency of the potential.

event as a particle coming close to a target or a medium, interacting with it and then being deflected away. Thus, as
a function of time, the interaction Hamiltonian V' varies as in the figure 20.

39 A very good resource for scattering theory is Chen, S.H.; Kotlarchyk, M., Interactions of Photons and Neutrons with
Matter, (2007), which we follow closely in this chapter.
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We want to calculate the probability of scattering from an initial state to a final state:

oo

Pacatt = | (F1U1(0) i) 2 = | {f] (1 — i / Vi)t + ... ) [i) [

— 00

Notice that we consider negative times as well. This corresponds to the so-called adiabatic switching, since the
interaction is assumed to be turned on slowly from the beginning of time and to go down to zero again for long times.

A. Scattering and Transition matrices

In scattering problems, the propagator U; is usually called the scattering matrix S. To simplify the calculation, we
can assume again that V' is actually time-independent. Then from the first order TDPT we obtain:

(1 SM i) = —ivfi/ ewritdt = —2mid(wy — wi) Vi

— 00

Now consider the second order contribution:

fe%e] t1
(15D 1i) = (/] (ZV|m><m|v> iy [ et [ aeren

— 00 — 00

Notice that the last integral is not well defined for ¢ — —oo. To solve it, we rewrite it as

t1 ezwmlt-i-et

lim dto etlwmi—ie)ta _ iy —f— ‘tl

—00
e—01 J_ e—0t Wi — 1€

Now when taking the limit ¢ — —oo the exponential term e — 0 (thus getting rid of the oscillations). Then we are

left with only . ) »
1 . el(wmi—ie)t
/ dtae™mit2 = lim —fj—

o e—0+ Wi — 1€

and we obtain (setting now ¢ = 0)

ei(“"fi —i€)t1

<f|S2)| _ZZme mz/ dt17:_2726 wz Z f|V|m m|V|>

Wi — 1€ Wi — Wm

Looking at the first and second order of the scattering matrix, we start seeing a pattern emerge. We can thus rewrite

(fI51i) = =2mid(wy —wi) ([T i)

where T is called the transition matrix. Its expansion is given by:

UIT ) = IV D +Zf'v'mf<$'v'> + Y o

Wi — W) (Wi — wn)

m,n

B. Scattering Probability

We can now turn to calculate the scattering probability: Ps = | (f|S]i)|?. In order to obtain the total scattering
probability, we will need to consider all possible final states. We found:

Py = 4m®| (f| T i) [26*(wy — wi)
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We calculate the square of the Dirac function from its definition based on the limit of the integral:

62 (w) ! /00 dte™'§(w) = QL /00 dté(w) = lim i(S(cu)

T or e T J oo t—o0 T
Then although the probability is not so well defined, since it contains a limit:
P, = Jim dnt] (f T i) 6wy — ;)
the rate of scattering is well defined, since it is Wg = Pg/(2t):
Ws = 27 (| T'|i) [6(wy — wi)

This is the rate for one isolated final state. If instead we have a continuum of final states, with density of states p(wy)
we need to sum over all possible final states:

Ws = 2r / 2] (f] T [i} [28(ws — wi)p(wy)dws = 2n] (F] T 1i) [2p(wi)

Notice that to first order, this is equivalent to the Fermi Golden rule.

12.1.1 Cross Section

We now use the tools developed in TDPT to calculate the scattering cross section. This is defined as the rate of
scattering divided by the incoming flux of “particles”:

d%c  Ws(2,E)
dQdE = @,

We consider a particle + medium system, where the particle is some radiation represented by a plane wave of
momentum k. In general, we will have to define also other degrees of freedom denoted by the index A, e.g for photons
we will have to define the polarization while for particles (e.g.e neutrons) the spin.

The unperturbed Hamiltonian is Hy = H g+ H s (radiation and medium). We assume that for ¢ — oo the radiation
and matter systems are independent, with (eigen)states:

with energies:
Hr ki) = hwilki),  Hrlkp) =hwyplky),  Hualmi) = e lki),  Harlmy) = ef |my)

and total energies: I; = hw; + ¢; and By = hwy + €.

Particle

C

Scattering Medium
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Scattering Rate

The rate of scattering is given by the expression found earlier:

Wy = —[(f| T |i)|*6(Ef — E;)

2w
h |
As usual, we want to replace, if possible, the delta-function with the final density of states. However, only the
radiation will be left in a continuum of states, while the target will be left in one (of possibly many) definite state.
To describe this distinction, we separate the final state into the two subsystems.

We first define the partial projection on radiation states only, Ty, &, = (k| T |k;). By writing the delta function as
an integral we have:

2m 1 00 i(wp—w; i(ef—e;
Wy = = (gl Tiy g, i) (mil T, mﬂﬁ/ ier—t giler—eit/n

— 00

—i’HRt/ﬁ

Now, since e |m;) = e~"*/"|m;) (and similarly for [ms) we can rewrite

(g Thog g, i) 7= = (g MRNT g e P0 M img) = (mg| Tip i, (1) Ima)
and obtain a new expression for the rate as a correlation of “transition” events:

1 > i(wp—w;
Wy = ﬁ/ @O (| TF(0) lmyg) (mg] T, e (8) )

Final density of states

The final density of states describe the available states for the radiation. As we assumed that the radiation is
represented by plane waves (and assuming for convenience they are contained in a cavity of edge L), the final density
of states is

L 3
plkp)d3ky = (%> kFdkgds2

We can express this in terms of the energy, p(k)d*k = p(E)dEdS2. For example, for photons, which have k = E/hc

we have , ,
L E? L w?
Ey=2(—) —=2(—2) =%
o(E) (27r> h3¢3 (27T> he?

where the factor 2 takes into account the possible polarizations. For neutrons (or other particles such that F =

h2E2N.
2m )

() () B2

or) 2 \2r h3

If the material target can be left in more than one final state, we sum over these final states f. Then the average
rate is given by Wg =, Wyip(E)dEdS? (assuming that Wy; does not change very much in df2 and dE).

Incoming Flux

The incoming flux is given by the number of scatterer per unit area and unit time, @ = %. In the cavity considered,

we can express the time as ¢ = L/v, thus the flux is & = 5. For photons, this is simply & = ¢/ L3, while for massive

particles (neutrons) v = hk/m, yielding ¢ = &
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Average over initial states

If the scatterer is at a finite temperature 7" it will be in a mixed state, thus we need to sum over all possible initial

states:
e~ BHM e—ci/keT

pi=— — P = 4Zie_ﬁ/m

We can finally write the total scattering rate as:

Ws(i — Q2+ dQ,E +dE) = p(E ZPZW,Z

p(E
2

| e (zom)

— 00

‘Pi > W
DS g [ et ml T (0)lmg) (| Ty 8) o) 42 =

where (-) indicates an ensemble average at the given temperature.

