Structural Mechanics 2.080 Recitation 6 Semester Yr

Recitation 6: Energy Methods

Example 1

A circular plate simply supported at its periphery is loaded in the center with point force,
P.

Find the center deflection, wy.

2
(D Assume a deflection shape: w(r) = wy {1 _ (1) ]

@ Calculate U: U = [ UdA
~ D
For a plate, U, = 5[(511 + kg2)? = 2(1 — v)(K11k22 — K39)] (eqn. 4.112)

In our case,

9w

K11 = Kp = T2 (6.1)
10w
K22 = Kg = o or (6.2)
K12 = Rpg = 0 (63)
ow r O%w 2w
Ry A =R ) (64
So
%w 2w
r = T2 T R2
lagw gwg for = 1o (6.5)
A i 1
-~ D )
Up = —[(kr + ko)* — 2(1 — V)KyKg]
2
D w2 (6.6)
= 5[4;& —2(1 —v)K?] = D(1 + v)KZ = 40(1 + V)Rfi
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. 2 rR w2
U:/UbdA:/ / 4D(1+V)R—grdrd9
S 0 0
2 2

— 4D+ ot D40

wy
7 R?

@ Calculate work of external forces, W

W = Puwyg

2
@ Calculate I[I= U —W: I =4xD(1 + 1/)% — Puwy

11
® Find wy(P) by setting o =0:
OJwy

wo
8rD(1 +V)ﬁ —-P=0
_ PR?
~ 87D(1+v)

— | Wo

Example 2

(6.8)

Same plate as Example 1, but with uniform pressure load, p. Find center deflection, and

compare to the exact solution in Lecture 7.

2

(D Deflected shape should be the same: w(r) = wy [1 - (1) }
wp

@ U =47D(1+ I/)ﬁ

@ W= fspwdA

= /027r /ORpr [1 — (;)2] rdrdd
2

r2 | R? R\ o«
TpWwo <2 4R2> . Tpwq ( 5 1 ) 2pw0R
w% T 9
oIl wo Mo pRY
© Fuo mD(L+v) g = 5PR =0 = Jwo 16D(1 + v)
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Exact soln:
pR’ (7')4 (r)23+u 54 v
=—|(=] —2(= . 7.28 6.11
w(r) 64D[R ’) T Ty (o T2 (6.11)
pR* (5+v
= =0)= —— 6.12
wo = w(r =0)=op <1+u> (6.12)
(50 31)
x 16D(1 64 4
Wo,approx. _ 6R4< —+ V) — T — ﬁ ~10.75 (613)
Wo,exact p (5 + I/) ( + l/) 22
64D(1 + v) v=0.3
Example 3
Find the out-of-plane force required to open a keyring.
S ’%\
;'fr'l R,/'./ ‘...\"\ f
r\/ﬁr -I { o// _-Inl-
- VA /
.'I. \‘ 7 r H)’
\ \<S P
Compare to the required in-plane force for the same opening.
This is a combined bending-torsion problem.
Introduction to torsion
-—— N _
|
A
7x /
— Torque, T, causes rotation d®
def AP dé
= — (likek = — 6.14
@ ; (like K dZL') ( )
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Shear modulus,

E
=— 1
¢ 2(1+v) (6.15)
Polar moment of inertia,
J=1% / r2dA (6.16)
A
mrd
For a solid circle, J = -
T = GJa (like bending, M = Elk) (6.17)
Strain energy,
1 1
U= / —Tadz (like U = / —Mrdzx) (6.18)
L2 L2
T T2
agJ:>U/L2GJZ (6.19)
In our keyring problem:
4 M i_"ll_'_--
Y r‘ -1 / \y .\
Pl - a = Rsin6
&\ .""-. b= R(1 —cosf)
_?j &
My =T = Pb= PR(1 — cos®)
(6.20)
M, = My = Pa = PRsin#
T M}
= d —b.d ds = Rdf
u /LQGJ 8+/L2EI s (ds=Rdf)
2w T2 Mb2
= —— + —= | Rdf
/0 <2GJ + 2EI>
_ P2R3 /27r (1 — cos)? n sin? @ 40
2 Jo GJ EI (6.21)
P2R3 (™ (1 —2cosf +cos’f  sin?0
= + de
2 Jo GJ ET
_PR (w7 _WPQR?’( KR
-2 \GJ GJ EI) 2 GJ I
<~ =~
Torsion  Bending
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Which contribution is larger?

E E
_ _ & 22
G 214+v) 26 (6.22)
rd mrd
J=-—, I="— — J=2I (6.23)
2 4
2.
So % m T torsion is ~4x bending
CAstigliano:
ou 3 [3(26) 1
wo = gp =PI [ 2EI ' EI (624
Elwo
_ 2
- 1.97R3 (62
In-plane force:
Bending only:
= PR(l — COS 6) (
2 b A
de
U= / Yol +
P2 g P2R3 37 P? R 1
— 1—2cosf 20)d6 = 2 =7 -
2E1 /0 (L= 2cosft cos”0)df = S (m ) = =551 ’
oU  3nPR?
wy = 20 = 311! (6.26)
Elwgy
= 6.27
N T (6.27)
Compare:
( Elw, >
Pout-of-plane _ 4.9m k3 _ i ~ (6.28)

]Din-plane B <Elwo> 4.9
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