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1.138J/2.062J/18.376J, WAVE PROPAGATION
Fall, 2006 MIT
Notes by C. C. Mei

CHAPTER THREE
TWO DIMENSIONAL WAVES

1 Reflection and tranmission of sound at an inter-

face

Reference : L. M. Brekhovskikh and O. A. Godin: Acoustics of Layered Media 1.
Springer.§.2.2.
The governing equation for sound in a honmogeneous fluid is given by (7.31) and

(7.32) in Chapter One. In term of the the veloctiy potential defined by

u=V¢ (1.1)
it is ,
10%
e =V<o (1.2)

where ¢ denotes the sound speed. Recall that the fluid pressure

p=—pd¢/ot (1.3)

also satisfies the same equation.

1.1 Plane wave in Infinite space

Let us first consider a plane sinusoidal wave in three dimensional space
qb(X, t) _ <ZSoei(k-x—wt) — qboei(knx—wt) (14)

Here the phase function is

O(x,t) =k -x—wt (1.5)
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The equation of constant phase 6(x,t) = 0, describes a moving surface. The wave
number vector k = kn is defined to be

k = kn = V0 (1.6)

hence is orthogonal to the surface of constant phase, and represens the direction of wave

propagation. The frequency is defined to be

06
Is (1.4) a solution? Let us check (1.2).
Jd o0 0 :
Vo = (%’87;’&) ¢ = iko
V6=V -V =ik-iko = —k*¢
0%¢ 2
o=
Hence (1.2) is satisfied if
w = ke. (1.8)

Sound in an infinite space is non-dispersive.

1.2 Two-dimensional reflection from a plane interface

REfering to figure 77, let us cnsider two semi-infinite fluids separated by the plane
interface along z = 0. The lower fluid is distinguished from the upper fluid by the
subscript ”71”. The densities and sound speeds in the upper and lower fluids are p, ¢ and
p1, c1 respectively. Let a plane incident wave arive from z > 0 at the incident angle of

0 with respect to the z axis, the sound pressure and the velocity potential are

pi = Pyexplik(zsinf — z cos )] (1.9)
The velocity potential is
P
¢; = _Zw_po explik(xsinf — z cos 0] (1.10)

The indient wave number vector is

k' = (k', k') = k(sin 6, — cos 0) (1.11)

x) 'z
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Figure by MIT OCW.

Figure 1: Plane wave incident towards the interface of two fluids.

The motion is confined in the z, z plane.

On the same (incidence) side of the interface we have the reflected wave
pr = Rexplik(zsind + z cos )] (1.12)
where R denotes the reflection coefficient. The wavenumber vector is

k" = (kL kl) = k(sin 6, cos 0) (1.13)

x) 'z

The total pressure and potential are
p = Py{explik(zsinf — zcosf)] + Rexplik(xsinfd + z cos )]} (1.14)

R
¢ = o {explik(zsin@ — z cos )| + Rexplik(xsinf + z cos )]} (1.15)
pw

In the lower medium z < 0 the transmitted wave has the pressure
p1 = TPy expliky(zsinf; — z cos b)) (1.16)
where T is the transmission coefficient, and the potential

P
o1 = —Z—OTeXp[ikl(xsinél — zcos0y)] (1.17)
p1w
Along the interface z = 0 we require the continutiy of pressure and normal velocity,

ie.,

b =D, z2=0 (].].8)
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and
w=w, z=0, (1.19)
Applying (1.18), we get
PO {eik:vsina + Reikacsin@} _ Tvpoeikm:sinel7 —00 < T < 00.
Clearly we must have
ksinf = k;sin 6, (1.20)
or,
sin 6 B sin 64 (1.21)
c '
This is just Snell’s law. With (1.20), we must have
1+R=T (1.22)
Applying (1.19), we have
P, o o ) P o
o [—k cos e + Rk cos et Sma] _ o [—kl cos 0 Te™ Smol]
pw 1w
which implies
pky cos 0,
l1-R=———T 1.23
p1k cos 6 ( )
Eqgs (1.22) and (1.23) can be solved to give
T 2p1k cos 6 (1.24)
pky cos by + p1k cos 6 '
_ pikcosf — pky cos b, (1.25)
~ prk cos @ + pky cos 6y ’
Alternatively, we have
T_ 2p1cq cos (1.26)
pccos By + pier cos ’
R p1c1 cos B — pecos by (1.27)
p1cy cos O + pccos b, ’
Let
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where the ratio of sound speeds n is called the index of refraction. We get after using

Snell’s law that
sin?
R:m0080—n00801 _mCOSQ_n\/@ (1.29)

mcos 6 + n cos 0 sin 0
2
n

mcosf +ny/1 —

:

The transmission coefficient is

2
T=1+R= m cos (1.30)

2
mcosf +ny/1 — 51229

We now examine the physics.

1. If n = ¢/c; > 1, the wave enter from a faster to a slower medium, then 6 > 6; and
sinf/n < 1 always. R is real. In particular, for normal incidence § = 6; = 0,
m—n

R= (1.31)
m-+n

is real. If m >n > 1, ie., p1/p>c/c; > 1, then R is positive. If n > m > 1 then
R is negative. As 0 increases, ; also increases. R decreases until at § = 7/2, so

that

n
R=——=-1 1.32

Hence R lies on a segment of the real axis as shown in Figur 1.a. or Figure 1.b.
Note that there is no reflection R = 0 at the special incidence angle 8 = g, called

the Brewster angle:
n

V1 —m?

2. If however n < 1, i.e., the wave enters from a slower medium to a faster medium,

sinfp = (1.33)

then 6, > 6. for sufficiently small 6, R is real. When 6 increases to a critical value

0, defined by
sind =n (1.34)

sinf; = 1 so that #; becomes /2, and

m cos &

= =1
m cos o

Below this critical angle (0 < 6 < ¢), R is real. In particular, when 6 = 0, (1.31)

applies. See Figure 2.c for m > n and in 2.d. for m < n.
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Figure 2: Complex reflection coefficient. From Brekhovskikh and Godin §.2.2.

When 6 > ¢, the square roots above become imaginary. We must then take

sin?d . [sin?6
cosfy =/1— =2 -1 (1.35)

The reflection coefficient is now complex

. 2
mcosf —in 51229 -1

R= (1.36)

. a2
mcosf +in 51229 -1

with |R| = 1, implying complete reflection. As a check the transmitted wave is

pr = T exp {kl (m sin @ + 24/sin® 0/n? — 1)} (1.37)

so the amplitude attenuates exponentially in z as z — —oo. Thus the wave train

now given by

cannot penetrate much below the interface. The dependence of R on various
parameters is best displayed in the complex plane R = RR + iSR. It is clear
from (1.36 ) that SR < 0 so that R falls on the half circle in the lower half of the

complex plane as shown in Figures 2.c and 2.d.
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2 Equations for elastic waves

Refs:
Graft: Wave Motion in FElastic Solids
Aki & Richards Quantitative Seismology, V. 1.
Achenbach. Wave Propagation in Elastic Solids
Let the displacement vector at a point x; and time ¢ be denoted by u;(x;,t), then
Newton’s law applied to an material element of unit volume reads
O%u;  Omy;

P ot = a, (2.1)

where 7;; is the stress tensor. We have neglected body force such as gravity. For a
homogeneous and isotropic elastic solid, we have the following relation between stress
and strain

Tij = Aeprlij + 2/1€4; (2-2)

where A and p are Lamé constants and

1 8uz @Uj
o1 2.3
“i 2<axj+axi) (23)
is the strain tensor. Eq. (2.2) can be inverted to give
1+v v
€ij = TTij - ETkkéij (2-4)
where
3A
p- MY (2.5)
A+
is Young’s modulus and
A
= ——. 2.6
"Ta0vrp) (2:6)

Poisson’s ratio.