12.1.2 Thermal Neutron Scattering

Using the scattering rate above and the incoming flux and density of state expression, we can find the cross section

for thermal neutrons. From s
L mky hk; (mL3)2 k¢
E)/® = — : = —
P(B)/ [(277) h? ] / {mL?’] (27h)3 k;

we obtain

d’c w p(E) 1 [ t 1 (mL3\> ke [,
= h— = ﬁ elwrit T Tei(t)) = — N iwgit TT Tt
dQdw @ @ h2/ < 70 f()> o <27Th2> i /me < i (0) f()>

Now the eigenstates |k; ;) are plane waves, (r|k) = 1y (r) = ¥ /L3/2. Then, defining Q = k; — ks the transition
matrix element is

Tyt = (s TO k) = [ | v, 07 T 00 () = g5 [ e T

and )
Ts(0) = —/ d3re” QT (r,0)
’ L3 L3

Fermi Potential

To first order, we can approximate T' by V', the nuclear potential in the center of mass frame (of the neutron+nucleus).
You might recall that the nuclear potential is a very strong (Vy ~ 30MeV) and narrow (rg ~ 2fm) potential. These
characteristics seem to preclude a perturbative approach, since the assumption of a weak interaction (compared to
the unperturbed system energy) is not satisfied. Still, the fact that the potential is narrow means that the interaction
only happens for a very short time. Thus, if we average over time, we expect a weak interaction. More precisely, the
scattering interaction only depends on the so-called scattering length a, which is on the order a ~ Vyrg. If we keep a
constant, different combinations of V, r will give the same scattering behav1or We can thus replace the strong nuclear
potentlal with a weaker, pseudo-potential Vp, provided this has a much longer range 7, such that a ~ Vorg = VoTo.
We can choose Vj, 7o so that the potential is weak (eV) but the range is still short compared to the wavelength
of the incoming neutron, k7y < 1. Then, it is possible to replace the potential with a simple delta-function at the
origin.
27h?
"

Vr)= ad(r)
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We can also define the bound scattering length, b = t-a ~ %, were m., is the neutron’s mass and A the nucleus
mass number. Then the potential is
- 27h?

My,

Vir) ad(r)
Note that b (interaction length or bound scattering length) is a function of the potential strength and range, which

depend on the isotope from which the neutron is scattered off.

Then to first order the transition matrix is T; = 2mh? b, or more generally, if there are many scatterers, each at a

m,
position 7, (t), we have:

27h? ;
Trit) = 2 > bye'Q7= 0

Mn

The scattering cross section becomes

d20' 1 kf . ; ;
=_ 27 wyit byb, e 1@ Ta(0)giQ Ty (t)
d0do 21k ) .© <Z ve c

z,y

Notice that since the collisions are spin-dependent, we should average over isotopes and spin states and replace b,b,
with byb,.
Scattering Lengths

Notice that b does not depend explicitly on position, although the position determines which isotope/spin we should
consider. What is b,b,? We have two contributions. For 2 = y this is 026, ,,, while for = # v, it is 52(1 — 0zy). We
then write b,b, = (b2 — 1_72)5117! + b= b? + b? which defines the coherent scattering length b. = b and the incoherent
scattering length b7 = 22 — 5", If there are N scatterers, we have > byb, = N(b? + b?).

Structure Factors

Using these definition, we arrive at a simplified expression:

o NP (285(Quw) + 125(Q.0)
d Qdw E, VTSN P

where we used the self-dynamic structure factor

IR Y S A | —iQr2(0) LiQ-1a (t)
SS(Q,W)—%/_Ooe 4 <Nge e

which simplifies to

1 * ; —1Q-r iQ-r
§5(Q) = 5 / ot (@O

if all nuclei are equivalent (same isotope), and the full dynamic structure factor

I Y A | —iQor2 (0) iQ-1y (£)
S(Qaw)—%/_ooe s <NZ€ e v

z,Y

The structure factors depend only on the material properties. Thus they give information about the material when
obtained from experiments.
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Intermediate Scattering Function

From the expressions above for the structure factors, it is clear that they can be obtained as the Fourier Transform
(with respect to time) of the quantities:

1 —iQ-r iQ-r
&@@:N<26kaQM>

T
and

1 —1Q-r 1Q-r
F(Q,t)_ﬁ<ze Q2(0) iQ y<t>>

z,y

These are called the intermediate scattering functions. Going even further, we can write even these function as a
Fourier Transform (with respect to position). For example, for equivalent targets (no distribution in isotope nor
spin), we have

Fs(Q,t) = <e*iQ'T(0)eiQ-r(t)>

By defining a the position of a test particle, n(R,t) = 6(R — r(t)), we can calculate the fourier transform n(Q,t):
n(Q,t) = /d?’reiQ'Rn(R, t) = @)
Then we have Fs(Q,t) = (n(Q,t)n(—Q,0)). We can as well define the van-Hove space-time self correlation function,

Gs(r,t) = /d31"/ (n(r",0)n(r +1r',t))

which represents a correlation of the test particle in space-time. The intermediate scattering function is obtained
from G as

&@w:/fmmamw

These final relationship makes it clear that Fyg is the Fourier transform (with respect to space) of the time-dependent
correlation of the test particle density, n(R,t), which only depends on the target characteristics.

Example I: Resting, free nucleus
We consider the scattering from one resting free nucleus. We need only consider the self dynamics factor and we have
be=0b=0:

d?c kr o oy ky
d0d & @w=oaT

where we introduced the bound cross section o, = 47b? (with units of an area). Since the nucleus is free, the
intermediate function is very simple. From

Fy(@.1) = (e @m0 @)

5(Q,w)

we can use the BCH formula to write

Fs(Q.1) = <efiQ-[r(0)fr(t)]+%[Q~T(0),Q~r(t)]>

Then we want to calculate [r(0),7(¢)] in order to simplify the product of the two exponential. For a free particle,
r(t) = r(0) + £t and [r(0), p| = ih. Then we have

Fs(Q,t) = <efiQ'[r(0)7T(t)]+i%Q2t> = <671Q'p/m> e+i%Q2t
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and for a nucleus at rest (p = 0) we have
Fs(Q.1) = @/

5.Q.) =5 (w-52)

2m

This gives the structure factor

and the cross-section

o _ op kyof  hQ?
dQ4dE ~ 27h ko \Y

Since Q = ks — k;, we have Q% = k? + k; — 2k;kycos?. Also, w = Ef — E; and k2 = 2mE, ~ 2AE, where we
substituted A for the mass of the nucleus.
We can then integrate the cross-section over the solid angle, to find j—%:

d "oy k hQ? Aoy, [P
49 _ / Ly . hQ” o sindd) = 20 / 0(x)dx
dFE 0 27h kl 2m 4El (A—1)2/(A+1)2E;

—2
of = (1+ ) op

2
do :{ op A g (M) E<Ef<E
0,

Defining the free-atom cross section o

| =

we have

- 1AE A+l
dE otherwise

This expression for the cross section can also be obtained more simply from an energy conservation argument.

