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Mathews
« Ordinary Differential Equations 9
— Initial Value Problems 9.1
» Euler’'s Method 9.2
» Taylor Series Methods 9.4
— Error analysis
» Runge-Kutta Methods 9.5
— Systems of differential equations 9.7
— Boundary Value Problems 9.8
» Shooting method 9.8
» Direct Finite Difference methods 9.9
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Initial Value Problems
Higher Order Differential Equations

Differential Equation Convert to 1% Order System
y(n) (t) _ f(t, Y, yt’ o y(n—l)) T1 =1y 3:”1 = Ty I‘l(to) =1y
Ty =1y ThH = T3 za(to) = 1
y(to)) = v ) ;
p r3 =1y .y Ty = T4 mg(tg):yg
y(to) =
Initial
Conditions ,
Tn = y(”_l) 3:::1 - f(t? 33]_.‘, $27 nt 'mn) $n(t0) = Yn—1
n— Matrix form
y( 1)(t0) = Yn-1/ o=
X =AX+§g
T
aip -+ A
L2
X =4 b, A=
| ap1 - Qnn i
m'ﬂ,

Solved using e.g. Runge-Kutta (ode45)
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Boundary Value Problems
Shooting Method

Differential Equation

y' = fz,9,9) 1
— y
y(a) = yq Boundary
y(b) = y, ) Conditions

‘Shooting” Method

' = flz:p:7)

y(a) = Ya ¢ — y(’)’i, b)

/ Initial value Problem
a)] = Yy
y(e) i Solve by Runge-Kutta

‘Shooting’ Iteration
Yo — y(ﬂﬁ—la b)
Yisb) — y(7i-1,0)

Yi+1 = Yi-1 + (Vi — Yi-1)
i+ y(
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Boundary Value Problems
Direct Finite Difference Methods

Differential Equation

y' = flz,y,y)
y(a) = Yo Boundary A
y(b) = Conditions y n
}
Discretization
h _ b j}a
Ya
z,=a+nh, n=0,1...N
| | 1 1 I I | >
Finite Differences a h b x
Yn = y(x'n,)
/ / Yn+1 — Yn-1 9
n n) — h
n _2 'n,+ n—
il = o) = T O(R)
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Boundary Value Problems

Direct Finite Difference Methods
Boundary value Problem

Matrix Equations
y' = f(z,9,y)

y(a) = Y 2 1 1 (7 - - Flaoy, yr, B52) | ] ~Ya -
y(b) = W I =21 Y2 : 0
Finite Differences : T e _

Yo = y(zn) ' '

_ 1 -2 1 0
) ’ Yn+1 Yn—1 2
Y (@) 2h (7°) L =2 ]|y~  flav-nyv-u 212 | | o |
7 —2 n + n—
= o (e) = PSR L O(w)

Ay - Rf(y) =T
Substitute Finite Differences Linear Differential Equations
Ynel “Ynly 12 N-1 Ay -Gy = T

Yn+1 — Q?Jn +UYn-1 = hzf(x'm Yn, 2h o -
[K— hQG(:c)] y=7°

Yo = Ya
Yn = W
Difference Equations

2y 1y = Bf (Sﬂl,yl, yg%yu) — Ya

Solve using standard linear system solver

Yn—-1 — 2yn + Yn+1 = th (mm Uns %) , N = 2) .N =2

Yp — YnN-2
yn_o—2ynv1 = B°f (ENI:?JNI: )T) -

N-1 equations, N-1 unknowns
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Boundary Value Problems
Finite Difference Methods

Forced Vibration of a String
Finite Difference

f(x,t)l
1 1 1 1 1 1 1 1 1 dQ—y ~ Yi-1— Qy’-' + Yi+1
A)'C'l"A dz?|, ~ h?
: Yy Discrete Difference Equations
Harmonic excitation yio1+ ((kR)* = 2) i — yi1 = f(zi)h?
fet) = 1) cos(at) Matrix Form , .
[ (kh)2_2 1 ) _ o 0 T f(flil)
Differential Equation 1 (kh)> =2 1 .
dg—y+k2y:f(m) | | ' X =9 f(z)h?
dx? : 1 (kh)2—2 1 '
Boundary Conditions
= — 0 S 1 (Kh)2—2 ‘
y(o) 0 ? y(L) 0 L ( ) J ‘ f(.’lin)hg

Tridiagonal Matrix

kh < 1 Symmetric, positive definite: No pivoting needed
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Boundary Value Problems
Finite Difference Methods

./'?-5\
. o

Boundary Conditions with Derivatives

y' —yr = g(z) |

Central Difference  y/(4) = 0 Central Difference
Difference Equations y'(b)=0= yN+12—hyN_1 + O(h?)
Yo = 0
Yn—-1— 2Yn + Yn+1 — hgynmn - hgg(mn) , n=1, yo = 0
Yn—-1 — 2y'n, + Ynt+1 — thnan — hgg(mn) , N = 1: 2; ..N -1
Backward Difference 2(yn—1—yn) — PPyxay = 0 O(h3)
h General Boundary Conditions
. poy(b) + p1y/(b) = p
Yo = 0 O(h™) Finite Difference Representation
Yn—-1 — 2y'n, + Yn+1 — hgynmn — hgg(mn) , = 1; 2; .N—1 PoYn + al yN+12; yN_l) = P2
YN TN = 'U\ O(h 2) Add extra point - N equations, N unknowns
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