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  de
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s
r
:	
  
e
	
  
	
  tu

elastic-­‐plastic	
  r
f
es
ine
pons
d	
  by

e	
  of
	
  the

b
	
  w
e,	
  consisting	
  of	
  4	
  plates,
all	
  thickness	
  t	
  and	
  the	
  wi

	
  is	
  
d
su
th
b
	
  
j
b
e
.	
  Explain	
  the	
  entir
cted	
  to	
  axial	
  comp

e	
  pr
res

	
  
u

	
  the	
  tube	
  that	
  will	
  includ
ocess	
  of	
  
sion.	
  The	
  

a)	
  J stify	
  

e	
  answers	
  to	
  the	
  following	
  questions:	
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  for	
  each	
  individual	
  pla

an	
  occur	
  in	
  oppos
le	
  between	
  the	
  edges	
  o

t

f

e	
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,	
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  if	
  the	
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u
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n
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  s
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𝑁

g	
  lo

=

a

i
	
  
te
s

d

u
	
  d
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o
e
r
c

s

t

t

ti
e
o

  𝑘

	
  and	
  

  

r

d

𝑤

es

ns
.	
  

s

	
  

	
  

	
  they	
  can	
  rotate,	
  therefore	
  we	
  can	
  consider	
  the	
  

! !
!!! ℎ𝑒𝑟𝑒  𝐷 =    !!

Assume	
  that	
  a>b;	
  therefore	
  𝑘 = 4

!

	
  

!

	
  
!"(!!

!

!)
	
  (Eq.	
  11.15)	
  

	
  
!

Buckling	
  load	
  for	
  the	
  tube	
  is	
  𝑁 =   16
	
  

!!
!
!

!
	
  

Buckli

	
  

ng	
  stress	
  for	
  the	
  tube	
  is	
  𝜎 = 4 !
!!
!"!
	
  

	
  

c)	
  Find	
  the	
  pre-­‐buckling	
  and	
  post-­‐bucklin

𝐾

g	
  stiff

=

nes

4𝐸

s	
  

ℎ

of	
  the	
  column	
  
	
  

	
  
	
  

Eq.	
  11-­‐44	
  (add

𝐾

itiona

=
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  f
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1
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4	
  beca

!"#

48

! 𝐶
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s

𝑤
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ℎ
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𝑒𝑟
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Eq.	
  11-­‐ 	
  
!"#$ 25 𝑣 𝑒

f

  

o

𝐶

rc

=

e	
  is	
  d

𝐸

ivid

ℎ

ed	
  

=

over

2.08

	
  al

𝐸

l	
  4 ates)	
  

(1− 𝑣!) ℎ

	
  p

=

l

  0.52𝐾!"#

	
  

	
  

d)	
  
	
  
State	
  the	
  expression	
  for	
  the	
  ultimate	
  stress	
  and	
  explain	
  where	
  it	
  comes	
  from	
  

	
  
𝜎!"# =    𝜎!"𝜎!	
  

𝜎!" =   
1.9

Substitute	
  expr
𝛽

!

𝜎!	
  

	
  
essions	
  

𝜎!"# =   
1.9

    𝜎!    	
  𝛽
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𝛽 =   
𝑏 𝐸
ℎ 𝜎!

	
  

	
  

𝜎!"# =   
1.9𝑡

𝐸𝜎!	
  

e)	
  Reconstruct	
  the	
  entire	
  load-­‐displacement	
  cur

𝑏

	
  
	
  

ve	
  for	
  the	
  column	
  including	
  pre-­‐buckling	
  
phase,	
  buckling	
  point,	
  post-­‐buckling	
  response,	
  and	
  ultimate	
  load.	
  
	
  
	
  	
   Assume	
  that	
  the	
  yield	
  stress	
  is	
  greater	
  than	
  the	
  ultimate	
  stress.	
  
	
  

	
  
	
  
	
  
Pr
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o
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  2

e	
  note

:	
  

	
  
s.	
  	