Example II: Scattering from a crystal lattice

We consider now the scattering of neutrons from a crystal. For simplicity, we will consider a one-dimensional crystal
lattice modeled as a 1D quantum harmonic oscillator. The position » — z (in 1D) of a nucleus in the lattice is then
the position of an harmonic oscillator of mass M and frequency wy,

_ t
T =\ T @)
with evolution given by the Hamiltonian
2 2
p Mwg + 1
= — - hw —
H of T 5 ¢ o(a'a + 2)

If we consider no variation of isotope and spin for simplicity, we only need the self-intermediate structure function is

Fs(Q.1) = e—iQu(0)4iQa(t) _  (=iQ[e(0)=s(t)]+3Qw(0).Qua()
First remember that
0
x(t) = 2(0) cos(wot) + ]]\Z(w)o sin(wot)
for an harmonic oscillator. Then [x(0), z(t)] = [1:(0),p(0)]MLw0 sin(wot) = N}ZO sin(wpt). Also we have
o _ p(O) : _ h —iwot T iwot
Ax(t) = z(t) — 2(0) = 2(0)[1 — cos(wot)] + Moy sin(wot) = Mo (ae +a'e™0")
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We want to evaluate <eiQA””(t)>. Using again the BCH formula, we have

; n —iwgt_ t o iwgt
iQ ae “+a'e *q T *qf 2 T
e 2Mw0( ) eca—a’a e al paa, lal®la,a’]/2

with a = iQ MZ)O e~ ™ot Since [a,al] = 1, we only need to evaluate the expectation value <e—a*afeaa>7 by

expanding in series the exponentials:

<e—0‘*“TeO‘“> _ Z <aTma"> a"(_a*)m

nlm!
n,m

Only the terms with m = n survive (the other terms are not diagonal in the number basis)

o) < ey G

n

Now (a'™a™) = n!((aTa)"), thus we finally have

(ool eon) = 3 ((atayy A mroftote)

This result is a particular case of the Bloch identity, <eA> = {4")/2 where A = aa + Ba' is any combination of the
creation and annihilation operators. Finally, we obtained for the intermediate function:

Fs(Q,t) = e @20)eiQa(®) _ o S () ) o+ L sin(wot)

We can also rewrite this using the Bloch identity Using the Bloch identity, <eA> = e{**)/2 where A = aa + Ba' is
any combination of the creation and annihilation operators, we can rewrite this as

Fs(Q,t) = <efiQ~r(0)eiQ-z(t)> = (¢iQAT) +5[Q(0).Q ()] _ ~Q*(A)/2,+3(Q=(0).Q-w (1)

Now,
(Az?) = (2(0)%) + (2(t)*) + 2 (z(0)z(t)) — {[2(0), z(1)]) = 2(2?) + 2 (x(0)x(t)) — ([=(0), z(t)])

from which we obtain
Fs(Q,t) = @ <m2>eQ2<1(0)x(t)>

If the oscillator is in a number state |n), we have

[2n cos(wot) + e™f)

(2n+1), (x(0)x(t))

2\ __ _
() = 2Mwo = My

If we consider an oscillator at thermal equilibrium, we need to replace n with (n),,. In the high temperature limit,
(n) > 1 and we can simplify:

FS (Q’ t) — ei%hﬂ[lfcos(wot)] 6_Q2W0/26Q2W(t)/2

with Wy = 2]\272:” and W (t) = Wy cos(wot). This form of the intermediate function is the same expression one would

obtain from a classical treatment and the term e~@ "0/2 is called the Debye-Waller factor.
The intermediate structure function is thus a Gaussian function, with a time-dependent width, Wy — W (¢). If Wy < 1
we can make an expansion of the time-dependent term:

; 1
Fs(Q,t) = e~ QW0 /2 ,Q*Wo cos(wot) /2 o, ,~Q*Wo/2 | + Wy cos(wot) + 5W02 cos2(w0t) +o
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Then the structure factor, which is the Fourier transform of Fg will be a sum of Dirac functions at frequencies
w = tnwq corresponding to the n-phonon contribution to the scattering. Here the terms §(w — nwg) correspond to
scattering events where the energy has been transfered from the neutron to the oscillator, while terms 6(w + nwo)
describe a transfer of energy from the lattice to the neutron. The constant term yields §(w) which describes no energy
exchange or elastic scattering (zero-phonon term). Note that the expansion coefficient, Wy can be expressed in terms

of the temperature, since in the high temperature limit, (n) ~ ’,ff’—wf, from which W, = i’;iﬁ
0

In the low temperature limit, (n) — 0. Thus we have:

nQ? iwot hQ2 hQ2
Fs(Q, ) = e~ o (2m[1—cos(uot)[+1-c"0"} . —Q* i35 o oifge™o!

Expanding in series the second term, we have

2 hQ?
FS(Qut)ze « 2Mwo

hQ? 1/ hQ*\° 4
1+ Q elwot+_< Q >e2zwgt+'”

2MWQ 2 2Mw0

Even at low temperature, the structure factor (the Fourier transform of the expression above) is a sum of Dirac
function, also called a phonon expansion. However in this case only terms 0(w — nwp) appear, since energy can only
be given from the neutron to the lattice (which is initially in its ground state).
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12.2 Emission and Absorption

Atoms and molecules can absorb photons and make a transition from their ground state to an excited level. From
the excited state, they can emit photons (either in the presence or absence of a preexisting e.m. filed) and transition
to a lower level. Using TDPT and the quantization of the field we can calculate the transition rates.

12.2.1 Emission

en>

lg,n+1>

Fig. 21: Model for emission: the atom (molecule) makes a transition from the excited level (|e)) to the ground state )|g)) while
the number of photons in the mode k, A goes from n to n + 1.

The rate of emission is given simply by
2w )
W= —[{fIV1]) p(Ey).

We separate the field and the atom (or molecule) levels:

i) = Inea)le) s 1f) = Inea+ 1) lg)
As we are looking at atomic/optical processes the dipolar approximation is adequate and the interaction is given by:
V = —d-E = —¢ - E. Remember the expression for the electric field:

- [ 27 hwy, ; i o
E = Z L3 (ak)\emr + azke 1k7") (S5
kA

The position of the electron which makes the transition can be written as 7 = R+ P, where R is the nucleus position.
Since the relative position of the electron with respect to the nucleus is p < A\, we can neglect it and substitute r
with R in the exponential (p" k< 1). This simplifies the calculation, since R is not an operator acting on the electron
state. Then, from the rate:

2 - -
W= —[{gldle) - (nux + 1] E [rex) *p(Ef)

we obtain
2

> wre Wm +1 (akweikR + aLxefikR) [nkx) (917 e x le) | p(Ey)
BN

(27e)?

W = 73

Since we are creating a photon, only terms o< al survive and specifically the term with the correct wavevector and
polarization: (ngy + 1| ab [nex) = vngx + 1 (all other terms are zero). Then we have:

(27e)?
.3
Since the atom is left in a specific final state, the density of states is defined by the e.m. field:

W= wi (i + 1) (9] 7+ exx |e)]” p(Ey)

p(Ef)dEf = p(hwk)hdwk
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As wi = ck and p(k)d3k = (£)° K2dkd2 = (L£)° % dwd we have:

L\? w?
P<E>—(%> hes

We define the dipole transition matrix element from the dipole operator d = eF, dge = (g|d|e). The rate of emission

is then:
3

o FL 2mhed
From this expression it easy to see that there are two contributions to emission:
Spontaneous emission:

(nkk + 1)|6k)\ dqe' s

w3
=5 h Pt |€kx - dqe| df
which happens even in the vacuum e.m. and stimulated emission:
3
w . -
= T;;ankﬂek)\ . dge|2d(2

which happens only when there are already n photons of the correct mode.

