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3.20 Some Properties of Added-Mass Coefficients

1. m;; = p-[function of geometry only]

F, M = [linear function of m,;] x [function of instantaneous U, U, Q]

not of motion history

2. Relationship to fluid momentum.

——
B
F{t
t=0,0(=0)=0 t=T.(=T)=db =0

where we define ® to denote the velocity potential that corresponds to unit velocity
U = 1. In this case the velocity potential ¢ for an arbitrary velocity U is ¢ = U®.

The linear momentum L in the fluid is given by

_/V//pﬁdv—/v//pngﬁdV = / / ppndS

reen ’s
theorem

¢>~>0 at oo

= // pUPn,dS = U///p@nxds
B B

The force exerted on the fluid from the body is —F(t) = —(—mU) = mAU.
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———
maU B

T

Newton’s Law
/dt —F ()= [ maUdt =mp U]l £ L,(t=T)—L,(t=0)= U//p@nde
0

Therefore, m4 = total fluid momentum for a body moving at U = 1 (regardless of
how we get there from rest) = fluid momentum per unit velocity of body.

0P
K.B.C. 2 =V¢-n=(U,0,0) 7 =Un,, 2=Un,= % =0Un, = 5, =M
n
ma=p / [o5ds
For general 6 DOF:
mj; = p// D, n;dS = p//CID ~148 = J fluid momentum due to
j—force/moment B potential due to body /L bOdy mOtlon

t—direction of motion moving with U=

3. Symmetry of added mass matrix m;; = mj;.

D,
// (a )dS p/ (VO - 7)d // V- (9,VD;)dV
Dlvergence
—p/// Vo; - Vo, —i—CIDVQ(P av

Theorem
Therefore,
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4. Relationship to the kinetic energy of the fluid. For a general 6 DoF body motion
Ui == (Ul, UQ, ey Uﬁ),

o= U;P;, ;P; = potential for U; =1
~—
Z notation

K.E. = %p// Vo-VodV = Lp [[[UN®D, - U;V®;dV
v

\%
1
\%4

K.E. depends only on m;; and instantaneous Us;.
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5. Symmetry simplifies m;;. From 36 — 21 — ‘?’. Choose such coordinate system

symmetry

that some m;; = 0 by symmetry.

Example 1 Port-starboard symmetry.

2
1 3 m;; = 0 by symmetry .. m;; = 0; (NOT OBVIOUS!)
force
3 motion
[ mi om0 0 0 mig | Fy
oo 0 0 0 TMog Fy
— maz Mmgq M35 0 F,
K mas Mys 0 M, 12 independent coefficients
Mss 0 My
Mee M,

U Uy Us O QO



Example 2 Rotational or axi-symmetry with respect to z; axis.

3 2
1 3
3
[ mqy O 0 0 0 0 ]
Moo 0 0 0 mss
. — TMo2 0 mss 0 where Moo = M3z, M55 = Mege
“ 00 0 and mog = mss, so 4 different coefficients
mMss 0

Exercise How about 3 planes of symmetry (e.g. a cuboid); a cube; a sphere?? Work
out the details.



3.21 Slender Body Approximation

Definitions

(a) Slender Body = a body whose characteristic length in the longitudinal direction is
considerably larger than the body’s characteristic length in the other two directions.

(b) m;; = the 3D added mass coefficient in the i direction due to a unit acceleration in
the j direction. The subscripts 4, j run from 1 to 6.

(c) My = the 2D added mass coefficient in the k" direction due to a unit acceleration in
the {** direction. The subscripts k, [ take the values 2,3 and 4.

Goal To estimate the added mass coefficients m;; for a 3D slender body.

Idea Estimate m;; of a slender 3D body using the 2D sectional added mass coefficients
(strip-wise My;). In particular, for simple shapes like long cylinders, we will use known 2D
coefficients to find unknown 3D coefficients.

mij = Z[Mkl(x) contributions]

3D 2D
Discussion If the 1-axis is the longitudinal axis of the slender body, then the 3D added
mass coefficients m;; are calculated by summing the added mass coefficients of all the thin
slices which are perpendicular to the 1-axis, My;. This means that forces in 1-direction
cannot be obtained by slender body theory.



Procedure In order to calculate the 3D added mass coefficients m;; we need to:

1.

3.

Determine the 2D acceleration of each crossection for a unit acceleration in the "
direction,

Multiply the 2D acceleration by the appropriate 2D added mass coefficient to get the
force on that section in the j™* direction, and

Integrate these forces over the length of the body.

Examples

e Sway force due to sway acceleration

Assume a unit sway acceleration u3 = 1 and all other u;,4; = 0, with j = 1,2,4,5,6.
It then follows from the expressions for the generalized forces and moments (Lecture
12, JNN §4.13) that the sway force on the body is given by

fz3 = —mgstis = —mg3 < Mgz = —f3 = — / F3(z)dx
L
A unit 3 acceleration in 3D results to a unit acceleration in the 3 direction of each

2D ‘slice’ (Ug = u3 = 1). The hydrodynamic force on each slice is then given by
F3(I) = —M33($)Ug = —Mgg(l‘)

Putting everything together, we obtain

S /L ~ My (2)dz — /L Mys(2)da

Sway force due to yaw acceleration
Assume a unit yaw acceleration 5 = 1 and all other u;,; = 0, with j = 1,2,3,4,6.
It then follows from the expressions for the generalized forces and moments that the
sway force on the body is given by

f3 = —Mgstlis = —Mmgs & Mgs = —f3 = — / Fs(x)dx
L

For each 2D ‘slice’, a distance = from the origin, a unit 5 acceleration in 3D, results
to a unit acceleration in the -3 direction times the moment arm x (Us = —xt; = —x).
The hydrodynamic force on each slice is then given by

