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* Ordinary Differential Equations 9
— Initial Value Problems 9.1
» Euler's Method 9.2
» Taylor Series Methods 9.4
— Error analysis
* Runge-Kutta Methods 9.5
— Systems of differential equations 9.7
— Boundary Value Problems 9.8
* Shooting method 9.8
» Direct Finite Difference methods 9.9
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Ordinary Differential Equations
Initial Value Problems

Differential Equation

y’*(ﬂj) — f(.’B, y) ; T E [a,b] y
y(zo) = Yo
Linear Differential Equation Yo

f(z,y) = —p(z)y + q()

Non-Linear Differential Equation

v

f(.?:? y) non-linear in'y

Linear differential equations can often be solved analytically

Non-linear equations require numerical solution
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Ordinary Differential Equations
Initial Value Problems

Euler's Method

Differential Equation

Y fww) s w0 =
d.?}_ Ly y), Yo =P

Example 50

flz,y) == (y =2*/2+ p)

Discretization \

Irp = nh 30\
Finite Difference (forward) )

@ -~ Yn+1 — Un 5L
dx e h 10}
Recurrence ~ — =
] 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 ¥ 8 9 10
Yn+l = Yn + hf(ﬂh._, ya;:,)

euler.m
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Initial Value Problems
Taylor Series Methods

Truncate series to k terms

h? Rk
n=y(1) = o+ hy'(wo) + Syy"(20) + - + gy(k)(mo)

Initial Value Problem

v = flz,y), y(zo) = w0

Taylor Series , h?, e
T — 10)? ?Jz:y(fm) = yl+hy($1)+—y (:131)+---+—y (5131)
y(2) = yo+ (x — 20)y (z0) + ————y" +--- 2 Al
2
Derivatives h? h
Yn = y(mn) = Yn-1 + hy;(mn—l) + Eyﬁ(zn—l) + et Ey(k) (zn—l)

y' = f(z,y) = ¢ (x0) = f(zo,y0)
Choose Step Size 4

_ _ r_
Y = iz = ftfy =+ i h:b_a
s dgf(m, y) 2 2 . N .
= = for + fayf + fyuf + fuf" + fufa + 1, f Discretization
= for A 2 oy + fou £+ Fufy + 12 T=atnh, n=01,..N
Partial Derivatives Recursion AlqorlthggH
9 y($TL+1) =Yn+1 = Yn + th(m'rn y'n,) + my(kJrl) (g)
f: = 5% with
5, h e
.ﬁu - a_y Tk(mﬂg yn) - f(mm yn) + Ef ($n; yn) + -/ —f ("‘E’ﬁ,: yn)
Local Error
W€ y(€)) — WMy H(g)
E it 1! N Ty < €< Tp+
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Initial Value Problems
Taylor Series Methods

General Taylor Series Method Example — Euler's Method

33?,‘:(1—{—'!1?1’ TL:D,I.‘,N y’:ya y(O):l, y:e”"

hk+1 fi1
Y(@n1) = Ynst = Yn + AT(@0,90) + 5 1)!3’( ) y0.01) ~yl = go+ hf(z0 ) = 1+ 0.01-1 = 1.01

y(0.02) ~ y2 = y; + hf(z1,11) = 1.0140.01-1.01 = 1.021

h Rl ~y3 = h =1.021 + 0.01-1.021 = 1.03121
Tk(‘rﬂ: y‘ﬂ) = f(‘r‘fh y‘n) + gfj(mna y‘n) + e Tf( U(ZCH, y‘n,) 9(003) - yS Y2 + f($23 yQ) . +

0.03) = 1.0305
o hk—i_lf(k)(f,y(f)) B hk+ly(k+1)(€) y( )

(k+1)! (k4 1)!
Example
k=1

Euler's Method

Yni1 = Yn+ h’f (:Bna yn)
h2 "
E = ﬁy (f)
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Initial Value Problems
Taylor Series Methods
ErrOr AnalySiS Derivative Bounds

|fy(mmyn)| < L 3 |y”(£n)| < Y

Error Estimates and Convergence

h?
|en+1| S (1 + hL)le'n.l + *Y
v = fz,y) ylzo) =w 2

Euler's Method 2
Yn+l = Yn + hf(mm yn) , n=0,1,-- T+l = (1 + hL)W“ + ?Y » Yo =0
hY
n — + h 1, = —— n_
x &y n Yn 2L [(1 + hL) 1}
€p = y(mn) — Un Thn S |eﬂ.|
/ h? "
y(m'n,Jrl = y(mn) + hy (35“) + Ey (&-‘n,) y Tn < &-'n, < Tyl n = O . ED = O , €)= 0
2
e = %y”(f”) n=k: n < |eﬂ.|
h2 h2 h2
€ntl = y(‘®n+1 —Yn+1 = y(mn) +hyj("rn) +7y”(€n) _yn_hf(mmyn) Th+1 = (1 + hL)nk + ?Y S (1 + hL)lekl + ?Y S |ek+1|
= () = 9n) + B e ) — Fam )]+ 7(60) 2%
Cn+1 = Y .’En) Un Ty, YLy Tny Yn 9 Y \Cn |8ﬂ| S N = 7[(1 + hl)n o 1]
2L
d Ty Yn hY hLyn
f(m'n,: y(mn)) - f(mm y'n,) = M(y(%) - yn) = fy(m‘n,a yn)en < —[(eiL) - ]-]
Ay 2L
hY ,
. 12 ) — ﬁ[eth - 1}
ens1 = €n + hfy(Tn, yn)en + 5 (&) N
hY
h? e, < ——[(e®Fnm)L _q O(h
|e*n.+l| S |en| + hlf;r;(m'm y*n.)enl + ?|y”(f«n)| | | QL [( ] ( )
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Initial Value Problems
Taylor Series Methods