Spontaneous Emission

[&,0)

9,1)

Fig. 22: Geometry of spontaneous emission

Since the photons emitted can have any polarization € and any wavevector k direction, we have to sum over all
possibilities. We assume that the dipole vector forms an angle ¢ with respect to the wavevector k. Then the two
possible polarization vectors are perpendicular to k, as in Fig. 22. The rate is the sum of the rates for each polarization
Wsp = Wi + Wa, each proportional to |d - ex1 2%,

d-er1 = dsindcos, d-ep2=dsindsing

We thus obtain the typical sin? 9 angular dependence of dipolar radiation (also seen for classical dipoles):

Wyp = ge|* sin® 9d 2

27rh 27hed d

The total emission coefficient, or Einstein’s emission coefficient, is obtained by integrating over the solid angle:

3 1 4 w
A, _/ Wds2 = 3|dg8|227r/ (1 —p2)dp = §h_k
-1
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Given the rate, we can also calculate the power emitted, as rate times energy

4w ,
P — hkae = gc—gdge
Notice that this is very similar to the power emitted by a classical oscillating dipole (as if the e.m. field was emitted
by orbiting electrons).

Stimulated Emission

In the stimulated emission, Wk = nk,\Wk’\. Only photons with the same frequency (E) and polarization of the
ones already in the field can be emitted. Then as more photons in a particular mode are emitted, it becomes even
more probable to produce photons in the same mode: we produce a beam of coherent photons (i.e. all with the same
characteristics and phase coherent with each other). If the atoms can be kept in the excited (emitting) levels, we
obtain a LASER (light amplification by stimulated emission of radiation). Of course, usually it is more probable to
have the photons absorbed than to have it cause a stimulated emission, since at equilibrium we usually have many
more atoms in the ground state than in the excited state, ny > n.. A mechanism capable of inverting the population
of the atomics states (such as optical pumping) is then needed to support a laser.

12.2.2 Absorption

The rate of absorption is obtained in a way very similar to emission. The result is

2 - . -
W= 7| (el dlg) - (nual E [nix + 1) 2p(Ey) = s—Lsnp @ - deg|?d 12

2h3

(as <nm|am |nk)\—|—1> = nk)\).

12.2.3 Blackbody Radiation

We consider a cavity with radiation in equilibrium with its wall. Then the polarization and k-vector of the photons
is random, and to obtain the total absorption rate we need to integrate over it, as done for the emission. We obtain

_ _ 4w
Wab = /Q Wab(ﬁ)dﬂ = nk3 ﬁ 3dq€

for a given frequency (and wavevector length). Similarly, the total emission is obtained as the sum of spontaneous
and stimulated emission:

We=Wu+Wsp=np+1)s—%

In these expression ny is the number of photons in the mode k. Since we assumed to be at equilibrium, nj depends
only on the energy density at the associated frequency wy. The energy density is given by the energy per volume,
where the energy is given by the total number of photons times their energy, E = nyp(wy )hws:

u(wy) = hwpp(wr)ng /L3
Then, from the density of states p(wg) = 2 (—) 2[de = = 2w2 we obtain

2me
w23 (wn)
ng = —=u(w
k Tio? k
The rates can then be written in terms of the energy density and of Einstein’s coefficients for absorption and emission:
4 72
Bab = gﬁ(ﬁ — Wab = Babu(wk)
4 w,?; 9
Bem - Bab; Ae = g%dge — Wem - Ae + Bemu(wk)
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Detailed Balancing

At equilibrium, we need to have the same number of photons absorbed and emitted (to preserve their total number).
Then N.WE, = N,WE . Using Einstein’s coefficient, we have N.(A+uB) = N,Bu which yields N. A = uB(N,— N,).
This is the principle of detailed balancing.

We can solve for the energy density: u = A/B

Ny/Ne—1

. But from their explicit expressions we have A/B = TZL; and from

. . . . . Lo -8
the condition that atoms are in thermal equilibrium, their population ratio is given by % == B];Z = e ABg—Ee) —

ePhwr (since hwy is the exact energy needed for the transition from ground to excited state). Finally, we obtain the
energy density spectrum for the black-body:

_ hwd/m?c?

u(wg, T) = B — 1

12.3 Wigner-Weisskopf Theory

12.3.1 Interaction of an atom with a single mode e.m. field

Recall what we studied in Section 10.5. We consider again a two-level system (an atom) interacting with a single
mode of the e.m. field. The Hamiltonian simplifies to H = Ho + V, with

Ho = hwa'a + h%az, V =hgloya+o_al)

where g = %, /77=d - € is the dipole operator.
We move to the interaction frame defined by the Ho Hamiltonian, U = e?**0!, then H; = UVUT or

Hy = hgeiutu,faeiwazt/Q(o,_i_a + O,_GT)e—iutaTae—iwazt/2 _ hg ei(w—u)ta+a + e—i(w—u)to__a‘q

We will use the notation A = w — v. We want now to study the evolution of a pure state in the interaction frame:
ih 1 = Hr|y). We can write a general state as [1) = 3 ay(t) |e,n) + Ba(t) |g,n). Notice that since we have a TLS,
oy le) =0 and o_ |g) = 0. The evolution is then given by:

th Qg |€, 7’L> + Bn |97 7’L> = hgz [ana—aTe_iAt |e7 7’L> + Bno'-l-aeiAt |g7 7’L>}

= hgz [anefmt\/n +1|g,n+ 1)+ Bnet®/nle,n — 1)]
n
We then project these equations on (e, n| and (g, n|:
théy, = ﬁgﬁnJrl(t)eiAt vn+1

ihfBn = hgay,_1(t)e "4t /n
to obtain a set of equations: _

&y = —igﬂnJrleZAt\/n +1

Bn-{-l = _igane_iAt vn+1

This is a closed system of differential equations and we can solve for a,,, 8y41.
For example: we can assume that initially the atom is in the excited state |e) and it decays to the ground state |g)
(that is, 8,(0) = 0, ¥n). Then we have:

; 02,1 iA 02,1
_ 1At/2 n _ : n
an(t) = an(0)e [cos < 5 ) - sin < 5 )]
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(1) = —an()e 2 [HL Ly (D20

2

n

with 22 = A? + 4¢2(n + 1). If initially there is no field (i.e. the e.m. field is in the vacuum state) then ag(0) = 1,
while a,(0) = 0 Vn # 0. Then there are only two components that are different than zero:

; 20t 1A 20t
_ 1AtL/2 0 _ : 0
ao(t) =e [cos (—2 ) e vy sin (—2 )

. 2 00t
Bu(t) = —etAL/2 Y sin (—O>
VA2 +4g? 2
Thus, even in the absence of field, it is possible to make the transition from the ground to the excited state! In the

semiclassical case (where the field is treated as classical) we would have no transition at all. The oscillations obtained
in the quantum case are called the vacuum Rabi oscillations.

12.3.2 Interaction with many modes of the e.m. field

In analyzing the interaction of an atom with a single mode of radiation we found that transitions can occur only if
energy is conserved. In the real world however we are always confronted with a finite linewidth of any transition. In
order to find the linewidth we need to look at a multi-mode field.

