2.25 Advanced Fluid Mechanics Fall 2013

Solid Body Rotation-Extra Notes
Whenever we have a coordinate rotation the following holds:
Imagine a vector v:
i
Q =
Uy

in & — y coordinate system and want to calculate the components of v in a new coordinate
system a’ — 3’ which comes from 6 counterclockwise rotation of 2 —y coordinate system (Figure

1).

X

Figure 1: Coordinate system 2’ — ¢/ is a 6 counterclockwise rotation of = — v.

Uy | | cost  sinf o |ve

vy | |—sind  cosf vy
If you show the vectors in a row form rather than the column form then the matrix from of
this conversion will look different:

[W vy/} _ [Uz vy} » [cos@ —sinﬂ

sinf  cosH

It is easy to see that both of these matrix representations express the same set of equations for
conversion between the two coordinate systems:

Vgt = Vzc0s0 + vysind
(1)

vy = vy (—sinb) + vycosd

and if you like to get the components in the x — y coordinates from the ' — 4/ coordinate then
the following holds:

Vyp = V080 — v,y 8inb

Uy = Uy 8inb + vy cost)
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In the solid body rotation problem we have to convert components from x — y coordinate to
r — 0 coordinates:

. : Object in motion y

&

€y x

Figure 2: Coordinate system r — 6 is a 6 counterclockwise rotation of x — y. Note that here
the v vector is drawn for an arbitrary case and has both r and 6 components whereas in the
rotation problem the r component is zero.

The v velocity vector in the polar coordinate for this problem is:

|:/UT6T:| |: 0 :|

v = =

- Vpey rQey

Using equation (2) we can convert the velocity components from r — 6 coordiantes back to the

x — 1y coordinates:

Uy = Vpco80 — vgsinf = 0cosd — r{dsinf

vy = vpsinb + vgcost = 0sint + rQcost

Using the fact that y = rsinf and x = rcosf) we can simplify it to:

Now as shown in the class after using the material derivative we can find the acceleration vector
(a = Dv/Dt) in the 2 — y coordinate system:

Ay €, —02x €,
Q pr— fr— 9
ay €, —Qye,
Now using equation (1) we can convert this into the r — 6 coordinates:
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ar = azcosl + aysind = —0%zcosl — Qstiné’
ag = a;(—sind) + a,cos = QV*wsind — Q*ycosh
Using the fact that y = rsinf, x = rcosf and cos?d + sin’6 = 1 we can simplify it to:

a, = —rQ?

ag =0

|:G/T€T:| |:_TQQ er:|
a = =
o apey 0eg

thus:
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