  

Con
Mi

sider	
  the	
  

bu
c
il
r
d
o
	
  i
s
t
o
	
  f
f
r
t	
  wo
om	
  a

uld
foll

	
  li
ow
ke
in
	
  to
g:
	
  us
	
  Go
e
o
	
  tr
gle	
  and	
  Microsoft	
  are	
  competing	
  to	
  erect	
  the	
  tallest	
  column.	
  

luminum.	
  Predi
ad
ct	
  
i
w
ti
h
o
o
nal
	
  w
	
  
i
s
l
t
l
e
	
  w
el
i
,
n
	
  w
	
  th
h
e
il
	
  
e
c
	
  
o
a
n
	
  mo
tes
r
t
e
	
  a
	
  i
n
n
d
n
	
  
o
ex
v
p
ati
la
ve
in	
  
	
  G
w
o
h
o
y
gle
.	
  Use	
  t
	
  wo

he	
  
uld	
  like	
  to	
  

The	
  problem	
  is	
  concerned	
  with	
  the	
  tallest	
  column	
  covered	
  on	
  pages	
  10-­‐1	
  to	
  10-­‐5	
  of	
  the	
  

following	
  material	
  properties:	
  
	
  



	
  
	
  

From	
  Eq.	
  10-­‐12:	
  

𝑙 = 7.837
𝐸𝐼
	
  

	
  
where	
  q	
  is	
  the	
  mass	
  density	
  of	
  the	
  mate

!

r

!

ial.	
  
𝑞

W
root
e	
  a
	
  of	
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me
r
	
  t
a
h
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o
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o
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  I	
  i
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s
s
	
  e
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q
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  i
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n
	
  a
	
  b
n
o
d
t
	
  
h
th
	
  c
e
o
	
  ma
lumn
ss	
  
s
d
;	
  
e
t
n
hen
sity
	
  th
.	
  
e	
  length	
  is	
  proportional	
  to	
  the	
  cube	
  

	
  

𝐴𝑙𝑢𝑚𝑖𝑛𝑢𝑚:  
𝐸
𝑞 =

69
2.7 = 25.5	
  

	
  
𝑆𝑡𝑒𝑒𝑙:   ! = !"# = 26.9	
  	
  

h
G
o
iv
w
e
e
n
v
	
  t
e
h
r
i
,
s
	
  l
	
  
e
in
t	
  
f
u
o
s
r
	
  
ma
exa
t
mi
ion
n
,	
  
e
s
	
  
t
t
e
h
e
e
l
	
  
	
  
ma
(Mi
g
c
n
rosoft)	
  w

!
	
  
!.!

ratios	
  and	
  find	
  their	
  percentage	
  differen
itude	
  o

ce.
f	
  t
o
h
u
e
l
	
  
d
d
	
  
i
b
ff
e
e
	
  a e truc

	
  
re
b
n
l
c
	
  
e
to
.	
  C
	
  c
o
o
n
n
s
s
ider	
  

t
t
	
  
h
a
e
	
  talle
	
  cub

r
e
	
  to
	
  ro
we
ot	
  
r
o
;
f
	
  
	
  the	
  

	
  
! 𝑟!" − ! 𝑟!" ∗ 100% =   1.75%	
  

Pr
Con
	
  

oblem	
  3:

r
sider	
  a	
  

ion	
  of	
  
	
  
k

fu
s
nct
hown	
  in t

	
  

h
ey	
  
e	
  s
rin
ke
g
tc
	
  w

P
h	
  
it
b
h	
  
el
a	
  circular	
  cross-­‐section.	
  It	
  has	
  a	
  radius	
  

the	
  load	
   ,	
  geo
o
me
w.	
  
t
D
r
e
y
r
	
  (
ive
and
an

R

R	
  
	
  

!

	
  
	
  
e
r
x
),
p
	
  a
r
n
e
d
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  Y
io
o
n
u
	
  
n
fo
g
r
’s
	
  t
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u
e
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n
s
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,	
  E
g
	
  

Note:	
   ! 𝑐𝑜𝑠!𝑥𝑑𝑥 =    !! !
	
  and  𝐼!"#!$% =

!!
!
	
  	
  	
  

	
  
	
  

	
  
Using	
  Castigliano’s	
  method:	
  

𝜕𝑈
𝜕𝑃 = 𝑤!	
  