Substituting (2.2) and (2.3) into (2.1) we get,

0r;j Oexr 0 (0Ou; Ou;
— = N4, - J
8[Ej 8xj J +M@I’j (8% + 6CKZZ)
aekk 82Ui 82Uj
= A
c%i + M@xj(?xj + Maxzaxj
20, -
= O,

al‘z‘l’j
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In vector form (2.1) becomes
>u
P = A+ u)V(V-u) + uVu (2.7)
Taking the divergence of (2.1) and denoting the dilatation by

8u1 8u2 i 8u3

A= = 2.8
Chk 6.931 + 8332 85133 ( )
we get the equation governing the dilatation alone
02A 9 9
pW:()\—FM)V'VA—FMVA:()\-FQ,u)VA (2.9)
or, )
0°A 9 <2
where
2
o = |22 (2.11)
P

Thus the dilatation propagates as a wave at the speed c;. To be explained shortly, this
is a longitudinal waves, hence the subscript L. On the other hand, taking the curl of

(2.7) and denoting by & the rotation vector:
W=Vxu (2.12)
we then get the governing equation for the rotation alone

— = &Vid (2.13)

or = \/% (2.14)

Thus the rotation propagates as a wave at the slower speed c¢y. The subscript T indicates

where

that this is a transverse wave, to be shown later.

The ratio of two wave speeds is

A
L ARy (2.15)
CT 1%
Since

"
—=——-1 2.16
. (2.16)
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it follows that the speed ratio depends only on Poisson’s ratio

Cr, 2—2v
e 2.17
Ccr 1-—2v ( )

There is a general theorem due to Helmholtz that any vector can be expressed as

the sum of an irrotational vector and a solenoidal vector i.e.,
u=Veo+VxH (2.18)
subject to the constraint that
V-H=0 (2.19)

The scalar ¢ and the vector H are called the displacement potentials. Substituting this
into (2.7), we get

82

p5(Vé+V x H| = V2 (Vo + V x H| + (A + p)VV - [V6 +V x H]

Since V - V¢ = V2¢, and V-V x H = 0 we get

0%¢ 0’H
Clearly the above equation is satisied if
0?¢
A+ 2u) V2 — p— =0 2.21
A+ 20V — p— (2.21)
and )
0°H
°H — = 2.22
puv Poe =0 (2.22)

Although the governing equations are simplified, the two potentials are usually coupled
by boundary conditions, unless the physical domain is infinite.

A typical seismic record is shown in Figure 2.

3 Free waves in infinite space
The dilatational wave equation admits a plane sinusoidal wave solution:

P(x,t) = pe/tnxert (3.1)
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Figure by MIT OCW.

Figure 3: A typical seismic record. P: Longitudinal wave; S: Transverse wave; R :

Rayleigh surface wave. From Billingham & King. Wave Motion, Cambridge U Press.

10
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Here the phase function is

0(x,t) = k(n-x — cpt) (3.2)
which describes a moving surface. The wave number vector k = kn is defined to be
k=kn=V6 (3.3)

hence is orthogonal to the surface of constant phase, and represents the direction of

wave propagation. The frequency is

00

=kep = —— 3.4
w = kep T (3.4)

A general solution is
¢ =¢(n- -x—cpt) (3.5)
Similarly the the following sinusoidal wave is a solution to the shear wave equation;
H = H ¢Fnx—ert) (3.6)

A general solution is
H=H(n x—crt) (3.7)

Note:
We can also write (3.5) and (3.9) as

n-x
¢ =9t — ) (3.8)
CL
and
H=H(t- 2% (3.9)
cr
where
S;, = E, ST = E (310)
Cr, Ccr

are called the slowness vectors of longitudinal and transverse waves respectively.

In a dilatational wave the displacement vector is parallel to the wave number vector:

u, =V¢=¢'n (3.11)
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from (3.5), where ¢ is the ordinary derivative of ¢ with repect to its argument. Hence
the dilatational wave is a longitudinal (compression) wave. On the other hand in a
rotational wave the displacement vector is perpendicular to the wave number vector,

ur = VxH=e oH. oH, +e OH, OH. +e OHy _OH,
- -\ oy 0z Y\ 0z ox “\ oz dy

= e, (H.n,— H)n.) + e, (H,n. — H.n,) +e. (Hyn, — H,n,)

= nxH (3.12)

from (3.7). Hence a rotational wave is a transverse (shear) wave.

4 Elastic waves in a plane

Refs. Graff, Achenbach,
Aki and Richards : Quantitative Seismology, v.1
Let us examine waves propagating in the vertical plane of x,y. All physical quantities

are assumed to be uniform in the direction of z, hence 9/9z = 0, then

0 OH, 0 0H, 0OH, OH
—_¢_|_ —_¢_ _ +_y

= = = 4.1
Ye = Br oy’ “y oy Oz’ "z Dy ox (4.13)
and
0H, 0H,
= 4.14
ox + dy 0 ( )
where ) ) ,
1
09, ,9¢_100¢ (4.15)
ox?  0y? ¢ Ot?
2 2 2
8Hp+0Hp: 1 0°H, D=y (4.16)

orr | oy & o
Note that u, is also governed by (4.16).

Note that the in-plane displacements u,,u, depend only on ¢ and H,, and not on
H,, H,. Out-of-plane motion u, depends on H,, H, but not on H,. Hence the in-
plane displacement components u,,u, are independent of the out-of-plane component
u,. The in-plane displacements (u,,u,) are associated with dilatation and in-plane
shear, represented respectively by ¢ and H,, which will be refered to as the P wave and
the SV wave. The out-of-plane displacement u. is associated with H, and H,, and will

be refered to as the SH wave.
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From Hooke’s law the stress components can be written

Tez = A <8ux + %) +2uauz = (A +2u) (auz + %> — QM%

ox dy ox ox dy dy
B P¢  0%¢ ¢ O0*H,
- o (55 5) 2 (55 - 5 o

ou Ou, ou ou ou ou
Ty )\(ax+8y)+'u8y A+ M)(8x+8y) arr

= (A +2p) (% + %‘f) — 2 (% + gig;) (4.18)
oy = m(m +7yy) = U(Taw + Tyy) = A (% + g%f) (4.19)
e R) ()
Tye = u%?;z =1 (_8;;;0 + g;[;;) (4.21)
S Y ux

Different physical situations arise for different boundary conditions. We shall con-

sider first the half plane problem bounded by the plane y = 0.

