2.094
FINITE ELEMENT ANALYSIS OF SOLIDS AND FLUIDS

SPRING 2008
Homework 5 - Solution
Assigned: 03/06/2008
Instructor: Prof. K. J. Bathe Due: 03/13/2008

Problem 1 (10 points):

T, =k,0; +2Ge; (a)

T[j = C[jrsgrs (b)
t=Ce (©
Let’s start from equation (b). Using 7, =&, + &, (i # j) and C,, = 16,6, + (5,6, +5,0,.),

ijrs ijors ir~js s jr

7, =C8 + Gy + Gl + Gy + Gt + G2
=(A+2u)e, + A, + Ay,

Ty = A&, +(A+21)6), + A&y,
Ty =&, + A&, +(A+2u)e,,

Ty = Conén + Ciog&ny + Cryzsay + Cip 21y + Cioga Vs + Cioa V3 = 11,

Ty = HY 3
Ty = H)5
Therefore,

[A+2u A A 0 0 O]
A A+2u A0 0 0
o | 2 A A+2u 0 0 0
=1 o0 0 0 u 0 0
0 0 0 0 u 0
|0 0 0 0 0 u
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Ev
A+vyi=2v)

Substituting A = d u , we obtain C in Table 4.3.

T 2(1+v)

Hence equation (¢) is equivalent to equation (b).

Now derive equation (a) from equation (b).

= Cijmgrs = C[/'rs [ds + %é;sj = {ﬂ'é‘ljé:qv + ﬂ(é‘ir&js + é‘isé‘jr )} [g:s + %dsj

=155 € + 15,5 %am + 18,8 & + s, 3, &+ ud,S, %5” + 18,5, %5,,5

ij - rsrs ijrs ir~ js“rs is” jrrs ir js is™ jr

' gv 4 ! gv 8\/
= A6,¢,, + Ad; ?5” + e + e + ,u?éij + ,Lt?&ﬁ

i<rr

Vi v

2
= de,0; +2us] +T'u5 0,

2
= (uf‘j £,0, + 2]
= x¢,0; +2Ge;

Here we used

&, =& téy+é;=0and 5, =6,+0,+0,;,=3

Problem 2 (10 points):

Fay
©

w
\/
x
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AT
Define u =|:u1 u, Uy, Uu,

The deviatoric strains are

B h h, 0 0 0 0
v, Vv, V v],then,ﬂ= I
b 0 0 h h h B’

e}
el

& 18 28 18 !
xx v 3 XX 3 w 3 zz
& 18 18 +28 18
8_'= »w v — 3 XX 3 »w 3 zz =§Dz
]/xy }/x)/
& 18 18 18 +—-¢&
| zz 3 v_ 3 xx 3 »y 3 zz
where
ou ov ou Ov u
E. =, =—,7, =—+4+—,and g, =
Toox Y0 Y9y Ox x+5
Therefore,
[ 2 1 h 2 1 h 2 1 b, 2 1 h, 1 1 1
7hlx_7 2,x_7 . x4 ST _7h1,y _7h2«y h3}
3 3x+5 3 3x+5 3 3x+5 3 3x+5 3 3 3
1 1 1 1 h 1 1 & 1 1 h 2 2 2
— S X_il S 2,«‘(—7 . _7h3,)6 N 3 - h4,X ~ . hly 7h2,y 7h3v
B,=| 3 3x+5 3 3x+5 3 3x+5 3 3x+5 3 3 3
h’l,y hZ,y hS,y h4,y h’l,x h2,x h3 x
1 2 h 1 2 h 1 2 h 1 2 h 1 1 1
_7hl X +— 1 2,x +— 2 Y 3,x +— 2 h4,x +— . _7h1,y 7h2,y 7h3,y
L 3 3x+5 3 3x+5 3 3x+5 3 3x+5 3 3 3

The volumetric strain is

BV=|:h + h

X435

The pressure is

where

Y h4,y i|

IS
Il
|
a1
"S>
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§=|:p0:|

Therefore
H,=[1]
And,
2G 0 0
;L 0 2G O
= 1lo o0 G
0 0 0 2G

Problem 3 (20 points):

We can see in convergence curves that the displacement-based elements are bad when a material is
incompressible. However, when the mixed (u/p) elements are used, we can obtain almost optimal convergence
rates. Also, the curves of the mixed elements are shifted much down from those of the displacement-based
elements, which means that the solutions obtained using the mixed elements are much more accurate. (Note that
even the 4/1 u/p element is better than the 9-node displacement-based element in this problem.)

0.0E+00
| y=0.080x-0.442 .
ST R e e
y=2.308x-1.610 //i/
208400 ——— ﬁ—ﬁ—%n-—lﬁ?é 2
= I ] : [ [ LA | ]
L N | || | [ / | [ o—A-node displ
W -3.0E400 - T 1] AT _ e
? - 9-node displ.
aoeeo  yadkecacs | enedew
5 o O A ——9-node up
-5.0E+00 :
-6.0E400
4.0E-01 -2.0E01 0.0E+00 20E-01 4.0E-01 6.0E-01
log(h)
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In addition, the mixed elements predict better pressure distributions with reasonable magnitudes.

FRESSURE
RST CALG
TIME 1.000

200.0
100.0

FaELMLM
&

MMM

(4-node displacement-based element)

FRESSURE
RST CALG
TIME 1.000

533
267,

MAXLMUM

MIMIMUM

(9-node displacement-based element)
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260.5
EG 1.EL2.IPT 2711145.61

# 4630
EG LELZ IPT 12 1-273.6)

& 621.9
EG 1. EL 2 IPT 1215%2.3)

* -1175.
EG 1 EL & IPT 1317429

SMODTHED
PRESSURE
RST CALC
TIME 1.000

40.0
-40.0

HAXIMUM
A F4.59
NODE 8

MIMIMUM
¥ -4B1.0

SHMOOTHED
FRESSURE
RST CALC
TIME 1000

535
267,

MM
& 6218
NODE 20
MIkIMU M



FRESSURE
RST GALG
TIME 1.000

200
0.00
500
- 16.00
-24.00
3200

-40.00

MAXIMUM

& 1184

EG 1L.EL7 IPT 22
MINIMUM

¥ 4308

EG LEL&ZIPT 22

(4-node u/p element)

FRESSURE
RST CALC
TIME 1.000

J6.00

18.00
Q.00
-18.00
3600
-54.00

-Ta00n
MaEIMLUM

2 d3.18
EG LELZIPTINGRT
MINIMU M

¥ -FE.I7
EG 1.EL ZIFT 13 1-68.96)

(9-node u/p element)
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SMOOTHED
PRESSLURE
RST CALC
TIME 1000

8.00
0.00
-8.00
-16.00
-24.00
-32.00

-40.00

MAxIMUM
& 14
NODE 13

MINIMUM
¥ -45.08
NODE 3

SMOOTHED
FREZSURE
RST CALC
TIME 1.000

36.00
18.00
.00

- 1800
3600

-54.00

-72.00

MAXIMLUIM
& 4518
WODE 29

MIMIFLM
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