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.;Introductlon to Numerical Analysis for Engineers

Mathews
* |nterpolation 4.1-4.4
— Lagrange interpolation 4.3
— Triangular families 4.4
— Newton'’s iteration method 4.4
— Equidistant Interpolation 4.4
* Numerical Differentiation 6.1-6.2
* Numerical Integration 7.1-7.3

— Error of numerical integration
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13.002

Numerical Interpolation

Given: f(xo) = fo, flz1) = f1,..- f(zn) = fn

Find  f(z) for z € [zg,z,]

Purpose of numerical Interpolation

Compute intermediate values of a sampled function

Numerical differentiation — foundation for Finite
Difference and Finite Element methods

Numerical Integration

Numerical Methods for Engineers Lecture 8



Numerical Interpolation
Polynomial Interpolation

A
fx . .
Polynomial Interpolation
®
¢ ; n—1
F(z)=p(z) = apz" + a1z" " -+ - ap—12 + ay
I [ Coefficients: Linear System of Equations
T T |
’ n—1
o T XY v B fo = apry +ayzy a0 +ay
* n—1
. fl - (1037?—{—(11.1‘? Tt Qp—1T1 T Ay
Interpolation
flz) ~ F(z)
f(z;) = F(z;)
* n—1
f‘n, — G‘D'T;i + (11.’13,2 1Ty + Uy,
F(z) Interpolation function
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Numerical Interpolation
Polynomial Interpolation

Examples

A

fix J(x)

-
- -~
— -
- -
— -
[ \\\—T//

! 1

v

v

T T * ro Tl 9 X
Linear Interpolation Quadratic Interpolation
XL — Ty 9
P(d”f):f0+(f1— )rzo p(m):agm + ai1T + as

13.002 Numerical Methods for Engineers Lecture 8



Numerical Interpolation
Polynomial Interpolation

Taylor Series

(n,+l)
f ( I) ( D)n—l—l

= @+ 1)! (n+ 1)!
Remainder
_ f{n—l—l)(&') n+

Requirement
f(ﬂ,+l) (&-) <1

Jx)

lll-conditioned for large n

Polynomial is unique, but how do
we calculate the coefficients?
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Numerical Interpolation
Lagrange Polynomials

A

p(xz) = > Li(x)f(zx) = i Li(z) fx
k=0 11

].. ______________________

Li(z) =Y lip '
1=0)

»
»

7~
T |
b3 k2Tl k kY k2 x

(0 kA
1 k=i

Lk(ﬂ’:?) = 5;3? .

Difficult to program
Difficult to estimate errors

i L — €Ty Divisions are expensive
Li(z) =

j=0,j#k Tk — Tj

Important for numerical integration
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Numerical Interpolation
Triangular Families of Polynomials

Special form convenient

Ordered Polynimials , _
for interpolation

p(z) = copo(z) + c101(z) + - - - + cndn(x) do(z) = 1
where p1(z) = -z
po(x) = ag $2(w) = (z— mo)(z — 71)
$1(x) = ap+ane
$1(z) = ax + anz + axns’

Qﬁn(m) = (m - "BD)(QJ - "Bl) T (m - "Bn—l)

Coefficients
Ou(T) = Ano+ piZ A eevee e +amz"”  f(zo) = p(zo) = c
flz1) =p(z1) = co+ ez — m0)
f(z2) = p(z2) = co+ c1(w2 — x0) + c2(T2 — T0)
co, C1, --..Cn found by recursion
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13.002

Numerical Interpolation
Triangular Families of Polynomials

Polynomial Evaluation
Horner's Scheme

f(z) =~ cypo(z) +crdr(z)---
= ¢+ (z—xz)(cr + (2 — z1)(e2 + (z — 22)(--))))
Remainder — Interpolation Error

(n+1)
(@) = @)~ p(o) = TS @ 20) - (= 2)

Numerical Methods for Engineers

Lecture 8



Numerical Interpolation
Newton’s Iteration Formula

Standard triangular family of polynomials

f(z) = p@)+r(z)

Newton’'s Computational Scheme

Cs

>f[$01 T, T2, $3:|

= CD+CI($_$D)"'+Cn($_$0)"'($_mn—l) CD

j‘(n+1)(€) zo f(xo)) C1 )
Ty @@ —a) Flo, 21]) ]
Divided Differences z1 f(z1)3 rf w0, 1, 22

f(xo) = co = co =|f(x0) of [71, T2]]
zo  f(w2)< Sy, g, z3]

f(ml) = o+ Cl( 1 — IBD) = C = f(ml) — f(&’?o) = f[gjo’ ggl} >f[$2’$3}/

1 — I

[la2)=f(@)  flzr)—f(xo)

_ [t €1 —Tg
Cy =
L9 —n
Cp = f[mﬁa Lyy--- ::B'n,] —
Inp — Ty
13.002
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Numerical Interpolation
Newton’s Iteration Formula

X » i

r—1)+6(z—1)(z—-2)+2(z—1)(z —2)(z —3) p(z)=1+z+2>+22%z — 1) = 1 +z — 2 + 223
13.002 Numerical Methods for Engineers Cecture 8




Numerical Interpolation
Equidistant Newton Interpolation

Equidistant Sampling Divided Differences
Stepsize Implied
x; = xo+ ih

. 1
flzo,z1] = w = E(fl —fo) = l*.AfD f22f1+fo=

flz1, @2] — flwo, 1]
Ty — Iy
| 1,
T3 2= 2hi+fo) = 55587 f
1 1

W(f:z 3430 ) =555

f3—3f2+3f1—f0—

flzo, 1, 22] =

h

flzo, 1, 2, 3] = A? fy
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Numerical Interpolation
Newton’s Iteration Formula

function[a] = interp test (n)

n=2

h=1/n

xi=[0:h:1]

f=sqrt (l-xi.*xi) .* (1 - 2*xi +5*(xi.*xi));
$Ef=1-2*xi+5% (xi.*xi)-4* (x1.*x1.*x1);

c=newton_ coef (h, f)

m=101
x=[0:1/(m-1):17;
fx=sqgrt (l-x.*x) .* (1 - 2*x +5*(x.*x)); 04
SEx=1-2*x+5% (x.*x) -4* (X.*xX.*X);
0.2 \
y=newton (x,xi,c);
hold off; b=plot(x,fx,'b'); set(b,'LineWidth',2); % o1 o02 03 04 05 06 07 08 09 T

hold on; b=plot(xi,f,'.r') ; set(b, '"MarkerSize',30);
b=plot(x,y,'g"); set (b, 'LineWidth',2);
yl=lagrange (x,x1i, f);

— Exact

= Samples
b=plot (x,yl, 'xm"'); set (b, 'Markersize',5); % el

b=legend('Exact', 'Samples"', 'Newton', 'Lagrange"')

b=title(['n = ' num2str(n)]); set (b, 'FontSize',16);

function[y] = newton(x,xi,c) function[c] = newton_coef (h, f)

% Computes Newton polynomial % Computes Newton Coefficients

% with coefficients c % for equidistant sampling h 06

n=length(c) -1 n=length(f) -1

m=length (x) c=f; c_old=f; fac=1; 04

y=c (n+l) *ones (1,m) ; for i=1l:n

for i=n-1:-1:0 fac=i*h; Qer
cc=c (i+1); for j=i:n | . . . . . .
xx=x1(1+1); c(j+1)=(c_old(j+1)—c_old(j) )y /fac; 0 0.1 02 03 04 05 06 07 08
y=CcCc+y.* (x-xx); end

end c_old=c;

end
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