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Added Mass Tensor

A good way to think of the added mass components, m,, is to think of each term as mass

. . ) : h a4 : : : - 4]
associated with a force on the body in the i” direction due to a unit acceleration in the ;"

direction. =

™1
I

F=F  where i=12,3,4,5,6
—_— e
Linear
Forces

m,,

mn,,

m;,

m

I??l .

a=

m,,

m,,

m

m,,

n,.

- d

m,g,

nL..

e

Moments

m,,

m,,

Mg

???54

Mg,

m,.

m,.

m,.

P

s

o

m,
My,

m

J\u

{ s )
u,
u,
u,
u,

U,

6/

c= gy a0y, 0,0,

added mass matrix [m,]

m, where 7,7 =1,2.3.4,5,6



Vector Velocity

Velocities:

Translation Velocity : U(t) = (U,,U,,U,)

Rotational Velocity : Q(t) = (Q,Q,,0)=U,U.,U,)

All rotation 15 taken with respect to Origin of the coordinate system (often placed at the
center of gravity of the object for simplicity!).

Accelerations:
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Added Mass Forces and Moments

Forces: (force in thejm direction). (7=1,2,3,4,5,6 and j,k,/=12.3)

F; =-U,m; — &y UQ. m,

Moments: (7=12,3,4,5,6 and j,k,/=12,3)

M, =-yum, ,,—€,;,UQm_ —&,UUm,



Tensor Notation

The alternating tensor €

0; if any 7, k,/ are equal
€ = I; if j, k.l are in cyclic order
—1; 1f j,k,[ are in anti-cyclic order
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Einstein Summation

F.=-ym;—&,UQm,

Sum up the terms for all i,j,k,| options: (7=1,2,3,4,5,6 and j,k,/=1,2,3)

For example take: j =1 for the Force in the 1-direction (x-component)
Sum over all i = 1:6:
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for £,/ =1,2.3
Next consider k =1,2,3then|=1,2,3 >
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For 0: if any 7, k,[ are equal
&g = I; if 7, k,[ are in cyclic order
k - 11213 —1; 1if j, &,/ are 1n anti-cyclic order

Since we are considering the F; component where | = 1, then all terms with ¢in
them where | = k = 1 will be zero. So there is no reason to consider k = 1 here.

So we just sum up the terms where k =2 and k = 3:

5 =~ UMy — UMy —UsMy — U sMyy —U sMsy — U 6 ;ame as before)
j=1 i=1 i=2 i=3 i=4 i=5 i=6
Let: k=2
i=1 i=2 i=3 i=4 i=3 i=6
=2

Next Let: k = 3
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Next look at
| =1,2,3
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if any 7, k,[ are equal
if 7, k,[ are in cyclic order

—1; 1if j, &,/ are 1n anti-cyclic order

Since we are considering the F, component where j = 1, then all terms with e in
them where j =1 =1 will be zero. So there is no reason to consider | = 1 here.

So we just sum up the terms where | =2 and | = 3:

£ = UMy — UMy —U3My — UMy —UsMsy —UeMs1 (same as before)
j=1 =1 i:E 3:.3 r':4 i:E r':ﬁ
Let: | =3 Note that any term where k = | then ¢is zero
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Total Force:
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On the second row of the equation above, the indices of the alternating tensor, &£, are in

cyclic order jkl = 123 ( &,, =+1). In the third row, the indices are in anti (or reverse) cyclic
=—1 where jki = 132.
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Example

Example: For a body moving in the fluid with velocity

7 =(1,0,1,0.0,1) = (U,.0,U;.,0,0.U,) = (U,.0,U;.0,0,0,)

a=(1,0,0,0,0,1) = (TU,.0,0,0,0,T,)

The force in the x-direction 1s F;
First substitute “1” for every instance ofj
Fioy=F=-U,my—&y,UQ,m,
Next we need to “cycle” through the possible values for 7 (i = 1,2,3,4,5,0)

Only need to look at values of i = 1,3,6



Force becomes:

— ’ _ = _ _ T _ T
F = Uity — UMl =€ U, my & U,Q, My = & Ug€2 s
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Now look at the A-index: (k= j..k=2,3)

Since velocity is 7 = (11 0,1,0,0, 1) then Qj — () and Qj - ()
so we only have to deal with & =3

Now the only non-zero terms are for | = 2 therefore
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Slender Body
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Slender body oriented with the long axis in the 1-direction.
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Added Mass Matrix

1 2 3 A 5 6
1
2 Ty, = | Gy dx | my = —| a3 dax | m,, = | @ dx My = | X a,, dx
L L L z
3 M3 = | s; dx Mys = —J X Ay dx
L L
4 My = | @y dx Mys = | Xy dx
L L
5 Mss = | X° g, dx
1
6 Mes = | X~y dx
L

The 2D coefficients will be written as a, whereas the 3D coefficients are written asm,, .




Figure removed for copyright reasons. Please see:
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