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; Capacities of Quantum Channels

1) What iy @ <lassica) Channel?
‘ Phane line, (adio waves, €1C,

'A5 _c;s;mp\\{'.eé abstrnction we'll ldok ot
discrete  pmemoryless  channels,

 Alce gends  Chownel bob recieves

O or 'l "IN 0 on 1

. Memeryless N,&_@AS ol Use 1S :}\_depencieq‘f__
 Any discrete meworyless  Channel  for bits
con be  fully  deScribed by Awo  plokabilities

2 P ana

0 —=—50
>4
£

1 T > 1

IF \o:vPL then this 1S the !o;hory
sSymmetric  Chavnel,

Z) What s a OL\/\cIr\-}\AM chonnel”?
Discrede: £inite - dimeasional  Hilbery Space

Memoryless: each wse 1S independent

:Q\Aan+uw§ agperation or ‘YSupercperater

| %%ZAKFA: where ZAT(AK:T_
K K
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| Exameples

D) Depclarizing channe| [ +his s the quantum
L Aq,Y)_E?_\GjMe_ 10 the bif‘Otr\/ Symmetric Cham\el)

__,Lw_ e . A on - dimensicnal \.
| po- (\-)x)/) + NL/d Uc(ua,:sd ” >

;\:‘7" - L=diMENSI0N) (CwbiJrS) WwWe can uje -[»l«\e-
;¥O\A\me€j dentity  to put this  into 0 peruton

S SuMm Crm;
;l::_ IO*@/OU-X'fO_y/OUy‘fUz/JO-i
2L ¥ -
\'- For O\l‘\_ /) with trace 1,

o FOP_._ QQ‘O"’?S the depclarizing  channel (n
‘be written s

P -Tps %[(Yx,acrx + 0y L0y * 0:2/0'2}

é(wwc»\___d_oe\gw{ look  abviowsly SYmwmetric
L Gnymore, but of Cowrse i+ IHi 2'5)

2) De_é\,\oo:ng) Channe
TP BT
3) Ampitude  damping Channel
~ ) s kel to 90 40 190 butb not e

dther way Arowny €.9. pPhoton l0ss N
an optical  £ioCr
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TTL\e o‘\p_egm{or Sum representation of Om o«mp\imdc
~dowvnping  Channel s

R _ [0 \7
A ’(0 | JT-%) As = (0 0>
f P = ZAip A7

For all the exumples Shown so far, the
Chann€ls  have been repregentable as  a
mixtwre of  wunitories

/0—9 ; P U UFT
- T \Cniﬁar\/

\. , preeab)lity
7 _.}Q“\AEJMOV\:Z tan all chaanels d  with i(l/cl) = I/J

bC  represented oy Mixturey of
unitanies?

| d= 71 +the answer 13 yes,
For 423 fthe answer i5 Mo,

Now we'll look at o @unierexample For d=3.
l) Prc_;)eﬁ onto  the X-Y X-Z2, 6 or Y-2 planes,

This s @ POVM  with  Clemends
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2)  Flp  coordinates in plancs,  The 3 <orresponding
o Kraws _operators ave - N
- ' 7 0 0 O o ) D 0 0
S L B AL ‘ A
o A = 3 V0 O Al: 7 | © © 0 _ A,Q,: - |0 o |
- | Yo o o} k o ol Ve ol
E :T_k_‘»_s qm;(;?_\}\}\m c\nc\vxh_ci_,f\ annot be tepresefﬁe& -
- cas 0 wnvixtwre  Sf 0 unitari€s,
 New ey look ot what ty pe of argument
,,,,,, can _be used te  prove  this,
CTf we  dnpwt 10) 4o 4kis Channel e  sed
SN )

@S Ovﬁ—p-\/\-\'

TE we inpwt Yhe State (10 +[N))/V2 then
Witk pYo ‘oab'\\{*‘/ Ve the  Staie ©) €3S pro\') ec+ed
gnte the 0-1  plane,  This | Staye 5 already

noothe  0-1 planeg , 6 ;A this  cage  Fhe
Output Gy ywE (4 1) /2.