Consider the same Hamiltonian as used in the previous section, but now we treat a field with many modes. The
interaction Hamiltonian in the interaction frame is given by

Vi = thZaerei(“_”")t + gkala_e_i(“’_”k)t
%

We consider a case similar to the one consider at the end of the previous section, where initially the e.m. field is in
the vacuum state and the atomic transition creates one photon. Now, however, this photon can be in one of many

modes. The state vector is then:
(1) = a(t)[e,0) + > Br |g, i)
k

(now the index k in 8, label the mode and not the photon number) and the initial conditions are «(0) = 1, 8;(0) = 0,
Vk. The system of equations for the coeflicients are

a(t) = =i 3, gre' B (t)
Bi(t) = —igre™ U )a(t)

If we consider this transition as a decay process from the excited to the ground state, |a(t)|? gives the decay
probability. To solve for «(t) we first integrate 5:

t
Qo= =iy gielTt ( | g a(t’)dt’)
L 0

We can rewrite the expression as:

t
i=-3%" |gk|2/0 4 =i (=1 o (1)
K

Assumption 1)
We assume that the modes of the e.m. form a continuum, so that we can replace the sum by an integral >, —

[ p(k)d®k, with the density of states set by vy = ck as usual: p(k)d3k = 2 (%)3 k2dk do sinddy.
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We then remember the explicit form of the interaction coupling in terms of the dipole operator:

Vi

lgx|? = TIE |deg|2 sin® 9
and using again v, = ck we obtain
4| deq|? o t , /

Assumption 2)

In order for the transition to happen, we still need v} ~ w.

This allows two simplifications: i) we can replace v with w? in the integral, and ii) we can extend the lower integral
limit to —oo (since anyway we know that it will give contributions only for vy &~ w). By furthermore inverting the
order of the integrals we obtain

o0 t t o) t
/ uzduk/ dt' - — / dt'a(t')w3/ dvge @)=t — / dt' a(tw32rd(t — ') = 2ra(t)w?
0 0 0 — 0

Thus, the differential equation defining the evolution of «(t) simplifies to

= 3nhé

Notice that the decay rate is related to Einstein’s emission rate, as I' = A, /4w as we should expect, since it is related
to the total emission (at any frequency) from the excited to the ground state.
Thus we have simply a(t) = e~7*/? and the decay probability Py = eIt

10}
08}
06
04l

021

5 10 15 20

Fig. 23: Lorentzian lineshape, centered at w = 12 and with a linewidth I" = 2

From the expression for «(t) we can go back and calculate an explicit form for Sy (t):
1— e—i(w—uk)te—Ft/2
(Vg —w) +1iI/2

The frequency spectrum of the emitted radiation is given by P(vk) = p(vi) Y515 [ d2[Br(t)[* in the limit where
t — oo.

t
ﬁk(t) _ —’L/ dt/gke—i(w—Vk)t/e_Ft’/Q = gr
0

1+e (1 —2cos|(w — vg)t] ~1/ F_2 + (w—wp)?
4

P(vg) o< lim
( k) t—00 FTQ + (w _ Vk)2

Thus the spectrum is a Lorenztian centered around w and with linewidth I
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12.4 Scattering of photons by atoms

In this section we want to study the scattering of photons by electrons (either free electrons or in an atom). We
previously studied similar processes:

- Scattering theory (with an example for thermal neutrons)

- Emission and absorption of photons (in the dipole approximation)

Notice that these last processes only involved a single photon (either absorbed or emitted). Now we want to study
the scattering of photons, meaning that there will be an incoming photon and an outgoing photon: this is a process
that involves two photons.

k'

AN~

K
Ai)

Fig. 24: Photon scattering cartoon

In order to study atom-photon interaction we need of course to start from the quantized e.m. field:

P 1 1 eA
=— +hw )=—1|p— — hw =
5 + hw(n + 2) 5 ( ) + hw(n+ =)
We can separate the interaction Hamiltonian as:
2 2
p 1 e e 5
= V=—4hw )+ ——p - A+A- A
H="Ho+ 2m +he(n + 2) * 2mc(p +A-p)+ 2mc?
Ho v

More generally, if there are many electrons, the interaction Hamiltonian is given by
2

ama A’

V=) —g—lpi- Alri) + A(ri) - pi] +

We already used the first term (in the dipole approximation -“Zp- A — d - E) to find emission and absorption
processes. As stated, these processes only involve one photon. How do we obtain processes that involve two photons?
Since from the term p- A and in the first order perturbation theory we do not get them, we will need

i) either terms o< A2, or
ii) second order perturbation for the term o p - A.

2
Notice that both these choices yield transitions that are oc a? = (Z—i) , that is, that are second order in the fine

structure constant.
Thus we want to calculate scattering transition rates given by W = 2%|K§2) + K2(1)|2p(Ef), where

° K§2) is the 274 order contribution from V; = - > pi- A; and

o K{" is the 1° order contribution from V5 = 5o 3, A2,

2me

K fl) is instead zero, since it only connects state that differ by one photon (thus it’s not a scattering process) and we
neglect higher orders than the second.
The initial and final eigenstates and eigenvalues are as follow (where v indicate the photon):
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‘ Initial Final In. Energy Fin. Energy

e |Az> |Af> €; Ef
v [Tk Ok ar) Ok x, s a) Ty, fiwy,
tot: |2) 1f) E; Ey

We first evaluate Kz(l) for a single electron. We recall the expression for the vector potential (see Section 10.3):
2 h 2
_ Z ThC ((L }\ezkr +ak —zkvr) gkk'

K2(1) is proportional to A%, but we only retain terms that link the correct modes (k, k') and that are responsible for
the annihilation of a photon in mode k and the creation of a photon of mode k’. These are terms o< aL,ak. We find:

2 2 - el
K5 = (J1Vali) = g 72— - ey

X (fl apyap €T 4 al g e FTT 4 of gl e=HTTTT 4 gy g et T )

—

We now use the equality wy = ¢|k| and k—k = qd = p/h (the electron recoil momentum) to simplify the expression.
Thus we obtain: ) 5
1 € 2whe* N -
Ky = 2me L3RR Y (Af| €T7 A7) (Oealion | annal, v [1iaOkar) |

where the last inner product is just equal to 1. We can now extend Kél) to many electrons:

2
1 e 2mhe P
K3 = (fIVali) = i et Af|§jeq A

This is the first contribution to the scattering matrix element, first order in perturbation theory from the quadratic
term in the field potential.

(2

We now want to calculate K, ), the second order contribution from the linear part V; of the potential:

Vi |h) (h| V7 |i
P S LA DL

h

Note that this term describes virtual transitions to intermediate states since from first order transitions V4 can only

create or annihilate one photon at a time. So there are two possible processes that contribute to K 1(2),

- first absorption of one photon in the kA mode followed by creation of one photon in the k')A’ mode: the intermediate
state is zero photons in these two modes.

- first creation of one photon in the k’\" mode followed by annihilation of the photon in mode k\: the intermediate
state is one photon in each mode.