5 Reflection of elastic waves from a plane boundary

Consider the half space y > 0, —oo < & < 0o. Several types of boundary conditions
can be prescribed on the plane boundary : (i) dynamic: the stress components only
(the traction condition); (ii) kinematic: the displacement components only, or (iii). a
combination of stress components and displacement components. Most difficult are
(iv) the mixed conditions in which stresses are given over part of the boundary and
displacements over the other.

We consider the simplest case where the plane y = 0 is completely free of external
stresses,

Tyy = Ty = 0, (5.23)

and

Tyz =0 (5.24)
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It is clear that (5.23) affects the P and SV waves only, while (5.24) affects the SH
wave only. Therefore we have two uncoupled problems each of which can be treated

separately.

5.1 P and SV waves

Consider the case where only P and SV waves are present, then H, = H, = 0. Let all

waves have wavenumber vectors inclined in the positve x direction:
¢ f( ) iEx— zwt Hz — hz(y)ei@:—iwt (525)

It follows from (4.15) and (4.16) that
d*f B d’h,

h, =0, (5.26)
with

o= — 2= /K2 — g2 =4/ — (2 =/k% — (2 (5.27)

We first take the square roots to be real; the general solution to (5.26) are sinusoids,

hence,
b= Apei(&*ayfwt) + Bpei(ﬁwrayfwt)’ H, = Asei(cwfﬁyfwt) + Bsei(CHﬁyfwt) (5.28)

On the right-hand sides the first terms are the incident waves and the second are the
reflected waves. If the incident amplitudes Ap, Ag and are given, what are the properties
of the reflected waves Bp, Bs? The wave number components can be written in the polar

form:

(&, ) = kp(sinfp,cos6r), ((,0) = kr(sinfr,cosbr) (5.29)

where (kr, kr) are the wavenumbers, the (6r,67) the directions of the P wave and SV

wave, respectively. In terms of these we rewrite (5.28)

¢ _ ApeikL(sinG'Lx—cosﬁLy—wt) + BpeikL(sinGLx—l—cosOLy—wt) (530>
Hz _ AseikT(sinGTx—COSQLy—wt) + BseikT(sinOTm+c050Ty—wt) (531>
In order to satisfy (5.23) (7, = 7wy = 0) on y = 0 for all =, we must insist:

kpsinf, = kpsinfr, (€= () (5.32)
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This is in the form of Snell’s law:

sinf;  sinfr

- = - (5.33)

implying
223; - Z—; _ 2 22“ - k—z =g (5.34)
When (5.23) are applied on y = 0 the exponential factors cancel, and we get two

algebraic conditions for the two unknown amplitudes of the reflected waves (Bp, Bs) :
k%(2 SiIl2 HL — /<L2>(Ap + Bp) - ]{Z% sin 20T<AS - Bs) =0 (535)

k3 sin 201, (Ap — Bp) — k3 cos p(Ag + Bg) = 0. (5.36)

Using (5.34), we get
2sin? 0 — k% = K?(2sin? O — 1) = —k? cos 207

The two equations can be solved and the solution expressed in matrix form:

B S S A
P\ _ | opp Ssp P (5.37)
Bs Sps  Sss As
where
S S
S=| 7" e (5.38)
Sps  Sss

denotes the scattering matrrix. Thus Spg represents the reflected S-wave due to incident

P wave of unit amplitude, etc. It is straightforward to verify that

_ sin 20y sin 207 — k* cos® 207

Sop = 5.39
PP sin 207, sin 207 + K2 cos? 201 ( )
—2k2 sin 20 20
Sep— — /<;' sin 207 cos 201 (5.40)
sin 20 sin 207 + k2 cos? 201
2sin 26 20
SPS — S'ln L COS 20U (541)
sin 20 sin 207 + k2 cos? 201
S — sin 20}, sin 20 — k% cos® 20 (5.42)

sin 20 sin 207 + k2 cos? 201
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In view of (5.33) and

Cr, 2—2v
= -_——_ 5-43
P o 1— 20 (5-43)

The scattering matrix is a function of Poisson’s ratio and the angle of incidence.

(i) P- wave Incidence : In this case 6 is the incidence angle. Consider the special
case when the only incident wave is a P wave. Then Ap # 0 and Ag = 0 and only
Spp and Ssp are relevant. . Note first that #;, > 67 in general . For normal incidence,

0, = 0, hence 07 = 0. We find
Spp=-—1, Sps=0 (5.44)
there is no SV wave. The refelcted wave is a P wave. On the other hand if
sin 26, sin 207 — k* cos® 207 = 0 (5.45)

then Spp = 0, hence Bp = 0 but Bg # 0; only SV wave is reflected. This is the case
of mode conversion, whereby an incident P waves changes to a SV wave after reflection.

The amplitude of the reflected SV wave is

BS . tan 29T

3 — PPS
AP K2

(5.46)

(ii) SV wave Incidence : Let Ap = 0 but Ag # 0. In this case 07 is the incidence
angle. Then only Ssp and Sgg are relevant. For normal incidence, 0, = 6y = 0,
Sss = —1, and Sgp = 0; no P wave is reflected. Mode conversion (Bp # 0, Bg = 0) also
happens when (5.45) is satisfied. Since 0, > 6, there is a critical incidence angle 0r
beyond which the P wave cannot be reflected back into the solid and propagates only

along the x axis. At the critical angle
sinf, =1, (0, =n/2), or sinfr=1/k (5.47)

by Snell’s law. Thus for v = 1/3, k = 2 and the critical incidence angle is 67 = 30°.
Beyond the critical angle of incidence, the P waves decay exponentially away from
the free surface. The amplitude of the SV wave is linear in y which is unphysical,

suggesting the limitation of unbounded space assumption.
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320 Waves in semi-infinite media
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5.2 SH wave

Because of (5.2)

0H, O0H,
=0
ox + dy
we can introduce a stream function ¢ so that
o o
H,=— H,=— 5.48
ay Y ox ( )
where )
1 0%y
2
= —— 4
VY 2 ot? (5.49)
Clearly the out-of-plane dispacement is
0H, 0H, 0* 0% 9
L= — = =V 5.50
“ dy + ox 0x? + Oy? v (5.:50)
and ,
9 oo p 0 0%
L= - 27" 5.51
Ty ”ayv v c2. Oy Ot? (5:51)
The zero-stress boundary condition implies
o
— =0 5.52
5 (55

Thus the problem for 1) is analogous to one for sound waves reflected by a solid plane.

Again for monochromatic incident waves, the solution is easily shown to be
P = (Ae_wy - Aeiﬁy) gl it (5.53)
where
o + 32 = ki (5.54)
We remark that when the boundary is any cylindrical surface with axis parallel to

the z axis, the the stress-free condition reads

T.n =0, on B. (5.55)
where n is the unit outward normal to B. Since in the pure SH wave problem
_ Ou, 0 _,, p 00
T = ey T an Y VT Zon o
Condition (5.55) implies
0
a—:f ~0, on B. (5.56)

Thus the analogy to acoustic scattering by a hard object is true irrespective of the

geomntry of the scatterer.
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6 Rayleigh surface waves

Refs. Graff, Achenbach, Fung

In a homogeneous elastic half plane, in addition to P, SV and SH waves, another
wave which is trapped along the surface of a half plane can also be present. Because
most of the action is near the surface, this surface wave is of special importance to
seismic effects on the ground surface.