Wi, prolabilivy Vi the State will  ged
CQrejected onto the L-2 plane 4 whiCh
case The ourput IS 1.

" i\Ni‘r\-\ proboaior )ity V¢ +he state gets projeded
Qnic  the J-1 elane, in whith e the

outpwt s |0),
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Thad we  sec thay () has zero
___omptidnde for 10)  ang ¢ () /AR). has
o~ Zero amplidude  for 1), | |

o LTE TS a mixtwe of  unitaries then  eath
~ . gf dhe unitaries MUSE  gatisfy  these  constraints,
B‘/ ,C.,Gﬂé?éer‘u\ +Whe acticn o.F f’ agn o Few
Moy e inputy states it s Possible t0  (ompile
aenoval enstraints o that No unitary  an
 SatisEy. all gF them,

CAs o final example, we'll look at  the

eraswre Channel, whitlh  takes d-dimensidnal

_inpwls  t@¢ a d+¥l  dimengonal  Spae of
N owrewys.

ey Ay

\e) ¢

nct in inpur Spact

For d4=2
f-¢ 0 0 0 0 0
A= 10 {i-p Av= 1|0 © A, = 0 -~
B o 0 F O o p

73‘(,\0()5%0\\ Shannon 'qu.w:/'.

. 2 big  dheorems in Shanaon's fomouns  paper

] \) noi $elRss COC&‘\!\@ tHh v “(“60\:(‘(6 Coding ”\W\”) o
23 naisy cga;,\j v (“(,L\omr\e\ Coding *Hv\».,”)
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A discrere probobiliby distribudion 0, .. Py
has  entropy

B
) = =Ly leg Ry

{HG) is ke informegion thecry notation, The

_;V:Phys_i (S  NOratien  Fof entrepy 0§ é,c,p),\ _
A source can %€ coded $0 flet N Symbols
arc stat using

- f(__F\ (8) +¢& BV_\ bid s
and e  recovered with  high  probubility (The
. sowre S is modelled  as  prodwting  jnde pendent
identically - digiributed  random  Variables frem
Some  Prolubility  disdribwiion,)

‘D__e_{_ The (o\po\cHr»/ F a Channel 150
| ~max T (A1)
A

iwkeﬁre» TCA:B) is the muinag) info renction 56*\/‘660
The input 4 ang the  owypnt B,

_D—_C“‘E /,"\vﬁy\gﬂ information 1S5 defin€d by
L(A:B) = H(AY « H(B) - H(AB)

~where  H(AB) dendtes yhe emirepy of the joint
~  Orcbablitf digdnbution € A and B,
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o T+ s 4lse frue  that

ST (A:B) = H(BY -H(BIA)
~ where  BIA denckes the condidional probability
o disAivwdion fer B given A,

kg 7

_; 1,EXONW,?\—(;“ Bmwy Symme%}c C-L\cm;\;j_

S — \*—P

L0

S F _ o
L £ ,
- T

H(BIA) = —plogp —(1-p)log (1-p)

feg ordless of wWhad A iy,
CAae HAB) = pop(024) tp, (1-P) (0—0)
| Fpop(L=0) € P (-p) (L-1)

'TO p('\é,_ T we Choose Po =P, = V1 | Jince
thiy  maximizeys  H(B), whercas  H(BIA) s
nox  offected by P, ane P, '

N (C - 63 bits o0& nformaticn (an be trandmit e gver
o nannel  and  recovered  with  high  prebability
A by Wing  the  Channel N HIMES wwhere O s
- the channe) Capacity,
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: Meore _precisely, for any €, there  exists  an ¥
_ L ond . codirg scheme  whith  takes  n(C-€)
.~ oifs and  encodes them §o thatr they (an
_oe_ fransmitied by wsing the  Chanael N HIMES
~ Shennons dheorems  are  pfevee  usng  trpreal
_ C SeqwneN(es,
Ty il Sequences
Efu\\bpcse YO\ have prolgo\b')\i%/ distribwtian
7 pfoio@ 10\\\‘\‘} P; ~ Fer S\/W\bc\ 0()
probobilivy P2 fer §Ymiw) L2
\v B 1

A \Qf\jﬂx_‘ n §4ring i§ 6-+--x/‘oi(o\l £ K, +4we

ﬁ of  symbol i satisfies

AuMmber  0F  occwnr rences

N{pi-€) & X5 & n(p: +€)

fer all .

