Review: step response of 15t order systems we’ve seen

 Inertia with bearings (viscous friction) ()
Inertia, J
Step input Ts(t) = Tou(t) = Step response* T (0 ”
iz I
w(t) _ % (1 . e—t/T) . where T = % Bearings, b
. . . . R
« RC circuit (charging of a capacitor) . A, ,
Step input v;(t) = Vou(t) = Step response v; o = o

vo(t) =V (1 — e_t/T) , where 7= RC. m

« DC motor with inertia load, bearings and negligible inductance

. o 1 R
Step input vs(t) = Vou(t) = Step response = : J
(t) KmV <1 —t/T) + A O\
w(t) = — —e A
R 0 7 s VEQ:I ;}%
J -c b
where 7 = :
K, K, *When writing the step response,
b+
R we may omit the step function wu(t)
implying the result holds for ¢ > 0 only.
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Goals for today

First-order systems response
— pole, zero definitions

— the significance of poles and zeros:
from s-domain representation to transient characteristics

DC motor dynamics:

— angular velocity (15t order: 1 pole)

— current (1st order: 1 pole, 1 zero)

Two new properties of the Laplace transform:
— final value theorem

— initial value theorem

Next two lectures:

— 2"d order systems
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Current dynamics in DC motor system

Recall combined equations of motion

L L R ]

LsI(s) 4+ RI(s) + K,Q(s) = Vs(s)
JsQ(s) + bQ(s) = K, I(s)

s (4 7) o (o5 v = v

(Js+b)Qs) = KpnI(s)

Neglecting the DC motor’s inductance (i.e., assuming L/R ~ 0), we find

( K_m Transfer function for the angular velocity
Q(s) RJ is of the form
Vs(s) 1 (b KmKU) l A 1 KoK, 1
s+ — + — =—1b -
J R sHp P=7 ( + I ) pole
g
1 .
il E Transfer f.unctlon for the current 7ero
I(s) B R J is of the form /
Vi(s) 1 K, K, 1 K, K b
8+—(b+ ) B(S+Z), p:—(b—l— m v)’ Jo
X J R sHtp J R J
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Poles and zeros in the s-plane

A ]w
left half—plane right half—plane
N2
P4
<
% s—plane
=
80
&
=
9 o real axis .

pole  zero
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DC motor step response: numerical example

L~0, R=69Q, K, =6V -sec,
J K,, =6N-m/A, J=2kg-m?, b=4kg-m? - Hz.

We will compute the system’s response
(both angular velocity and current)
to the step input v, (t) = 30u(t) V.

Substituting the numerical values into the system TF,

0 b cks) 11
Vi(s)  2s+5[H
whereas the Laplace transform of the input is we find ) () s + 5 [He|
30 I(s) 1 (s+2[Hz|)
Vi(s) =L [vs(t)} =L [30u(t)} == T 6 515 [
I. Angular velocity
15 K, Ko 1 1 1 1
Qs) = ——— =15 h Ky — e O _ 1
(5) s(s+5) (S +S—|—5) Where ! S+5|,_, 5 ? S|ee = 5
_ 1 1 . _5¢t rad
Q(s)—S(S 3+5> = w(t) =3 (1—e ") u(?) -

\ Homogeneous response

(Natural response)

Forced response
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DC motor step response: numerical example

L~0, R=69Q, K, =6V -sec,
J K,, =6N-m/A, J=2kg-m?, b=4kg-m? - Hz.

We will compute the system’s response
(both angular velocity and current)
to the step input v, (t) = 30u(t) V.

Substituting the numerical values into the system TF,

° b () 11
V. ~ 2s+5[H
whereas the Laplace transform of the input is we find < (s) s + 5 [Hz]
30 I(s) 1 (s+2[Hz))
Vils) = £ [os(0)] = £ [30u(0)] = = T s
II. Current
5) 2 K/ Ky 2 2 2
I(s) = 205+2) (K0 K vhere Ky _ SE2 L2 g s+ 3
s(s+5) s s+5 s+5|,_, O s |o__s B
s s+5

PN

Homogeneous response
(Natural response)

Forced response
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DC motor system in the s-plane

Input: Voltage source
Output: Angular velocity Jjo system
- A representation
Gu(s) s-plane
30 w
Vo) =T 1 | 2
o 25 +5 > X (0]
—5
Input: Voltage source _
Output: Current Jo system
A representation
Gi(s) s-plane
30 ils
‘/S(S):? 1s+2 I(s)\ —~
"6 > x—) O
6s+5 s 5
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DC motor step response (angular velocity)

Image removed due to copyright restrictions.

Please see: Fig. 4.1 in Nise, Norman S. Control Systems Engineering. 4th ed. Hoboken, NJ: John Wiley, 2004.
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DC motor step response (current)

Image removed due to copyright restrictions.