Let us start from the governing equations again

02  0%¢ 1 9%¢
02 + a—yQ = gﬁa (6.1)

O*H, 0°H., 1 9°H,
_ Y 2
a2+ dy? & o2 (6.2)

We now seek waves propagating along the x direction

o=%NR (f(y)eigx_wt) , H, =% (h(y)eifw_m) (6.3)

Then f(y), h(y) must satisfy

+ (w?/c] =€) f=0, %—l—(wQ/CQT—fQ)h:O, (6.4)

d2f
dyy?

To have surface waves we insist that

a=\Je w3, B-\Je-w/a (6.5)

be real and postive. Keeping only the solutions which are bounded for y ~ oo, we get
¢ = Ae Wel&e—t) [ — BePyeier—wt), (6.6)

The expressions for the displacements and stresses can be found straightforwardly.

Uy = <z‘§Ae‘ay _ BBe—3y> ¢ilEr—et) (6.7)
u = — (aAe*@ + ifBe’@) gilée—wt) (6.8)
s = H {( 2a2> Ae™ 2@3536—@} gilga—wt) (6.9)
Ty = {(6 : ) Ae™™ 2@6536—@} giler—et), (6.10)
Ty = { icE Ae— + (52 +3 ) Be—ﬁy} CED) (6.11)
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On the free surface the traction-free conditions 7,, = 7,, = 0 require that

(BZ n 52) A+2iB¢B = 0, (6.12)

_oiaEA + (Bz n 52> B = 0. (6.13)
For nontrivial solutions of A, B the coefficient determinant must vanish,

(Bz v 52)2 _ 4aBe? = 0, (6.14)

22”22422”22“20 15
-] e fyfe-g - (19

which is the dispersion relation between frequency w and wavenumber . From either

or

(6.12) or (6.13) we get the amplitude ratio:

A 2i3¢ G +¢

B Fige  2af ]

(6.16)

In terms of the wave velocity ¢ = w/&, (6.15) becomes

2\ 2 2\ % 2\ =
(2—0—2) :4(1—0—2) (1—0—2> . (6.17)
Cr Cr, Cr

or, upon squaring both sides, finally

2 c\° c\* 16 c\? 1
il ) -8 = 24 — — — ] —16(1—- — = 0. 6.18
C% {(CT) (CT> " ( “2) (CT) ( “2) ( )
where
P A+2u  [2-2v
—CT_ /,L o 1_2V

The first solution ¢ = w = 0 is at best a static problem. In fact@ = 3 = € and A = —iB,

so that u, = u, = 0 which is of no interest.

We need only consider the cubic equation for ¢2. Note that the roots of the cubic
equation depend only on Poisson’s ratio, through x* = 2(1 — v)/(1 — 2v). There can be
three real roots for ¢ or w, or one real root and two complex-conjugate roots. We rule
out the latter because the complex roots imply either temporal damping or instability;
neither of which is a propagating wave. When all three roots are real we must pick the

one so that both @ and 3 are real. We shall denote the speed of Rayleigh wave by cg.
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Figure 6: The velocity of Rayleigh surface waves cg. From Fung Foundations of Solid

Mechanics.

For ¢ = 0, the factor in curley brackets is

{.}:—16(1—Z—§)<0

L
For ¢ = ¢r the same factor is equal to unity and hence positive. There must be a solution

for ¢ such that 0 < ¢ < ¢p. Furthermore, we cannot have roots in the range ¢/cp > 1.

If so, )
B =g <1—c—2) <0
Cr

which is not a surface wave. Thus the surface wave, if it exists, is slower than the shear
wave.

Numerical studies for the entire range of Poisson’s ratio (0 < v < 0.5) have shown
that there are one real and two complex conjugate roots if v > 0.263 ... and three real
roots if v < 0.263.... But there is only one real root that gives the surface wave velocity
cr. A graph of cg for all values of Poisson’s ratio, due to Knopoff , is shown in Fig. 6.

A curve-fitted expression for the Rayleigh wave velocity is

cp/er = (0-87+1-12v)/(1 +v). (6.19)

For rocks, A = ppand v = i, the roots are

(¢/er)? =4,2+2/V3,2 —2/V3. (6.20)
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The only acceptable root for Rayleigh wave speed cp is
(crfer)’ = (2—2/V3)2 =0-9194 (6.21)

or

cr = 0.9588cr. (6.22)

The particle displacement of a particle on the free surface is, from (6.7) and (6.8)

Uy = 1A <§ - %) eilee—wt) (6.23)
u, = A (—6 + u) eiEz—wt) (6.24)
28
Note that o,
_ p+e| ki
a=A|¢& %€ =A 5—1-25 >0
22 2 —  3\2 2
b= | ar 1S :A[w] >0
28 20
hence
uy = asin(wt — €x), wu, = beos(wt — &x)
and ) )
Uy, u
Sty =1 (6.25)

The particle trajectory is an ellipse. In complex form we have

Uy

, = exXp {i (wt —&x —7/2)} (6.26)

U .
a

Hence as t increases,a particle at (z,0) traces the ellipse in the counter-clockwise direc-

tion. See figure (6).
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Figure 7: Displacement of particles on the ground surface in Rayleigh surface wave From

Fung Foundations of Solid Mechanics.

7 Scattering of monochromatic SH waves by a cav-
ity

7.1 The boundary-value problem

We consider the scattering of two-dimensional SH waves of single frequency. The time-

dependent potential can be wirtten as

(@, y,t) = R [p(z,y)e "] (7.1)

where the potential ¢ is governed by the Helmholtz equation

82 (b 82 ¢2

w
Vot kG = = +

I +E¢=0, k= o (7.2)

To be specific consider the scatterer to be a finite cavity of some general geometry. On

the stress-free boundary B the shear stress vanishes,

2
_ _,U(.U % —iwt _
hence
¢
I 0, on B (7.4)

Let the incident wave be a plane wave

¢I — Aeik-x (75)
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Let the angle of incidence with respect to the positive x axis be ,. In polar coordinates

the incident wave vector is
k = k(cosb,,sinb,), x=r(cosb,sinf) (7.6)
and the potential is
¢ = Aexp [ikr(cos b, cos f + sin,sin §)] = Ae'krcos6=b) (7.7)

Let the total wave be the sum of the incident and scattered waves

¢ =¢1+ ¢s (7.8)
For the scattered wave the boundary condition on the cavity surface is
d¢s dps
— =—— B. 7.9
on o " (7.9)

In addition, the scattered wave must satisfy the radiation condition at infinity, i.e., it
must propagate outward at infinty.

Note that this boundary value problem is identical to the one for sound plane sound
wave in air (or water) scattered by a perfectly rigid cylinder.

We treat below the special case of a circular cavity of readius a This is one of the

few geomentries that can be solved analytically.

7.2  The circular cavity

In polar coordinates the governing equation reads

10 0¢ 1 0% 9
—— | r— —— 4+ k¢ =0 > a. 7.10
ror (T8r>+r2892+ ¢ o ( )
Since ¢; satisfies the preceding equation, so does ¢g.