Fg(.CE) = —Mgg(iU)Ug = ZBM33(ZE)
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Putting everything together, we obtain
msas — —/Z'Mgg(l’)dl’
L

e Yaw moment due to yaw acceleration
Assume a unit yaw acceleration us = 1 and all other u;,u; = 0, with j = 1,2,3,4,6.
It then follows from the expressions for the generalized forces and moments that the
yaw force on the body is given by

fs = —Msslis = —Mmss & M5 = —f5 = — / F5(37)d33
L

For each 2D ‘slice’, a distance  from the origin, a unit 5 acceleration in 3D, results
to a unit acceleration in the -3 direction times the moment arm x (Us = —xt; = —x).
The hydrodynamic force on each slice is then given by

Fy(x) = —Mss(2)Us = xMss(z)
However, each force F3(x) produces a negative moment at the origin about the 5 axis
F5(x) = —xF3(x)
Putting everything together, we obtain

mss —/.T2M33($)d$
L

In the same manner we can estimate the remaining added mass coefficients m;; - noting
that added mass coefficients related to the 1-axis cannot be obtained by slender
body theory.



In summary, the 3D added mass coefficients are shown in the following table. The empty
boxes may be filled in by symmetry.

mag = [ Maodx
L

mos = [ Masdx
i3

may = [ Maydz
L

mos = f—:UMggd:E

~

moe = fl‘MQQdIL‘
L

mag = [ Mszdx
I

may = [ Msadx
7

mss = f—a:Mggdx

~

msg = fl‘Mdel‘
L

may = [ Mysdz
L

mys = f—l‘M34dl‘

~

mye — facM24dac
L

ms5 = f$2M33dI
L

mse — f—ZEQMggdCL'
L

mee = f$2M22d.CE
L




3.22 Buoyancy Effects Due to Accelerating Flow

Example Force on a stationary sphere in a fluid that is accelerated against it.

U(t) r
) 0
—>
—>
a3
o(r,0,t)=U(t) | r+ 53 cos 0
=~
dipole for sphere
0¢ - 3a
N . = U; cos 6

3
Vo|,_, = (O, —§U Sin6,0>
1 2 9 5 .
5 Vol ’T:a = §U2 sin? @

Then,

F, = (—p) (27r?) /dé’sin@ (—cos @) {U% cos 0 + gUQ sin? @
0

. g 9 T ‘
= U3nrpa® / df sin ) cos® 0 —i—pszaz / df cos O sin® @
9 > \() >

~ >

F,=U p(2mad’)
——
7ra3p+%7ra3p
4

—pV

4
3



—

Example (1) [[ﬁt, (2)

myy) < myz)

myy,

Part of F, is due to the pressure gradient which must be present to cause the fluid to
accelerate:

U O0U  oU  oU  10p

z-momentum, noting U = U (t) : — + U — +v— +w—— = ———— (ignore gravity)
ot ox dy 0z pOx
0 0 0
dp

i —pU for uniform (1D) accelerated flow
x

Force on the body due to the pressure field

F://pﬁdsz—// VpdV; Fx:—///g—];dV:pVU
VB VB

B

‘Buoyancy’ force due to pressure gradient = pVU
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Analogue: Buoyancy force due to hydrostatic pressure gradient. Gravitational accelera-
tion g «» U= fluid acceleration.

Ps = —pgy R
Vps = —pgj — Fy = —pg¥j Archimedes principle

Summary: Total force on a fixed sphere in an accelerated flow

F, = U< oV + mq) ) = ngv = 3Um(1)
S~~~ ~—~
Buoyancy added mass
3PV
In general, for any body in an accelerated flow:
FI = Fbuoyany + Um(l)?

where m () is the added mass in still water (from now on, m)

F, = —Um for body acceleration with U

Added mass coefficient

_m
r

in the presence of accelerated flow C,, =1 + ¢,

Cm
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Appendix A: More examples on symmetry of added mass tensor

*Symmetry with respect to Y (= “X-Z” plane symmetry) 12 non-zero, independent coefficients

-0.173 0.000

— |0.000 -3.625
1.887 0.000
0.000 17.696 0.000

-11.734 0.000

*Symmetry with respect to X and Y (= “Y-Z” and “X-Z” plane symmetry) 7 non-zero, independent coefficients

&

|
|
|
|
|
|
|

(1179 0.000 0,000 0000 (0.785) 0.000 |
0.000 (5. 800 £0.785) 0.000 0.000 |

mi; _ | 0.000 0.000 |(5.100> 0.000 0.000 0.000
¢~ |0.000 -0.785 0.000](0.89D 0.000 0.000 |
0.785 0.000 0,000 0.000 \(B.30D 0.000 |
0.000 0.000 0.000 0.000 0.000|(B555)




*Axisymmetric with respect to X-axis

0.000]09.439),0.000 0.000 0.000
mi; _ | 0.000 0.000 | (9439 0.000 0.000
3 | 0.000 0.000 0,000 | 0.000_ 0. 0.000
10.000 0.000 -1473 0.000 [29.39%),0.000
|ﬂ.ﬂﬂﬂ' 1.473  0.000 0.000 0.000 fm_’

*Axisymmetric with respect to X axis and X (=“Y-Z” plane symmetry)
z

0.000 0.000 0.000 0.000

4 non-zero, independent coefficients

3 non-zero, independent coefficients
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