	
  

𝑈 =
1
2𝐸𝐼

!
𝑀!

!
𝑑𝑅𝜃	
  

	
  

Substitute	
  into	
  U	
  
𝑀 𝜃 =   𝑃𝑅 1− 𝑐𝑜𝑠𝜃 	
  

	
  

𝑈 =   
𝑃!𝑅!

	
   3	
  

𝜃
2𝐸𝐼 𝜃 − 2𝑠𝑖𝑛𝜃 + 2 +

𝑠𝑖𝑛2𝜃
2 	
  

	
  
This	
  difference	
  is	
  minimal	
  and	
  an	
  in

!

t
𝑟
e
!"
resting	
  outcome	
  for	
  the	
  problem.	
  

and	
  cross	
  sectional	
  radius	
  
	
  displacement	
  as	
  a	
  
,	
  using	
  energy	
  methods.	
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The	
  ex
	
  

pression	
  within	
  the	
  limits	
  of	
  the	
  integral	
  b

!

eco

!

mes	
  

𝑈 =
P	
  

3𝜋𝑃 𝑅

Ta
4𝐸𝐼 	
  

sect
ke	
  t
ion
he	
  pa
	
  

rtial	
  derivative	
  with	
  respect	
  to	
   and	
  include	
  the	
  expression	
  of	
  I	
  for	
  the	
  cross	
  

	
  

𝑈 =
3𝑃!𝑅
𝐸𝑟

!

! 	
  
	
  

𝜕𝑈
𝜕𝑃 = 𝑤! =

6𝑃𝑅
𝐸𝑟

!

! 	
  
	
  
	
  
	
  
Ex
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  rin
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g
r

:
	
  
l
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  s
t
t
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t
	
  
	
  
y
you
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  ca
	
  as
n
s
	
  in
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sert
ti
	
  
o
a
n
	
  k
s
ey	
  
.	
  
of	
  thickness	
  2mm	
  using	
  the	
  force	
  of	
  your	
  own	
  

	
  
As
can	
  appl
sume	
  t

y	
  a	
  force	
  of	
  10N	
  w
he	
  coefficient	
  of	
  s

it
ta
h	
  your	
  fingers	
  and	
  t
tic	
  friction	
  between

he	
  pul
	
  the	
  ri

l
n

	
  
ing	
  apart
g	
  and	
  yo

	
  force	
  is	
  great
ur	
  fingers	
  is	
  0

er	
  t
.75
ha
	
  an
n	
  10N.
d	
  you	
  

	
  

U
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s
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i
p
n
l
g
a
	
  
c
th
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e	
  an
n
s
t
w
	
  cr
e
i
r
t
	
  
e
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r
o
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m	
  
:	
  
Problem	
  3,	
  we	
  can	
  solve	
  for	
  the	
  ratio	
  of	
  R	
  to	
  r	
  in	
  order	
  to	
  meet	
  the	
  

	
  

𝑅 =
! 𝑤!𝐸𝑟

6𝑃

!
	
  

	
  
As
e
sume
	
  
	
  th

	
  
N xt, solve

e
	
  f
	
  
o
ri
r
n
	
  t
g
h
	
  i
e
s
	
  
	
  
ma
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x
d
i
e
mu
	
  fro
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m	
  
P
s
	
  w
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e
e
	
  
l
c
	
  
a
w
n
i
	
  
t
a
h
p
	
  E
p
	
  
l
=
y
	
  
.
2
	
  
10	
  GPa	
  

	
  
𝑃!"# =   𝜇𝑁 = 0.75 ∗ 10𝑁 = 7.5𝑁	
  

Substitute	
  know
1mm,	
  and	
  the	
  rad

n
i
	
  v
us
alue
	
  o
s	
  into	
  the

	
  
f	
  the	
  ring,	
  R,

	
  e
	
  
xpr
is	
  a

e
p
s
p
s
r
i
o
o
x
n	
  abo
imat

ve
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;	
  ch
	
  21
o
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  an	
  arbitrary	
  cross	
  section	
  r	
  =	
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