First, It is shown in Appendix A that the plane wave can be expanded in Fourier-

Bessel series :
o0

gtk cos(0=0o) — Z €nd" Jn(kr) cosn(0 — 0,) (7.11)

n=0

where €, is the Jacobi symbol:

c=0 €=2 n=123,... (7.12)
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Each term in the series (7.11) is called a partial wave.

By the method of separation of variables,
¢s(r,0) = R(r)O(0)
we find
R’ +rR + (K*r* =n*)R=0, and 0" +n’0 =0

where n = 0,1,2,... are eigenvalues in order that © is periodic in 6 with period 2.

For each eigenvalue n the possible solutions are
©,, = (sinnb, cosnb),
Ry = (H{" (kr), H? (kr))

where Hqsl)(kr), H,gz)(kr) are Hankel functions of the first and second kind, related to
the Bessel and Weber functions by

HV (kr) = Jo(kr) + iV, (kr), HP (kr) = J,(kr) — iV, (kr) (7.13)
The most general solution to the Helmholtz equation is

os = A Z (A, sinnb + B, cosnb) [C’,LHS)(]{:T) + Dan)(kr)] , (7.14)

n=0

For large radius the asymptotic form of the Hankel functions are

2 5 us nm 2 ; us nm
Hqgl) ~ %ez(kr—z—7)7 H1(12) ~ /%Q—Z(kT—Z—T) (715)

In conjunction with the time factor exp(—iwt), HY gives an outgoing wave while 1Y
gives an incoming wave. To satisfy the radiation condition, we must discard all terms
involving HY. From here on we shall abbreviate H." simply by H,. The scattered
wave is now

¢s =AY (Aysinnb + B, cosnf) H,(kr) (7.16)
n=0

The expansion coefficients (A,,, B,,) must be chosen to satisfy the boundary condition

on the cavity surface! Once they are determined, the wave is found everywhere. In

'Tn one of the numerical solution techniques, one divides the physical region by a circle enclosing the
cavity. Between the cavity and the circle, finite elements are used. Outside the circle, (7.16) is used.
By constructing a suitable variational principle, finite element computation yields the nodal coefficients

as well as the expansion coefficients. See (Chen & Mei , 1974).
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particular in the far field, we can use the asymptotic formula to get

> , 2
ps ~ A Z (A, sinnf + B, cosnf) e~/ %e’k”_”/‘l (7.17)
n=0
Let us define the dimensionless directivity factor
A(f) = Z (A, sinnfd + B, cosnf) e~/ (7.18)

n=0

which indicates the angular variation of the far-field amplitude, then

2 . )
b5 ~ AA(0)4/ %é’”—”/4 (7.19)

This expression exhibits clearly the asymptotic behaviour of ¢g as an outgoing wave.
By differentiation, we readily see that

lim /7 (% - qss) =0 (7.20)

kr—oo

which is one way of stating the radiation condition for two dimensional SH waves.
Let us complete the solution.
Without loss of generality we can take 8, = 0. On the surface of the cylindrical

cavity r = a, we impose
O¢r  9¢s _

ger L ves g _
8r+8r  T=4a

It follows that A,, = 0 and
e"i"AJ) (ka) + B,kH, (ka) =0, n=0,1,2,3,...n

where primes denote differentiation with respect to the argument. Hence

. Jh(ka)
B —_—A nYn
n T H (ha)
The sum of incident and scattered waves is
[oe) / k:
6= A nzzo eni” [Jn(kr) - 22(( kz)) Hn(k;r)} cos nf (7.21)
and
SN J! (ka)
_ wwt n n
= Ae Z €nl [Jn(kr) — H,’L(k;a)Hn(kr)] cos nf (7.22)

n=0
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Figure 8: Angular distribution of scattered energy in the far field in cylindrical scattering

The limit of long waves can be approximatedly analyzed by using the expansions for

Bessel functions for small argument

x? A "
Jo(x)wl—z—i—O(:E ) Jn(x)wﬁ,;nzl,Z,?)...
"n!
2 2"(n —1)!
Yola) ~ Zloga, Va(a)~ 2Dt 195 (7.23)
T "

Then the scattered wave has the potential

¢s Jo(ka) . Ji(ka) 3
7 _HO(kT)H{)(ka) - QZHl(kT)H{(k‘a) cos + O(ka)
_ g(ka)z (—%Ho(kr) — Hy(kr) cos 9> + O(ka)® (7.24)

The term Hy(kr) coresponds to a oscillating source which sends istropic waves in all
directions. The second term is a dipole sending scattered waves mostly in forward and
backward directions. For large kr, the angular variation is a lot more complex. The far
field pattern for various ka is shown in fig 4.

On the cavity surface surface, the displacement is proportional to V% (a,) or

V2¢(a, ). The angular variation is plotted for several ka in figure 5.

For numerical simulations, see the website
http://ocw.mit.edu/OcwWeb/Civil-and-Environmental-Engineering /1-138 JFall-2004 /Simulations /

Remark on energy flux: At any radius r the total rate of energy outflux by the
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Figure 9: Polar distribution of ¢(a, ) on a circular cylinder.
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scattered wave is

27 A, 2T
7”/0 daTrz% = pw“/o dOR [—ukz%e—iwt] R [iwk2pe—it]
4 27 4 o
_ _“‘”2’“ 7”/0 dOR {w*%} - —“wf T%/O d6 {qﬁ*a_ﬂ (7.25)

where overline indicates time averaging over a wave period 27 /w. The integral can be
evaluated by using the asymptotic expression.
Remark: In the analogous case of plane acoustics where the sound pressure and

radial fluid velocity are respectively,

99

= —po—=, and u _9%
b= Poat, T T

5 (7.26)

the energy scattering rate is

2 WP 00 WPOT L00
7’/0 dfpu, = 5 %/CdH (—ng E) = \s/cde (gb E) (7.27)

8 The optical theorem

For the same scatterer and the same frequency w, different angles of incidence 6; define

different scattering problems ¢;. In particular at infinty, we have

1kr cos(0—0; 2 ikr—im
¢]NA] {ek © 9J)+Aj(9) %ek /4} (81)

Let us apply Green’s formula to ¢; and ¢y over a closed area bounded by a closed

contour C,

0 0 0 o
//5 (62V°61 — 6:1V°62) dA = /B (Cbz% - ¢1%) ds + /Cds <¢2% - ¢1%) ds

where n refers to the unit normal vector pointing out of S. The surface integral vanishes
on account of the Helmholtz equation, while the line integral along the cavity surface

vanishes by virture of the boundary condition, hence

991 Oba\ ,
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By similar reasioning, we get

/ ds (¢2 001 _ ot ‘%2) ds =0 (8.3)
C

on on
where ¢} denotes the complex conjugate of ¢;.

Let us choose ¢1 = ¢ = ¢ in (8.3), and get

d¢* 00 o 99"\ _
/Cds(qﬁan—gb%)ds—%s(/cdwban)—() (8.4)

Physically, across any circle the net rate of energy flux vanishes, i.e., the scattered power

must be balanced by the incident power.