_,,;hﬂ\eofCM'- with  high probability o leagih N
String  produced by o given courde 1§

€ -+ pical.

| {More precisely, the probobility of o
. D $eing  nov being € - fypical 9oes 1o
| 7erg QxPo,f\en-ho\H\/ oS N = 0,
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‘The proof OF 4his theorem i§ relefively Simple
Lond Works by applying  Stirling's  formula to
e muliinomial  digyribwiion,

A source S oudpuls G dypical Gring  with
high  prohakility,

Tv 05 eny Wv:ecessary to eacede  tygpical Strivgs, .
ince Wl?;/”, SmMmply throwing cud Nen-typitnl  Strings
cone. o\ fails  wWith  exponentially  Swaal)

prokbab\ity o o o

~The number of kil necded 4o entede o  fypical
String s \031 (# of +ypical Sirings) -

9 pn pn Pm>

~ | A \\] (,P‘; pl) see ) PV\B _

= n N (source)

Quantum  Coding
. -

A\-‘,(e _‘2)»9'*5 @ Source Whilh O\/\“’FV\—_TS on  walatwn
pare  Stote U wWith  probablivy Py i

Alice's goal is 4o~ Send these States fo  Bok
using  ay  few oLubiw‘j as pegsible,
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j A lice Con 50 quaNtum data (cmpression o Sw ((eSf{u«)ly
, Aransmit  the  simjes  te Beb  With  high  probabilidy
o wbing 4 Cedued  nwmber 98 gubiis,

 Criteria for gwccess

Alice cets N symuols £rem the source

VY = VY @ VLY 8 e VG

iSL\Q \;\/‘5/&/}{5 1¢ compress s ind0 Sﬁr\é Num belr 0{-3: ______

Vctu\oijs_ send  them ﬂ\cquj\q a Na 15elesq o(wm*wv\
‘(—,\'\CAV\(\Q\, JY‘O BGB' "Bob theén clcc’oMPrejﬁej Ang

Ob tains P
g  require; E Qlplv) 2z 1-¢€
Qxpecintien fidelidy
.To be encrete, We Cowld imagme that there
S G refevee wWho  unlike Alice and Bob, Knows
WY, The referee doe; the best weagaerment
allowed by quantum  mechanits  GNne con'+ L
digdinguish  pob's  decowmpPressed  Stede  from .
Iv) Texcept with plobobilivy €, L
Def  The emﬁw\oy_c{: o sowrce s H(p) where
p_is the density motriy defined by .
Po= 7 P IV,
. P | |

ond  H(p) = - tr(p legp),
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;Nfate that H([)) 'S e%V‘o\] tc  the Sheannon o
7 ~Cntropy of t+he eigenvalues of p,  Alo
B . ngte  that les (P ) S wniquely  defined
o Sinte. denasity  mairi(es  Gre Glways pogs tive
o peéraicrs, } )
o NzQ_jgj $ Qé: ‘\_ow A_ljce_u p;fr“{ _ct_;m 1}1@ -
. Kowmpression, i
~ Klice projedds onto o dypical Sahspace, TS
19 dhe  quaniam  onalogue T 0F  typical gequerves
ond pext we'll  see  what 4ypical  Subspaces ore,
© Suppose  the  Source produwes  Stades
. VY, WY, L, WVK)Y L Witk prebebilities o
; Pl ) P,‘L,;)_. v ) PK , Tke"\ \I\/e JO\\/ 1—h0\+ +ke SW(Q ‘3
. LK

- r o= ;:1 ®; \\/»>L\/')

