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Problem Set 5 

1. Consider the average-cost LP: 

maxλ,h λ 

s.t. λe + h ≤ T h, 

where T h = minu gu + Puh. 

(a) Suppose that there is a unique optimal policy u∗, with a single class of recurrent states R. Show 
¯that the optimal solution of the LP is given by (λ∗, h), where λ∗ is the optimal average cost and 

¯ h(x) = h∗(x) for all x ∈ R. 

(b) Provide an example of an MDP such that there is an optimal solution ¯ h to the LP such that at 
least one greedy policy with respect to ¯ h is not optimal. 

(c) Propose an algorithm based on linear programming for computing the differential cost function 

h∗. 

2. Let uh denote the average-cost greedy policy with respect to h, i.e., uh = argmin(gu + Puh). Let λh 
u 

denote its average cost, and πh denote its stationary state distribution. Show that 

h (T h − h − λ∗) ≤ �T h − h − λ∗ 1,πh .λh − λ∗ = πT 

3. Let h be such that 
αT h ≥ h + λ∗e,


for some α < 1. Let hα = minu(I − αPu)−1(αgu − λ∗).


(a) Show that


c T (T h − h − λ∗e) ≤ c T (hα − Φr) + 
1 − α

c T hα, 0.

α 

(b) Show that limα 1(1 − α)cT max(hα, 0) = 0. ↑

(c) Suppose that there is v such that α maxu PuΦv ≤ βΦv, for some β < 1 and all v. Denote by r̃ 

the optimal solution of the LP 

maxr c T Φr 

s.t. αT Φr ≥ Φr + λ∗e. 

Show that 
2cT Φv 

r − Φ˜c T (T Φ˜ r − λ∗e) ≤ 
1 − β 

min �hα − Φr�∞,1/Φv +
1 − α

c T hα. 
r α 

(d) Suppose that Φv = e for some v. Let R(λ) denote the set of optimal solutions to 

maxr c T Φr 

s.t. αT Φr ≥ Φr + λe. 

Let λ and ¯ λ be arbitrary. Show that if ur is a greedy policy with respect to Φr, for some r ∈ R(λ), 
then it is also a greedy policy with respect to Φ¯ r ∈ R(¯ r, for some ¯ λ). 
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