Making use of (8.1) we get

o : 2 .
0= S/ rdf lezkrcos(e—Go) + _AO(9>€zkr—z7r/4
0 wkr

; [ 2 _
. [—ik; cos(6 — 90)6—“‘”” cos(0—6o) _ ;1. _A:(Q)e—zkr—s-m/zll
wkr

27 2
= %A rdf {—Zk' COS(@ - 00) + %(—Zl{?”AOF

2 *
it

) . [ 2
+ e—zkr[cos9—90)—1]—z7r/4<_2'k.) COS(9 _ 90) —Ao}
wkr

The first term in the integrand gives no contribution to the integral above because of

+eikr[cos 9—00)—1}-1-7571'/4(_2']{;)

periodicity. Since I(if) = I(if*), we get

2 27 )
o=——/|Awnw
™ Jo

27 2 ' ‘
+9 / rdf {AO(—z'k;), | ——[1 + cos(6 — 90)]e”/‘*ezkrﬂ—cos(@—"o”}
0 wkr

9 2 )
- [ 1Aoka

2
R {e”/‘* [r, [ [ dbA@)11+ cos(0 - 90)]4“(1608(”0))] }
TRT Jo

For large kr the remaining integral can be found approximately by the method of sta-

tionary phase (see Appendix B), with the result

2m i /4

27
/ A0 AB)[1 + cos(0 — 0,))e 000 . 4,(0,), 7T (8.5)
0 T
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We get finally
21
/ |A,2d0 = —2RA,(6,) (8.6)
0

Thus the total scattered energy in all directions is related to the amplitude of the
scattered wave in the forward direction. In atomic physics, where this theorem was
originated (by Niels Bohr), measurement of the scattering amplitude in all directions is
not easy. This theorem suggests an econmical alternative.
Homework For the same scatterer, consider two scattering problems ¢; and ¢s.
Show that
Ai(0y + ) = Ay(01 + ) (8.7)

For general elastic waves, see Mei (1978) for similar and other identities in elastody-

namics with rigid inclusions. J . Acoust. Soc. Am. 64(5), 1514-1522.

9 Diffraction of SH wave by a long crack - the parabolic
approximation

References

Morse & Ingard, Theoretical Acoustics Series expansions.

Born & Wolf, Principle of Optics Fourier Transform and the method of steepest de-
scent.

B. Noble. The Wiener-Hopf Technique.

If the obstacle is large, there is always a shadow behind where the incident wave
cannot penetrate deeply. The phenomenon of scattering by large obstacles is usually
referred to as diffraction.

Diffraction of plane incident SH waves by a long crack is identical to that of a hard
screen in acoustics. The exact solution was due to A. Sommerfeld. We shall apply
the boundary layer idea and give the approximate solution valid far away from the tip
kr > 1 by the parabolic approximation, due to V. Fock.

Refering to figure () let us make a crude division of the entire field into the illuminated

zone | ; dominated by the incident wave alone, the reflection zone II dominated the sum
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Figure 10: Wave zones near a long crack

of the incident and the reflected wave, and the shadow zone III where there is no wave.
The boundaries of these zones are the rays touching the crack tip. According to this

crude picture the solution is

A, exp(ik cos Ox + ik sin Oy), I
¢ =1 Alexp(ik cosOx + ik sin 0y) + exp(ik cos Ox — ik sinby)], 11 (9.1)
0, 11

Clearly (9.1) is inadquate because the potential cannot be discontinuous across the
boundaries. A remedy to provide smooth transitions is needed.

Consider the shadow boundary Oz’. Let us introduce a new cartesian coordinate
system so that 2’ axis is along, while the ¢’ axis is normal to, the shadow boundary.

The relations between (x,y) and (z/,y’) are
2 =xcosh+ysinh, y =ycosd— xsinb (9.2)
Thus the incident wave is simply
b1 = A (9.3)

Following the chain rule of differentiation,

/ /
% = 8¢8_x+ (9qb8_y —005«9% —sinﬁ%

or  Ox' Ox 8—y’ or oz’ oy’
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dp  O0¢p 0x'  0¢ Oy .09 0¢
h A el Tk et SRR ok ==
Oy 0z’ Jy * oy’ dy S oz’ +eos oy’
we can show straightforwardly that
¢ o o 09

0x? + oy? Q"2 oy’?

so that the Helmholtz equation is unchanged in form in the 2, ¢y’ system.
We try to fit a boundary layer along the x” axis and expect the potential to be almost

like a plane wave
¢(ZE,/ 7 y/) _ A(I’l, y/)eikx’ (94)
, but the amplitude is slowly modulated in both 2’ and %’ directions. Substituting (9.4

into the Helmholtz equation, we get

v [OFA 0A D?A
ikx : 1.2 2 —
e {895’2 + 2zl<:—axl kA + e +k A} 0 (9.5)

Expecting that the characteristic scale L, of A along 2’ is much longer than a wavelength,

kL, > 1, we have

0A L 0A  0*A
97 < kA, Thence 22/{% > 9072

We get as the first approximation the Schrédinger equation?

(9.7)

In this transition zone where the remaining terms are of comparable importance, hence

the length scales must be related by

k 1
— ~ —, implying ky' ~ Vi’
T Yy

Thus the transition zone is the interior of a parabola.

Equation (9.7) is of the parabolic type. The boundary conditions are

A(z,00) =0 (9.8)

2In one-dimensional quantum mechanics the wave function in a potential-free field is governed by
the Schrédinger equation

ihe 4+ = =0 (9.6)
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Az, —o0) = A, (9.9)
The initial condition is
0, vy >0,
A(0,y') = ’ (9.10)
A(), y/ <0

he initial-boundary value for A has no intrinsic length scales except z’,4’ themselves.
Therefore the condition kL, > 1 means kx’ > 1 i.e., far away from the tip. This
problem is somwhat analogous to the problem of one-dimensional heat diffusion across
a boundary. A convenient way of solution is the method of similarity.

Assume the solution

A=A,f(7) (9-11)

where

7= vVrkx!

is the similarity variable. We find upon subsitution that f satisfies the ordinary differ-

(9.12)

ential equation

ff—imyf =0 (9.13)

subject to the boundary conditions that
f—0, v— —o0; f—1, v— oc. (9.14)

Rewriting (9.13) as

"

i

=iy

we get

log f = imy/2 + constant.

¥ 2
f:C/ exp(m;)du

One more integration gives

Since .
/oo (imﬂ) p €z7r/4
exp u =
0 2 V2
we get
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and

A e—iﬂ‘/4 ¥ imu2 e—i7r/4 eiw/4 vy imu2
= = du = — | d 9.15
= L (5 )w= g {r [ee (5) ) o

Defining the cosine and sine Fresnel integrals by

omozilva$(§§>(w, Sﬁ&ziévﬁn(g§>cw (9.16)

we can then write »
e:}’;/ { [% + (J(v)} +i B + 5(7)} } (9.17)

In the complex plane the plot of C(y)+1iS(7y) vs. 7 is the famous Cornu’s spiral, shown

in figure (9).

The wave intensity is given by

2 2 2
%%:%{B+cwﬂ+{%+aw}} (9.15)
Since C, S — —1/2 as v — —o0, the wave intensity diminshes to zero gradually into
the shadow. However, C;S — 1/2 as v — oo in an oscillatory manner. The wave
intensity oscillates while approaching to unity asymptotically. In optics this shows up
as alternately light and dark diffraction bands.