Please see: Fig. 4.1 in Nise, Norman S. Control Systems Engineering. 4th ed. Hoboken, NJ: John Wiley, 2004.
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1st order system response from s-plane representation

« Pole in the input function generates forced response
« Pole in the transfer function generates natural response

« Zero in the transfer function does not alter the speed of settling to
steady state (i.e. the time constant) but it does alter the relative
amplitudes of the forced and natural responses

« Pole at —a generates response

e~ (exponentially decreasing if « Pole at zero generates step
pole on the right half-plane; function
increasing if on the left half-plane)
A jw A jw
1 e *u(t) 1
X O'; ¥ O; o U(t)
_a 0.368 0
{J1 0 1t[ec]2 3 4 q1 0 1[[ ]2 3

Time constant 1=1/a
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1st order system: transient response properties

Step response
in the s—domain

a’ .
s(s+a)’

in the time domain
(1 — e_“t) u(t);

time constant

T=—;
a

rise time (10%—90%)
2.2
T = —;

settling time (98%)

Figure 4.3
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Figure by MIT OpenCourseWare.
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DC motor step responses

3 | 5
% 1.896 <3104
- :
3
0 02 04 06 08 1 0 02 04 06 08 1
t [sec] t [sec]
w(t) =3(1—e®)u(t) rad/sec i(t) = (2+3e ) u(t) A
w(oo) =3 rad/sec i(c0) =2 A
dw ds
Fr (0+) =3 x5=15 rad/sec? d_jf (04+) = o0
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The Final Value theorem: steady-state

We will now learn two additional properties of the Laplace transform, which we
will quote without proof. Let F(s) denote the Laplace transform of the function
f(t). The first property is the

Final Value theorem:
f(o0) = limg_,q sF(s);

Let us see how this applies to the step response of a general 15t—order system
with a pole at —a and without a zero (e.g., the angular velocity response of the
DC motor.) We select the system gain such that the steady—state will equal 1.
The step response in the s—domain then is

a 1 1 a
Fi(s)= —2 =2 _ - 1 Fy(s) = .
1(s) Gta) s sta also, sFi(s) T a

Using the partial fraction expansion above, we find the time domain step re-
sponse as

fi(t) = (1 — e_at) u(t) = fi(oo) =1 (as advertised.)

Applying the final value theorem, we find, consistently,

@ 1.

f1(00) = limg_,o sF1(s) = lims_,q T a
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The Initial Value theorem: initial slope

The second property of the Laplace transform is the

Initial Value theorem
f(0+) = limgs_, o SF(s).

Let us use this property to compute the initial slope of the step response, i.e.
the value of the derivative of the step response at ¢ = 0+ for the same general
15'—order system with steady state equal to unity, a pole at —a and without a
zero. Since we are interested in the derivative of f(t), the Laplace transform of
interest is

df1(t)
dt

as
s+a

Hi(s)=L = sFi(s) = sHy(s) = s>°Fi(s) =
=

Applying the final value theorem,

d f1 as a

—(0 = li s oo—:1 s—o00 s . —
dt<+) Hilsyoo T, T e 14+a/s ¢

Again, this is consistent with the result we get directly from the time domain:

fi(t) = (1 — e_at) = %(t) = —(—a)e ™ = %(0+) = a.
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Initial and final value of 1st-order system with a zero

We now consider the same 1%t—order system with unity steady state, a pole at
—a, but we also add a zero at —z. In that case, the Laplace transforms of the
step response and its derivative are

s+ z z a—z s+ 2z s(s+ 2)
Fos) = gq—0—12 _ 2 : Fy(s) = ; ’Fy(s) = a——=.
2(5) as(s+a) s sta sF2(s) “sta’ s ha(s) = a s+a
We can readily see that
— 1 — . — 1 — - df — 1 2 —
fa(o0) = limg_,gsF5(s) = z; f2(0+) = limg_, oo SF2(s) = a; E«H_) = lim;_, o 5“ Fo(s) = oo.

You should verify that these results are consistent with the time—domain solution
for this system.

We can see that the effects of the zero —z on the 1%'—order system are (in
comparison to a system with the same pole at —a but without the zero)

e amplify the steady—state response by z;
e raise the initial value from zero to A;
e raise the initial slope to infinity.

The infinite initial slope is non—physical; in the case of the DC motor, it occurs
because we neglected the inductance L.
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How the zero acts

Comparing the system response F} (s) (without a zero) and the system response
F5(s) (with a zero at —z), we can see that

F5(s) = (s + 2)Fi(s) = sFi(s) + zFi(s) =

folt) = dfét(” LR,

That is, the zero results in derivative action and amplification.
Both of these results are qualitatively consistent with our observations from the

previous page.

DC motor Note: In this case,
' i itional
3 amplification factor of 1/3

from w(t) to i(t).

aMmp/is:
1.896 lif Cation

o(t) [rad/sec]

02 04 06 08 1
t [sec]
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