Explicitly we have:

K@ _ Z (Af] Opalrn| Vi [0rx0rx) |AR) (An] (OxaOroar| Vi (12 0rrr) |As)
1 o € — €p, + hwy,
+ Z <Af| <Ok)\1k/)\/| V1 |1k)\1k’)\’> |Ah> <Ah| <1k)\1k/)\/| Vl |1k>\0k’)\’> |AZ>
€ + hwy, — (ep + hwy, + hwyr)

h

Notice that K 52) has an extra factor o< wg in the denominator with respect to K2(1). Thus at higher energies of the

incident photon (such as x-ray scattering) only K §2) survives, while at lower energies (optical regime) Kz(l) is more

important.
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A. Types of Scattering

Depending on the energy hw of the incident photon (with respect to the ionization energy E; of the atom) and on
the elastic or inelastic character of the scattering, the scattering process is designated with different names.

- Rayleigh scattering (Low energy, Elastic): hw < Ey, |E, — Ei|, E; = EJ.
The final state has the same energy as the initial one, £y = Fj; since the scattering is elastic. The scattering thus

involve intermediate virtual levels, with energies Ej,. We will find a cross section o oc w?.

- Raman scattering (Low energy, Inelastic): fww < Ej, Ef # Ef.
Usually the final state is a different rotovibrational state of the molecule, so the energy difference between initial
and final state is small. If Ey > Ej the scattering process is called Stokes, otherwise if £y < E; the scattering
process is called anti-Stokes.

- Thomson scattering (High energy, Elastic): fw > E;, Ef = EJ.
This process is predominant for, e.g., soft x-ray scattering. This type of scattering can be interpreted in a semi-
classical way, in the limit where the wavelength A is larger than the atomic dimensions, A < ag. The cross section

is then equivalent to what one would obtain for a free electron, o = %wr% with 7o the effective electron radius.

- Compton scattering (High energy, Inelastic): iw > Er, A < ao, Ef = EJ.
For very high energy, the wavelength is small compared to the atom’s size and the energy is much larger than the
electron binding energy, so that the final state of the electron is an unbound state. Thus this scattering is very
similar to Compton scattering (inelastic scattering) by a free electron.

Note that for x-ray scatterings the classification is slightly different than the one given above. There are two processes
that competes with Coulomb scattering even at the x-ray energies:

- Electronic Raman scattering: an inelastic scattering process where the initial atomic state is the ground state and
the final state an excited, discrete electronic state.

- Rayleigh scattering for x-rays: an elastic scattering process, where the final atomic state is the same as the initial
state, since there is no atom excitation.

In addition to scattering processes, other processes involving the interaction of a photon with electrons are possible
(besides absorption and emission of visible light that we already studied). In order of increasing photon energy, the
interaction of matter with e.m. radiation can be classified as:

Rayleigh/Raman  Photoelectric  Thomson  Compton Pair
Scattering Absorption  Scattering Scattering  Production
hw < B hw > E; ho>E;  hw~mec® hw>2m.c?
~eV ~keV ~keV ~MeV >MeV
Visible X-rays X-rays y-rays hard ~-rays

B. Semi-classical description of scattering

A classical picture is enough to give some scaling for the scattering cross section. We consider the effects of the
interaction of the e.m. wave with an oscillating dipole (as created by an atomic electron).

The electron can be seen as being attached to the atom by a ”spring”, and oscillating around its rest position with
frequency wg. When the e.m. is incident on the electron, it exerts an additional force. The force acting on the electron
is F = —eFE(t), with E(t) = Eysin(wt) the oscillating electric field. This oscillating driving force is in addition to the
attraction of the electron to the atom ~ —kz., where k (given by the Coulomb interaction strength and related to
the binding energy Ej) is linked to the electron’s oscillating frequency by w? = k/me. The equation of motion for
the electron is then B

Mede = —kxe — eE(t) — Fo +wir, = ——E(t)

€

We seek a solution of the form z.(t) = Asin(wt), then we have the equation

1
(o’ +w)A=——FE, —» A=——""F,

Me w
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An accelerated charge (or an oscillating dipole) radiates, with a power

2
_2¢ 2
3c3
where the accelaration a is here a = —w? A sin(wt), giving a mean square acceleration
2 2
o w ¢ 1
a”) = 5 s—Lo) 3
wg — W M 2

The radiated power is then

1 e? 2 w?
pP== E2
3 (m> (WE — w22

2
The radiation intensity is given by [y = 08% (recall that the e.m. energy density is given by u = %EQ and the
intensity, or power per unit area, is then I ~ cu). Then we can express the radiated power as cross-section xradiation
intensity:

P:O'IO

This yields the cross section for the interaction of e.m. radiation with atoms :
8T e\’ w? 2
7=73 2 2 _ 2
3 \mec Wi —w

8w e? 2 w? 2 2 w? 2
o= — =42l | ——
3 \dmwegmec? wd — w? 3 \wg —w?

where we used the classical electron radius £2:

or in SI units:

which is about 2.8 fm (2.8 x 10~ %m).

12.4.1 Thomson Scattering by Free Electrons

We consider first the Thomson scattering, which is well described by the scattering by free electrons. In this case we
consider thus one single electron. Also in general, the photon should have energy high enough that the electron is
seen as free even if in reality it is part of an atom (thus the photon energy must be larger than the atom’s ionization
energy, fuw > FEr or in other terms A > than the atom’s size). Note that in Thomson scattering the final electron is
still a bound electron (elastic scattering) while in Compton scattering the electron is unbound (inelastic scattering).
Still, since the binding energy is small compared to the other energy at play, the electron can be considered as a free
electron, and many of the characteristics of Compton scattering still apply.

| Initial Final | Initial Final
e : |A;) |[Af) En: | me* + ick = hck! 4+ \/p2c + m2ct
e 1Tk Or ) [0kxs Lirav) Do hk = hk' cos ¥ 4 peosp
tot: i) [f) Dy 0 = hk'sind — psin
40 The Bohr radius is a different quantity: rg ~ "'}:2 with some constants (depending on the units chosen) to give about

rg~5x 10" m
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The initial and final states, as well as energies and momentum are written above. They result from the conservation
of energy and momentum for a relativistic electron which is initially at rest.

? Question: What is the ratio k/k’? What is AX = X\’ — A? (This is the usual Compton scattering formula).
From conservation of energy and momentum and with the geometry of figure 25, we can calculate the energy of the scattered
photon.

E,+E.=E, +E, — hw + mec® = hw' + /|p|2c® + m2ct

hk = hk' cos ¥ + pcos

hk = Ik + P - { hk'sin® = psin ¢

From these equations we find p* = w [A(w' —w) — 2mc?] and cosp = /1 — h2k’? sin?9/p2. Solving for the change in
the wavelength A = 22 we find (with w = kc):
2mh

mec

AN

(1 —cos?)

or for the frequency:
-1
hw' = hw |14 %(1 — cos )

MeC

Fig. 25: Photon/Electron collision in Compton and Thomson scattering.

At these high energies, K £2) < Kél) thus we can consider only the K2(1) contribution, that we already calculated in
the previous section.