In more complex propagation problems, the parabolic approximation can simplify the
numerical task in that an elliptic boundary value problem involving an infinite domain
is reduced to an initial boundary value problem. One can use Crank-Nicholson scheme
to march in "time”, i.e., o’

Homework: Find by the parabolic approximation the transition solution along the

edge of the reflection zone.
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Figure by MIT OCW.

Figure 11: Cornu’s spiral, a plot of the Fresnel integrals in the comiplex plane of C'(y) +
iS(7y). Abscissa: C(7). Ordinate : iS(7).

Figure by MIT OCW.

Figure 12: Diffraction of a normally incident plane sound wave on a rigid half screen.

Ordinate: f(vy) = A/A,. Abscissa: —y = ky' /v wkx'.
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10 Exact theory of Wedge Diffraction

Refs. J. J. Stoker 1957 , Water waves. pp 120-125
Born & Wolf, 1950 Principles of Optics
Noble, 1963 The Wiener-Hopf Technique

The diffraction of plane incident waves by a semi-infinite barrier is a celebrated
problem in classical physics and was first solved by A. Sommerfeld. Several analytical
treatments are available, including the mathematically very elegant technique of Wiener
& Hopf is available . In the last section we gave an approximate theory by parabolic
approximation. Here we present an exact theory for the more general case of a wedge,
by the more elementary method of series expansion. Though the result is in an infinite
series and not in closed form, quantitative information can be calculated quite readily
by a computer.

The basic ideas were described for water waves by Stoker (1957) for a wedge. Ex-
tensive numerical results were reported by Dr. H.S. Chen (Army Corps of Engineers,
Tech Rept: CERC 878-16, 1987). Based on Stoker’s analysis more extensive numerical
computations have been carried out by Dr. G.D. Li. To facilitate the understanding
of the physics, these results are presented in animated form in our subject website (see
Simulations):
http://ocw.mit.edu/OcwWeb /Civil-and-Environmental-Engineering /1-138 JFall-2004 /

We shall describe the problem for water waves; the analysis and results can be
adapted for cracks, sound,... etc.

Refering to Figure 10, we consider a vertical wedge of arbitrary apex angle in a
sea of constant depth h. Let the tip of the wedge be the z axis orgin and the z axis
coincide with one wall. The still water surface is the x,y plane. In the cylindrical polar
coordinate system (r, 6, z) with (x = rcosf,y = rsinf), z, the walls are given by 6 = 0
and v with 1 < v < 2. A train of monochromatic waves is incident from infinity at the
angle a with respect the z axis.

In the water region defined by 0 < # < vm and 0 > 2z > —h, the velocity potential
®(r,0, z,t) must satisfy the Laplace equation,

2o 1 0 1 Pe 9o

oz v Trage T 0 (10.1)
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Figure 13: Coordinate system and subregions.

and subject to the linearized free surface boundary conditions

00

— =— 10.2
5 = 9¢ (10.2)
o 0P

Rt 10.
ot 0z (10.3)

whicdh can be combined to give
0?P 0P
i = 0. 10.4

Along the impermeable bottom and walls, the no flux boundary conditions are
0d
0z

0d
o0

The incident wave train is given by

0 on z=—h (10.5)

0 at 0 =0 and v (10.6)

—igAgcoshk(z+ h)

i = w cosh kh

gb(r, e)e—ikr cos(0—a)—iwt (107)
where k is the real wavenumber satisfying the dispersion relation

w? = gk tanh kh, (10.8)
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and 7 + « is the angle of incidence measured from the x axis. Ay is the incident wave
amplitude.
Because of the vertical side-walls, the three dimensional problem can be reduced to

a two dimensional one by letting

cosh k(z + h)
cosh kh

where ¢(r, 0,t) is the horizontal pattern of the velocity potential normlized for an inci-

O(r,0,z,t) = A B(r,0)e ™" (10.9)

dent wave of unit amplitude.
Substituting Equation (10.9) into the Laplace equation and using both the kinematic
and dynamic boundary conditions on the free surface, the Laplace equation is then

reduced to the Helmholtz equation

¢ 109 10%
it il o = >0 > 0. .
8T2+r8r+7“2802+k¢ 0, vmr>602>0 (10.10)

with the following boundary conditions on the rigid walls of the wedge:

0
a—z =0 at 6 =0 and 6, (10.11)
The free surface displacement ¢ from the mean water level z=0 can be represented by
109 .
((r,0,t) = —;%—t = Aon(r,0)e " (10.12)

Note that n is dimensionless.

Refering to Figure 10, the entire water region can be divided into three zones accord-
ing to the crude picture of geometrical optics. I: the zone of incident and reflected plane
waves, Il : the zone of incident plane wave and III ; the shadow with no plane wave.
This crude picture is discontinuous at the border lines separating the zones. Siknce the
physical solution must be smooth every where we must find the transitions. Let us use
the ideas of boundary layers.

Let the total potential be expressed in a compact form by
¢ = ¢o(r,0) + ¢s(r,0), forall 0<6<vr (10.13)

where ¢, consists of only the plane waves,
bi+ ¢, T—a>0>0, inl;
Go(r,0) = ¢ ¢ T+a>0>r1—q inll; (10.14)
0 6o >0 >7m+a, in Il
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Here ¢; denotes the incident wave

¢; = e kT cos(0—a) (10.15)
where o denotes the angle of incidence, and ¢, the reflected wave

b, — eikrcos(O+a) (10.16)

The correction is the diffracted wave ¢, which must satisfy the radiation condition and

behaves as an outgoing wave at infinity, i.e.,

. a¢s . o
lim Vr( 5 ikds) =0 (10.17)
or .
G5 ~ A)e™ at r — o0 (10.18)

Vkr

10.1 Solution by Fourier series (or, finite Fourier Transform)

Let us solve the scattered wave formally by Fourier series
1 - 2 o - nb
$(r,0) = —do(r) + — Y _ dn(r) cos — (10.19)

then, the Fourier coefficients are:

G (k1) :/ o(kr,0) cos n—ed(? (10.20)
0 V
From (10.10), each Fourier coefficient satisfies
0%¢ 0o n\2| -
2 n n 2 N _
P TS [(kr) () } Gn =0 (10.21)
The general solution finite at the origin is

On(kr) = an s (kr) (10.22)

where the coefficient’s a,,,n = 0,1,2, 3, ... are to be determined.

The Fourier coefficient of (10.13) reads

Ga(kr) = an (k) = / 60 cos "o + / 6, c0s " (10.23)
0 v 0 v
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or

Q_ﬁs,n = CLan/,,(]{?T> - Q_ﬁo,n (1024)

Applying the operator lim, . 1/7(9/0r — ik) to both sides of (10.23), and using the

Sommerfeld radiation condition (10.17), we have

lim /r <8g - zk> [aan/V(kr) - / ¢y COS n—edé’} =0 (10.25)
r 0 v

r—00

We now perform some asymptotic analysis for large kr to evaluate a,,.

