Structural Mechanics 2.080 Recitation 5

Semester Yr

Recitation 5

Summary of Plate Bending:

Out-of-plane response

In-plane response

T
Geometry: Ko = —W.ap 53/3 = 5(“0475 + uﬁ,a)
Equilibrium: Mugas +p=0 Napp =0

Constitutive Law: | Myg = D[(1 — V)kqap + VEK;jj0as)

Nog =C[(1 - y)sgﬂ + ye?jéag]

Governing PDE: Dw naps = p
DV4w =p

(1 =v)uaps+ (1= v)ugas =0
(2 eqns)

For moderately large deflections: DV*w + Nopw op =p

D = plate bending regidity = Eihg
=p n1ngrg11y—12(1_1/2)
Rectangular coordinates: 9 *w  Pw
Vw=—+ - 5.1
YT 2 + 0y? (5.1)
0*w otw otw
4
= 2 5.2
Vi ozt + Ox20y? + oy* (52)
Polar coordinates: 2 _ 0w }8710 i@zw
Viw= or? s or Tz 06? (5:3)

v4w_12 ’I"é lﬁ 7«87'“} _|_3 6411) _|_ia47w_z 8371) +i62w (54)
o or \Cor \ror or r20r2002  rt 004  r30ro02  rt 062 '
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Example: Find the displacement, w(r), for an annular plate with uniform pressure loading,
P.

Both inner and outer edges are clamped.

3 | ey
- _I ‘/2
e R
| N
.___‘_‘_‘_H“é‘-
~
. 2 2 P'I"4
General Solution: w(r) = Cylnr 4+ Cor* + Csr“lnr 4+ Cy + 61D (eqn 7.19)
BCs:atr=a: w=w' =0
atr=b:w=uw =0
ow (Cy r?2  4pPr3
=2 =2y 2rInr + —
Y r * 02T+03(an+7“+64D)
9 9 Pa?
D w(a) =0: C11lna+ Cra” + Csa lna+C4+64—D =0
& Pa?
/ — 0 = _— =
@ w'(a) =0: —+ 2C%a + C3(2alna + a) + 16134 0
P
@ w(b) = 0: Cllnb+Cgb2+Cgb2lnb+C4+64—D =0
Pb?
@ w'(b) = 0: %+202b+03(2b1nb+b)+16—D —0

4 eons, 4 unknowns — solve with MATLAB
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10/17/12 11:14 AM MATLAR Command Window

1 of 1
‘a ltdarlogla)-a Jileg(b) b2 b*2ilog(b) Lilib 2
i HEYD LE/T)
} gla) -«
taglal®? + fraIThATelagial e

Ly 1 e G
e TR e T
e log i) a 4a : Akotslogiare
To demonstrate the messy result...

— For illustration, let a =1 and b = 10:

Ch —10.8

C | _ P 7.2

Cs | D| -37

Cy —7.2

P 9 9 rt
then w(r) = D —10.8Inr +7.2r* = 3.7r*Inr — 7.2 + 61 (for 1 <r < 10)
— Compare to solid plate with clamped edges, R = 10:
P (10)* r 2]
w(r) = D 6 [1 - <E) ] (eqn. 7.24) (5.5)
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o2 10w
10w 0w
My=D |—— —_— .
0 L’ or 87"2] (5.7)
1[0
V=" |Z (M) - M, 5.8
; [ T(T ) 9} (5.8)
1 r
= — <mT+TaM —Mg)
or
_OM, M, — M,
- Or r
Substitute for M, and Mpy:
{8210 Vl ow 10w V82w
PPw 1\ ow  18%*w oz " Tror ror o or?
v [8r3+y< r2> 87"+V7"87"2] r (5.9)
Pw  10%w 1 ow
v=p [as*az - ﬂar} (5-10)
9 9 Prt
General Solution: w(r) =Cilnr + Cor® + Csr*Inr 4+ Cy + 61D (5.11)
ow Oy Pr3
o= 7+2027"—|—C’3(2r1nr+r)+16—D (5.12)
0w Cy 3Pr?
PBw 207 203 6Pr
= .14
or3 rd + r 16D (5-14)
Then
_ & 3Pr2 v [(C Pr3
M,=D |:_7”2 + 20 +C3(21HT+3) + 6D + - (T +202r+03(2r1nr+r) + 167D
01 PT’2
=D T—Q(u —1)+2C(v+1)+C32Inr+3+2vinr+v) + 16—D(3—|— v)
(5.15)
and
201 203 3Pr Cl 202 03 3Pr Cl
4Cs  5Pr
—p|=8 42
[ r + 8D]
(5.16)
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B(C'’s:

C3 b5Pa 5Pa?

@ M,(a) =0 (sub. v =0.3) - D [321(.3 —1)+205(.3+1)+C3(2lna+3+2(.3)Ina + .3)

AL .3)} =0

160
2 2 Lt
@ w(b) =0 — C1Inb+ Cob” + C3b 1nb+04+64TD =0
3 4 eqns, 4 C’s
) o)) Pb
@ w' () =0— — +2Csb+ C3(2bInb+b) + —— =0
b 16D
For a =1 and b = 10:
o) —10.2
Cy P —2.6
= _ 5.17
Cs D -0.2 ( )
Cy 166.9
So w(r) = P —102lnr — 2.6r% — 0.2r%Inr + 166.9 + ﬁ
ey D . . . . 64
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Example: Sandwich Beam

Consider the two cantilever beam configurations shown:

1 T
1 =
§ — - o

E = T;—o

Find h so that the 2 beams have the same stiffness.
For cantilever with end load, (L) = L2

or cantile e a _ =

r cantilever wi nd load, w Yo
e bH3 w(L) L3 413
Monolithic beam: I = B — Iz = SE(%) = FINE
H3
Sandwich beam: I, = ETh (core)
bh3 H\?
Iy = 2[§ +  bh <2> ] (2 face plates)
——
parallel axis theorem
bh3 H\?
We expect h < H — Iz <L bh <2>
bhH?
SO If ~ 5
bCH?
If h=CH, then Iy = 02
Sandwich beam:
w(L) L3 (B, - E )
P 3(Elf+ E.l.) 100
L3 (5.18)

N bC H? 1 bH?
B(— 4+ — . =
3E( 5 T 100 12)
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For equivalent stiffness,
L? 4L
C 1 ~ EbH3
EbH3 | — + —— ~——
3ED (2 + 1200)

monolithic

sandwich

Solve for C':

So [h=0.165H]

bh? HY\”
Verify our assumption that — < bh () :

12 2
bh3 (.165H)?
12 12 1
= =0.009 ~ —
o H\?2 H? 100
2 4
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