To find the scattering rate and cross section we need the density of states:

L 3
p(Ep)dE; = <2—> K2dk' d2

™

2
5= (non-relativistic approximation). Thus we need to

where the final energy is Ey = hek’ 4+ /p2c? + m2ct ~ hek! +

ddif . Noting that

calculate
p? /0% = |k — K'|? = k® + k'* — 2kk cos ¥

we find

dE; 2 hk (K
T :hc+%(2k’—2kcosﬂ):hc [1—1-% <E_COS§)]

Solving the conservation of energy and momentum equations, we find

% hk -
o1+ 221 = cos
. { + mc( oS )]
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Since hk < mc, we can take only the first order term in 1+ % (’% — cos 19). This is given by: 1 4+ %(1 — cosv).
But this factor is just equal to k/k’. Thus we finally have:

dE; k L\® k3

Fig. 26: Wave vectors and polarizations of scattering photons. cos~y = sin ¢ cos ¥

Finally, to calculate the cross section, we recall the expression for the incoming flux of photons @ = ¢/L3.

d_U:M:EW(UFML_S: et ’ K’ 2|6 ok
a2~ /L3 P To R me? ) TR

With the angles defined in Fig. 26 we find:

d 2
ﬁzrf (Z—Z) sin?

where (siny)? = 1 — sin® ¥ cos?(¢ — ¢) and r, is the classical electron radius. The average differential cross section
(averaged over the polarization directions 1)) is then given by

do w2 1 W\ 2
<E> = Tg <(U_Z> (1 — Sin2 19/2) = 57’5 (w—:> (1 =+ COS2 19)
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12.4.2 Rayleigh Scattering of X-rays

Rayleigh scattering usually describes elastic scattering by low energy radiation. It describes for example visible light
scattering from atoms: in that case, the predominant contribution comes from the term K §2). Rayleigh scattering
also describes coherent, elastic scattering of x-rays from atoms (e.g. in a crystal) and is an important process in x-ray
diffraction.

In the case of x-ray scattering, the photon energy is larger then the electronic excitation energy: iw > Ej. Then
we have, as stated above, K(z) << K2(1) and we can neglect the K(2)
electrons, the recoil is zero, and &
The cross section is given by

do 27T|K(1 2p(Ef) 27 22 (2nh 2 I 12 .
i h C/L3 an :fc/L?’ (F) w<%) — ek - Ek’X| | AHZ q |A>|

wj .
=2 () e - Pl 3 €77 40 P
i

Consider an elastic scattering process (the inelastic scattering is called Raman scattering for x-rays). If the incoming
x-ray is unpolarized, we have

contribution. As we are considering now bound

L P40,

dk, = hc. Then the density of states is simply p(Ey) = 5=

do _r? 2 G-
o5 = 5 (14 cos 19)|<g|;eq
We define f(p) = (g| >, €'7" |g) the atomic form factor.

1) Notice that for p — 0 [ (g|>_;1]9)|> = Z? (the atomic number squared). Thus in general we expect Rayleigh
scattering to be weaker for lighter elements.

g9) 7

3

2) In general we can rewrite the sum as an integral ), e Ik €T 5(r)d®r using the charge density p(r) =

>;6(r —r;). Then the atomic form factor takes the form:

») =Gl [T lg) = [ TR

with p(r) = (g| p(r) |g). Then the atomic form factor is the Fourier transform of the charge density.

Scattering from a crystal

In a crystal, we can rewrite the electron positions with the substitution r; — R; 4+ r;;, where R; is the atom position
(or the nucleus position or the atomic center of mass position). Then we need to sum over all atoms and all electrons
in the atom. Then we have the structure factor:
= (g YT g) = filq)e'TH
1y

l

with f; = (g 33, €77t |g).
In a crystal we can rewrite the atom position as Ry; = lia1 + laas + l3a3 + T . Then
unit cell position in cell
f 1q 7 6 q(lia1+l2a2+13a3) F MZ (lia1+l2a2+13a3)
E J E
_\,_/
I1,la,l
F(q) 12

F(q) is the form factor for the unit cell, which is tabulated for different crystals. The cross section can be written as:

2
do rs

do _Te 2 sin (qua1/2) sin?(Nagas/2) sin?(N3qas/2)
a2

sin?(ga1/2)  sin®(qaz/2)  sin*(qaz/2)

Only when ga,, = 27h the interferences terms do not vanish: this is Bragg’s diffraction law.

1+ cos? ¥)|F(q)
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12.4.3 Visible Light Scattering

When considering visible light, the wavelength is large compared to the atomic size. Then, instead of using the full

interaction Vi + V5 we can safely substitute it with the electric dipole Hamiltonian, V = —d- E. This Hamiltonian
does not produce any two-photon process to first order, so in this case we need to cons1der the term K (?). This term
involves virtual transitions. Since the duration of these transitions is very small, we do not have to worry about

conservation of energy. Recall:
3 1V IR (R VA [E)

K® —
E; — E), ’

h

where V = —d - E. The intermediate states are either [h) = [A4) [0xx0w ) or |h) = [Az) [1ealpa ). It would be of
course possible to derive the scattering cross section from the vector-potential/momentum Hamiltonian, and in that

case both terms Kél) and K 52) should be included 22.
The electric field in the Lorentz gauge is

27r .
E = Z zé R de—zf-R) €ue,

and thus we obtain for (h| V7 |i) and (f| V7 |h):

- (Opalp x| (aégeié'R + OLZ e_ié'R) |0kAOkrar) = e~ Bg,
- <Ok>\0k')\'| (aggeze R + CL € —it R) |1k)\0k/>\/ = eik'R(Sgyk
- (Opalp x| (aéﬁew R4 a e —it R) [Tealn) = e* B,y

7
- <1k)\1k’)\'| (aggeze R + CL 671e R |1k)\0k/>\/ = etk 'R(sgyk/

thus we have

2mh A |d-€k/|Ah> <Ah|d/€k |Al> <Af|d'6k |Ah> <Ah|d-6k/|Ai>
K(Z) ~i(k—K')R f .
1 L3 wkwke Z €; — €p, + hwy, +Z el-—i-hwk—(eh—l—hwk—l—hwk/)

The scattering cross section is given as usual by —g = C/m]/:g,. and the density of state (assuming no recoil) is

Finally the cross section is given by:

do _2n (2nh)’ Ly KL
a2 \13 ) UMl ar) he e

do
df?

2
Z (dn - € )(dpi - €x) n (dn - €x)(dni - €xr)
€ — €p, + hwy, € — €, — hwpr

= kk"

2
3 (dyn - ex)(dhi - €x) n (dyn - €x)(dni - exr)
€ — € + hwy, € — €, — hwpr

h

4L A unitary transformation changes the Coulomb-gauge Hamiltonian into an expansion in terms of multipoles of the electro-
magnetic fields. For atomic interactions, only the electric dipole is kept, while higher multipoles, such as magnetic dipole and
electric quadrupole, can be neglected. This unitary transformation is describe, e.g., in Cohen-Tannoudji’s book, Atom-Photons
Interactions

42 This derivation can be found in Chen, S.H.; Kotlarchyk, M., Interactions of Photons and Neutrons with Matter, (2007)
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A. Rayleigh scattering

Rayleigh scattering describes elastic scattering, for which wy = wy since [Ay) = |A;). Then we can simplify the cross

section: )
do _

a9 Z (din - €x)(dni - €x) n (din - €x)(dni - €x)

€ — €p, + hwy, €; — €p, — hwy,

At long wavelengths hwy < €5, — €;, thus we can neglect wy in the denominator. Then

do 4
— X w
ds? k € — €p

22 (din - €x)(dni - €x) ’
I

and simplifying we obtain that

This expression could have been found from the classical cross section we presented earlier, in the same limit w < wy.
The Rayleigh scattering has a very strong dependence on the wavelength of the e.m. wave. This is what gives the
blue color to the sky (and the red color to the sunsets): more scattering occurs from higher frequencies photons (with
shorter wavelength, toward the blue color).