The first part can be treated explicitly for large kr, since

2 nwo
(k) ~ 4/ oy €08 (kr 5, = Z> (10.26)

lim /7 (% - Zk) T (kr) = —e "2 %) (10.27)

T—00

It follows that

For the second part, we substitute ¢, from (10.15) and (10.16) to rewrite the integral as

1 2
v 0 7 pr—a ‘ 0 7 rr—a ‘ 0 o
/ ¢0 COS n—d9 _ / efzkrcos(efa) COS n_de _'_/ efzkr cos(f+a) CoS n_de
0 v 0 v 0 v
3
7 e ‘ 9 N
+/ eikreos(9-a) oo 7 g (10.28)
T v

Each of the integrals above can be evaluated for large kr by the method of stationary
phase (again). Details are given in the next subsection. only the results are cited below.

The first integral is appoximately

o (MO it [ 27 £
[1(8)—Cos<y>e {kr} +o(kr) (10.29)

from which

lim /7 (E - zk‘) / e~ tkreos(6=a) g %d@
r—00 0

— lim /7 (g - zk) {Cos (ﬁ) ikt ﬁ_ﬂ} 2}
r—00 r Y .

= 2V 27k cos <@> ek (10.30)

v
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where we have used i = ¢/™/2. By similar analysis the second integral is found to be

1
1 n(r—a)\ i [27]2
12(0) ~ 5 COS (f) e 4 lﬁ] (1031)
It follows that

lim /7 <2 — zk) / eikreos(®+a) o os ™ g
r 0

r—00 a 1%

_ o Torl:
= lim /r (% —ik) {%COS(M)@Z’”—T [k_:] }

—0 (10.32)

Finally the third integral is approximately
1 . s 2 2
1(0)~ ; COS(M)MM [k—ﬂ (10.33)

hence

T+ ) 9
lim /r (2 — zk;) / e ikreos(o+a) oo 7 g
r 0

v

L J . 1 n(m + «) ihr—iz | 2T :
= lim N (E — zk:) {5 COS(T)e [ﬁ} }
_ (10.34)

In summary, only the first integral associated with the incident wave furnishes a
nonvanishing contribution to the expansion coefficients, i.e.,
Jim 7 (% - m) /0 " 4, cos %ede ~ 2V/27k cos %eﬂ‘(’“*%) (10.35)
With this result we get by substituting (10.27) and (10.35) into (10.25), the coefficients
a, are found

n .
a, = 2mcos —e 2w (10.36)
By the inverse transform, (10.19), we get the exact solution,

2 A no  nb
o(r,0) = 5 [Jo(kr) +2 ; e "2 Jy ), (kr) cos —, cos — (10.37)

Numerical computations by MATLAB is straightforward. Aside from its own practical
interest, this solution is useful for checking strictly numerical methods for diffraction

problem for other geometries.
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10.2 Asymptoic approximation of Integrals

For the first integral I;, we take the phase to be f1(8) = kcos(d — «). The points of

stationary phase must be found from
f1(0) = —ksin(f — ) =0, (10.1)

hence 6 = o, = 7. Only the first at §; = « lies in the range of integration (0,7 — «)

and is the stationary point. Since

1(61) = —kcos() —a) = —k <0 (10.2)
the integral is approximately
1 1
9 . s 2 2 . s 2 2
I,(0) ~ cos(%)e’lkrcog(("’lf‘wFI {k—:} = (:os(?)e”k’”FI {k—:} (10.3)

For the second integral I, we take the phase to be fs(0) = kcos(0 + a). The

stationary phase point must be the root of

f5(0) = —ksin(0 + ) =0 (10.4)
or § = —a, —a £ 1. The stationary point is at 8 = m — a which is the the upper limit
of integration. Since

5 (02) = —kcos(By+ )=k >0 (10.5)

15 is approximately

1 1
~ 1 TLQQ —ikr cos(fa4a)— 2|2 o 1 n(ﬂ- B a) ikr—i% 2|2
12(6) ~ 5 COS(T)e 4 H = 5 COS(T)G 4 H (106)

Lastly for the third integral I3, the phase is f3(f) = kcos(f — «). The point of
stationary phase is found from
f5(0) = —ksin(f —a) =0 (10.7)
or § = mw,+7m+ a. Only the point #5 = m + « is acceptable and coincides with the upper
limit of integration. Since
5 (03) = —kcos(03 —a) = k > 0, (10.8)
I3 is approximately

I3(0) ~ lcos(w)e““_%r [2—:} ’ (10.9)
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10.3 Two limiting cases

(1) A thin barrier. Let the wedge angle be 0 by setting ¥ = 2. Equation (10.37) then

becomes
no nf
o(r,0) = Jo(kr) —1—226 ey Jnj2(kr) COSTCOS? (10.10)
(see Stoker (1957)).
(2) An infinite wall extending from x = —o0 to co. Water occupying only the half

plane of y > 0 and the wedge angle is 180 degrees. The diffracted wave is absent from

the solution, and the total wave is only the sum of the incident and reflected waves :
¢(T7 9) _ e—ikzrcos(e—a) + e—ikrcos(ﬁ—l—a) (10‘11)

By employing the partial-wave expansion theorm, (Abramowitz and Stegun 1964), the

preceding equaion becomes

o(r,0) =2 | Jo(kr) —1—22 —1)" J(kr) cos na cos nf (10.12)

which agree with (10.37) for v = 1.
For the animated version of the wave patterns for different wedge angles snd angle

of incidence, please visit the website.
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A Partial wave expansion

A useful result in wave theory is the expansion of the plane wave in a Fourier series
of the polar angle 6. In polar coordinates the spatial factor of a plane wave of unit

amplitude is

ezkx — ezkr cos )

Consider the following product of exponential functions

1 2\ | =1 /—2\"
zt/2 —z/2t: — | = _ | =
e |3 (5) ] 15 a (3]

S [ERA AR G
-~ n! Un+1)!  2(n+2)! ri(n+r)!
The coefficient of ¢" is nothing but J,(z), hence
AP S
exp|=(t—=)|= W (2).
Pla\" "¢ £
Now we set
t=1ie" z=kr
The plane wave then becomes
eikac _ Z €in(0+ﬂ/2Jn(2).
N=—o00
Using the fact that J_, = (=1)"J,, we finally get
eihr = gibreost Z €nd" Jn(kr) cosnb, (A.1)
n=0

where ¢, is the Jacobi symbol. The above result may be viewed as the Fourier expan-
sion of the plane wave with Bessel functions being the expansion coefficients. In wave
propagation theories, each term in the series represents a distinct angular variation and
is called a partial wave.

Using the orthogonality of cosnf, we may evaluate the Fourier coefficient

2

EpinT

Jn(kr) =

/ ek eos? cos nhdb, (A.2)
0

which is one of a host of integral representations of Bessel functions.
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B Approximate evaluation of an integral
Consider the integral
2 )
| b+ cos(o - g, e
0
For large kr the stationary phase points are found from

0 .
%[1 —cos(f —0,)] =sin(0 —6,) =0

or § =46,,0, + m within the range [0, 27r|. Near the first stationary point the integrand

is dominated by
2A(90>eikt(9790)2/2.

When the limits are approximated by (—o0, 00), the inegral can be evaluated to give

./4((90)/ eikr92/2d9 _ i_ﬂeiﬂMA(eO)

r

Near the second stationary point the integral vanishes since 1+ cos(f —6,) =1—1=0.

Hence the result (8.5) follows.



