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Lecture 5 - The Finite Element Formulation

Prof. K. J. Bathe MIT OpenCourseWare

In this system, (X, Y, Z) is the global coordinate system, and (x, y, z) is the local coordinate system for the
element .

Su

We want to satisfy the following equations:

B .
i+ [P =0 14
Tig.g +J o } —  Equilibrium Conditions

Tijnj:fff on Sf
U; ‘Su: uf*  —  Compatibility Conditions (A)

Ti; = f(ew) —  Stress-strain Relations

Then we have the exact solution.

Principle of Virtual Displacements

/ el CedV = / al fBav + / a7 9148, (B)
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Here, real stresses (Ce) are in equilibrium with the external forces (£2, £°7). Note that Eq. (B) is equivalent
to Eq. (A). Recall that we defined

g = [ Exxz Eyy E€zz TYzy Vyz Vez }
_ _ _ _ _ _ _ ou
gl = [ Exx Eyy €zz Voy Vyz Ve } = [8;1: .. :|

Basic assumptions:
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N is the number of nodes (3N = n) and H is the displacement interpolation matrix. For the moment, let’s

assume S, = 0. We use
'&T:[ul U2 U3 ... un]
Then, we obtain
e (M — g m 4

6Xx1 6Xn nx1

We also assume
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where B is the strain-displacement matrix. Substitute equations (1) through (4) into (B):
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where i sums over the element surfaces composing S](cm). The equation now becomes
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@ is the unknown to be found. When evaluated on S;(m)7
,aS;v(m) _ HS;(M){L

i(m)

HY  =HM™
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With the transformed equation above, we can insert the following identity matrices:

Let ’ELT = [ 1 0 0 ... 0 } —  Gives the first equation to solve for
Then ﬁT = [ 01 0 ... 0 ] —  Gives the second equation

Then o7 = [ 001 ... 0 ] —  Gives the third equation

... and so on.

We finally obtain K4 = R. Now, let’s drop off the hat!
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Example 4.5
Reading assignment: Section 4.2
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For this system, we can define U” = [u; wuy wuz]. We want to find:

Uq Uy
u(l)(x) =HWY | u : u(2)(x) =H? |
us us
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