As light moves through the atmosphere, most of the longer wavelengths pass straight through. Little of the red,
orange and yellow light is affected by the air. However, much of the shorter wavelength light is scattered in different
directions all around the sky. Whichever direction one looks, some of this scattered blue light reaches you. Since the
blue light is seen from everywhere overhead, the sky looks blue.Closer to the horizon, the sky appears much paler
in color, since the scattered blue light must pass through more air. Some of it gets scattered away again in other
directions and the color of the sky near the horizon appears paler or white. As the sun begins to set, the light must
travel farther through the atmosphere. More of the light is reflected and scattered and the sun appears less bright.
The color of the sun itself appears to change, first to orange and then to red. This is because even more of the short
wavelength blues and greens are now scattered and only the longer wavelengths are left in the direct beam that
reaches the eyes. Finally, clouds appear white, since the water droplets that make up the cloud are much larger than
the molecules of the air and the scattering from them is almost independent of wavelength in the visible range.

B. Resonant Scattering

An interesting case arises when the incident photon energy matches the difference in energy between the atom’s
initial state and one of the intermediate levels. This phenomenon can occur both for elastic or inelastic scattering
(Rayleigh or Raman). Assume that fuw, = €, — ¢; for a particular h in the sum over all possible intermediate levels.

Then, only first term important in K §2) (describing first absorption and then emission) is important. In order to
keep this term finite, we introduce a finite width of the level, I'. The cross section then reduces to:
2
do _ '3 (dfn - € )(dni - €x) _ k3 [(dsn - exr)(dni - €x)
ds? eh—ei—hwk—iﬁf/2 Ry e —e (eh—ei—hwk)2+ﬁ21“2/4

hwy e —e€;

This cross section describes Raman resonance and, for k = &’ resonance fluorescence.

12.4.4 Photoelectric Effect

In this section we want to use scattering theory of a photon from electron(s) in an atom to explain the photoelectric
effect. We consider the case of an hydrogen-like atom with atomic number Z and we calculate the differential cross
section

do o Wfi

dw N GZi)inc
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where Wy; is the transition rate for the scattering event and @;,,. is the incoming photon flux. The incoming photon
flux can be calculated by assuming (for convenience) that the system is enclosed in a cavity of volume V = L3 (so
that there’s only one photon in that volume). The incoming flux of photons in the cavity is given by the number of
photons per unit area and time:

#photons 1 c

"~ time- Area  L/cL? L3

where the area is L? and the time to cross the cavity is ¢ = L/c. The transition rate Wy; is given by Fermi’s Golden
Rule, assuming an atom-photon interaction V' and a density of final state p(Ey):

Wy = 2071V 1) Po(Ey)

Here the final density of states p(E[) is expressed in terms of the momentum p of the scattered electron and the
solid angle df2 where it is ejected. Indeed, as the photon is absorbed, the final density of states is only given by the
free electron, again assumed to be enclosed in the volume V. The density of states for the electron is given by the
density of momentum states in the cavity L? assuming the electron propagates as a plane wave:

(LY
p(Ef)dEs = p(p)d*p = <%) p*dpds?

with the (non-relativistic) energy for the electron given by E; = p?/(2m) giving dE¢ = pdp/m. Finally

I \3
p(Ey) = (%) mpds?2

We next want to calculate the transition matrix element (f|V |i), where V = —%/T - p. The relevant states are

the photon states 1 E}\> and OE)\> and the electron momentum eigenstates, which in the position representation are

1#1(77) = <F|ie> and ¢f(F) = <F|fe>

The matrix element between the relevant states is then:

2mhe? T R - ;
Vig = —— (fel <0,;>\’ Z Toon [aﬁge + ag.e } €D 1];>\> ie)

e [ 2mh ihF t —iRF o
= =2\ Tawy el (€8x ae 1pa) €™+ (0g, al, 150 e e -Blic)
h.g

The only surviving term is
e 2mh

_ k-7 -
Vig = “m\ Liwy, (fel €™ egy - Plic)

Then turning to the position representation of |i.),|f.) and of the momentum operator, we can calculate an explicit
expression. Using ¢;(7) = (7lic), ¥ (7) = (F|fe) and €g, - P'= €z, - (—ihV), we have:

(fel €F ez, - Plic) = / PP Ter, - (—ihVi(7)
\%

oh
UV =~ o [ a7 6500 e, - (<inv,(5)

The final wave function t; is just a plane wave with momentum ¢ = p/h (in the volume L?). The initial wave
function is instead a bound state. You should have seen that for an hydrogen-like atom the wave function is given by

Finally
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;i (F) = \/i where a is the Bohr radius scaled by the atomic number Z (a = h?/(me?Z)). Replacing the explicit

expressions for 1¢; and vy in the previous result we obtain:

v - -2 F s [ ani-ar, { ()

We now define Ak = k — ¢ and evaluate the integral: f 43 FelARTE. . V; by parts:
/ ARTE Vi = @R T s — i AR - &y / d3 e AR T (7)
1%

Notice that the wavefunction vanishes at the boundaries, so the first term is zero. Also, by defining ¥ the angle
between Ak and r we can rewrite the integral as:
Ak €

ar /dr i (r)r sin(Akr)

s
—i2m Ak - €, / dr r?q; (T)/ et AkT cos() gin (9)d = —
0
To evaluate this last integral, we can extend the interval of integration to infinity, under the assumption that L > a:

<J0|V|i>:—L ﬁL(—zfi)( Ak ek)‘ \/—/ /e sin (Akr)dr

mL3\ wy |A

and use the equivalence fooo dre="/% sin(br) = ﬁ to obtain:
e2rh [2ha® Ak -éad®
mL3 w (1 +a?2Ak?)?
Notice that Ak - &, = k - &, — G- €x = —(q - € since k and the polarization are always perpendicular.

Now considering the density of states and the incoming flux of photons ®;,. = ¢/L? we obtain the scattering cross
section:

do  32e*a®q(q- €,)?

d2  mecwi(l + a2 Ak2)4

When the energy of the incoming photon is much higher than the electron binding energy, we have aAk > 1. In this
limit, we can rewrite the scattering cross section as

do _ 32e%%q(q-&)° a® g
A2 mecwg(a?Ak2)* T a8
Now the constant a is the Bohr radius scaled by the atomic number Z

hQ
me27

we thus find the well-known Z° dependence of the photoelectric effect cross-section.
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