Example — Euler's Method Error AnalySIS
dyfdx = X), Y. =
y’:y, y(ﬂ):l, .'ITE[O,I] 28 : y. eXF"(}Y?'l._Exad
Exact solution 26 ~ Euler, h=0.1
i = e‘r 24
Derivative Bounds ”
fu=1=L=1 B
f'(z) =" =Y =e
Error Bound 12}
he e S S S
[enl g ?(e === 1) ] 01 02 03 0.4 05 06 07 08 09 1
dyfdx = exp(x), y, =1
* I ‘ I I ‘ I — Exact
261 I~ Euler, h=0.05
h=0.1= |e,| <0.24 :
Yn+l = Yn + h'f(xm yrl) — (1 - h)yn Jl

yn = 2.8937
y(1) = 2.71828 12)
el] — 0‘1246 < 0.24 [+] : 0?1 OfZ 0.‘3 0?4 ofs 0.‘6 0:‘? ofa 0.‘9 1
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h2
y(gj‘nﬁl) — y(mn) + hf(m'm yn) + ?(fx + ffy)n

Initial Value Problems
Runge-Kutta Methods

Taylor Series Recursion

3

Runge-Kutta Recursion

Yn+1 = Yn + akl + bk?
kl — hf(m'.m yn)

h
5 e + 2f oy + fof* + Fefy + £3F)n + O(R)

Substitute k£, in Runge Kutta

Yns1 = Un + (a+ b)hf + bR (af, + Bff,)

r? g,
0NN (S5 fez + QBf fy + 5 f i) + O(h")

Match 2"d order Taylor series

a+b
kQ - hf(mn + Q!h, Un + Bkl) b(!
Match a,b,, to match Taylor series amap. %,
k
f - f(m'n, + ah: Un + (Bkl)
- f(m‘!’h yn) + ahfw + Bklfy
a2h? 2
+Tfm + ahBky fuy + (E;.fgfyy) + O(h4)
13.002 Numerical Methods for Engineers

|
1/2
1/2

Eng=0=U5. a==1

Lecture 10



Initial Value Problems
Runge-Kutta Methods

Initial Value Problem
y = f(z,y) ‘

y(To) = Yo

r, = o+ nh W
2nd Order Runge-Kutta / e a

Yn+1 = Yn+ %(kl +ka) —
b= hf (20, u) )
ko = hf(z,+ h,yn + k1)

4t Order Runge-Kutta

Yni1 = Yn + (k1 + 2k2 + 2ks + k)
ki = hf(zn, yn)
ky = hf(zn+ 2%y +5)
ky = hf(za+ 5y + %)
ki = hf(z,+ h,y, + k3)
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Initial Value Problems
Runge-Kutta Methods

h=1.0;
) x=[0:0.1*h:10]; rk.m
Euler’'s Method v0=0;
y=0.5*x.72+y0;
T, = nh figure(l); hold off
a=plot(x,y,'b"'"); set(a, 'Linewidth',2);
% Euler's method, forward finite difference
d — t=[0:h:10]; N=length (xt):;
n+1 n X
_E{:xzmn ~ y——————gi— yt=zeros(N,1l); yt(l)=y0;
dﬂ? h for n=2:N

¥ vyt(n)=yt(n-1)+h*xt(n-1);

Recurrence / ond
. hold on; a=plot(xt,yt,'xr'); set(a, 'MarkerSize',12);
Yn+l = Yn + h.f(nh:y’a)

Q

s Runge Kutta
fxy='x"'; f=inline (fxy,'x','y');
[xrk, yrk]=o0dedb (f,xt,v0);

4th Order Runge'KUtta B'a=plot (xrk,yrk,'.g'); set(a, 'MarkerSize',30);
a=title(['dy/dx = ' fxy ', y 0 = ' num2str(y0)])
_ l set (a, 'FontSize',16);
yﬂf"‘]— T yﬂ + 6(k]- + ng + 2k3 + k4) b=legend ('Exact', ['Euler, h=' num2str (h)],
'Runge-Kutta (Matlab)'); set (b, 'FontSize',14);
kl - hf(mna y’n,)
dyldx=x,y =0
_ h k 5 N
k? - T 1 2 Yn + _21) — Exact

h‘f ( ul Euler, h=1 i
- Runge-Kutta (Matlab) |
ks = hf(zn+ 2y, + %)
hf(

Tn + h; Yn + kS)

Matlab ode45 automatically ensures convergence

Matlab inefficient for large problems —> Convergence Analysis
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