:({o\\\ the eigenvecdors 9¢ f \'\7,> ond ke
eigen valwnes Ni The SCur(e \wWhiCh o ¢ues
St 4eS \\f\>, \V1>, sy \ VK» With {Bro\oalg;li'ﬁf’j o
N, Xy Lo, Ak has ke sume  deas’ty  matrix f

“?_W\ebe Sthtes are Ottho9onal O this  Sowrce
BN GSS,e__n-\.‘o\H\/ ClasSital,

M Ar\\/ iWeo  Soucr(es With dentical def\si+y
\( Mmatricey behave 4he  Jare  in any

eXperiment (‘..Q' Afe  inds +.‘n©w5 ha ble).
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 The  +ypical  Suvbspace S the Swhspoce B
bpanned by typical  sequences of |Gy,
Alice’s  cempression ploce dure:

Perform o Pleyective wmeagurement to jee
whether  the  String  0F N Stetes preduced
oy the  gource  lies in the  typical Subspacle
cac noY., TI§ it does +hen gend the |
resulling  projeciien ondo the dypica]  Swbspace
Fhrowgn  the vontum - channel,  This  requires
N(HPE)Y+€)  qQubits, gince  this s jasd dhe
_6\(\(An\f\0r\“ er\ﬁf‘c‘{l\/ cf 4ne N\ 'S,

_The prebabilidy fhat the  stake will project

CiNYo dhe typical  swbspace s Neerly 1, o

: Leﬁ'§ ‘_\gw‘ T be +he  pfe p¢ior O{\;Fo the -
J
Yy Pical Suhsp ale and e+ _ ,

\“\}77:_: \V?L>® \V\;> ® . ©® \\/;,\>
be *\’\S‘ _ cnipntr  of ke  Sowlce, Then

Ey (YITIY) = 1-€
7 {raall
_xpe(+aticn

GVer_ ot

ontQwis 0¢

Sowrce

Al\‘c'c gora\‘)eﬁs suc(ewful\\/ she $enc§5

TIVYWIT
(1- €) e T

—!
/‘»7
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C Recal dhat LYITIVY=1-€ Thas 4ne
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F\éeh-{"f V!S 7 ) - ;?~

(‘\_’\ (TWM&V )l >— e)L =l-e

- €

Tlt/\&“\“rj{ .-C/‘F é[‘wnﬁ_x,«v\_ (hannel| | —

E)(o\mp\e_

C Alice s givea 2 nen-orihagonal  quaniem  Stoqes
_wl’f\f\_ whitlh Yo enccde, We'll dencte these oS

X,waé f,

One thing  ghe could do iS5 N

ol1olollg 913V /2 1/V/./710

;BOb -V;"GVNV"’CS eath 1 ovr L/'} ‘clm:r\@u\;\gke\s Yhem
@5 wel N - Possivle, ond  decoges,

:ﬁ/\’\dfe 696(.,‘{;(6\]\\/, Swppeost { oo / represent
e follewing  §tmies  of o 1\Abﬁi

(o) go= (o

The  optimal  measurement 1o distinguish  these
s Nonw - Neumann measugerment  Symwmednic
S 0khony  these two  Stnates:

preyject anto these perpendi (al
Ny ap lines denoted by dotied \ines-



where Ha(p) deactes —Plogp - (1-p) log (1-p),
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The actessible information isi L
_ Te = L-HL(R 0 e

-i“,,:sw\",PQS(i,,A\f((f s mstead  9iven 3 °{‘A““+V\M,

Stares

1/ N o0 apar)

CSappee Al enedes ber bits just win

fwo  0f  thes e Staies, Ta 1hiS  Cose She _
(e Or\\\/ ronsg mi t 0.6454%  pits per C(hannel
- nse,

Thece 78 Om Gther  Sifa tegy Alice Can wuse B
CWhith 18 mch better,  Use 4wo - Stafe  blocks
S ond  send  either

AWV, IO, g IR IND

I§  Beyp UseS the Ven Neuwm ann w;ea\;l;\rche}\;}_ -
Thot  besy  distinguishes these then  he  9ets
1369 bits per  Channel  wsoge,



