2.25 Advanced Fluid Mechanics Fall 2013

Symmetry of Stress Tensor

Imagine an arbitrary fluid element which in 2-D is a rectangle with width dz; in the z,1
direction and height dzs in the y,2 direction; the element also has a width dx3 in the 2,3
direction (Figure 1). Stresses acting on each face can be calculated using the values at point
O (center of the element) and applying a Taylor series expansion in each direction:

Shear stress acting on the right wall: 112 |0 +97,
Shear stress acting on the left wall: T2 |0 —07,
Shear stress acting on the bottom wall: To1 |0 —dT

Shear stress acting on the top wall: 21 |0 +0Tp

in which:
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Figure 1: Taylor series expansion for the shear stresses acting on a material element of size
5$1, 51‘2.

Knowing that the normal stresses acting on each plane will not lead to any net torque around
axis xg passing through point O one can calculate the net exerted torque on the element (Mp)
by accounting for all the shear stresses acting on the element:

Z Mo =(112 + 074) (d22023) (621 /2) + (112 — 074) (d22023) (621 /2)
— (121 + 07p) (d21023) (022/2) — (T21 — 07p) (021 023) (022 /2)
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Which can be simplified to give:

ZMO = (7‘12 — 7’21)51’153}251‘3 (1)

On the other hand we know that the following holds:

> Mo = Ids

in which I is the moment of inertia around x5 axis passing through point O and for a cuboidal
element it is:

I= Tf;dxlémgéa:g(&n% + 6x3) (2)
Combining (1) and (2) will result in:

) 12 719 — 101
W3 = ———"—
3 p 6x3 + da3

It is easy to see that if one shrinks the element to a very small volume (i.e. dz; and dzy — 0)
the rotational acceleration of the element (wWs) will diverge to infinity unless the shear stress
difference also tends to zero at least as fast as 53:12 — 0 (thus 712 — 71 = 0). Since infinite
rotational acceleration is not physically possible the stress tensor should be symmetric, 7;; =

o1
Tji-

!The mentioned proof is true in the absence of magneto-hydrodynamic forces or other non-conservative body
forces.
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