2.004 MODELING DYNAMICS AND CONTROL II  Spring 2003

Solutions to Problem Set No. 2

Problem 1. Impact of Vehicles with Shock Absorbers. In the first test a single
vehicle traveling with velocity v, is crashed into the barrier. The wvehicle is modelled as
a mass m with a shock absorber consisting of a spring and a damper in parallel, During
the impact let the (compressive) deflection of the shock absorber be z(t) and the velocity
of the vehicle (positive in the direction of the initial velocity v,) be v(£), Then geometric
compatibility requires
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Figure 1: Crash Tests of Vehicles

Barrier

The constitutive equations for the spring, dashpot, and mass are
dv
Jr=ka and  fy=bv and  fn = m— (2)
The force balance relation is

—f&— fo = Jfm or Sm+fo+ fe=0 (‘;)

When the constitutive equations (2) are inserted in force-balance relation (3) the dynamic
equation becomes

dv
m— +bhv+kr=0 (4)



The two equations (1) and (1) ave state equations for the two state variables « awd v, They
Cazl b cornbined ito a sinele et equation
d 4 M) 1 A .
L —kfim —bjm »
The initial conditions for the motion durdne the impact. are
#N=0  and  w(0) =, (6)
(&) From Eq.(D) woe recoguize
.,k b -
== ad  Ww,=— (7}
M .
and thear obtain b
(= (8)
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When the initial velocity is raised to w{0) = 2u,. the oquation (5) remaing wnchazpged
s0 the relations (7) awd (8) are unchanpoed.

(1) The damping ratio ¢ is the sane for both initial spoeds,

(i) The wdanped naneal foquency w, is the sane for botl initial spoeds.

Since the equation () is Knear the only offeet of a nerense i the dtial wlocity
11 Eq.(6) Is to scale up the msponse wmagnitude i proportion to the mput wlodty.
The peziod of daznpaed vibration reanains wchaneed and the faction of that perdod i
which the shock absorber is in compression reznains wichaneged, The collision is over
as sooiL as the wodel above roequires the shock absorber to pudl on the harreor.

(iii) Tl colliston duration is the same for both initial specds,

A formal analytical dewonstration that the collision duration is mdepondent of the
indtial velodty is obtained by redudng the equations to a dimonsiordess foran. toduce
a dimensionloss veloity Vo= o/, and a dimensionloss displacouont X = w1y iuto
Eq.(D) to get
J X 0 W X )
at | v —kfmw, —dfm v .
The indtial conditions for these state cquations for the dimensiordess variables A azud
¥ oare
X(N=0 Azl V=1 (1

The solution 1o (9 subject Lo the indtial conditions (10) is iudependent of the idtial
Volocity vy ot fronn that solution the response for any partieoular iitial velocity can
Tor B inferroed Ly the simple scaling oporations

Vo o .

2 = 2 X1 anudd w(E) = 1,V (%) (11)

Ll
In thesocond tost the movinge vwoehicle erashos into an idontical vehicle parkod in contact.
with the barrior, During the iupact the parked wohicle doos not wove bat its shock



alwsorber s coppectod 1 2eries with the shock absorber of the woving wloele, This
means that tle same force is ransmitted throush both shock absorbers and chat
the votal motion of the moving vehicle is the sum of the molions of the two shodk
absorbers, A spring which deflectis vwice the distance of a spring with spring constant
& under the same force, has a spring; constant of &/2, Similarly a damper that permits
twice the welocity of a damper with damping constans & under the same foroe, has a
damping constant of b/2. The state equations for the second test are similar to those
for the first test. The only difference is that £ is replaced by k%2, and b is replaced
by b2,

(c) Changing the stiffness and damping parsmeters in (5) in this manner yields
x 0 1 T
g = L2
el T kef2m  bf2m v
The untial eouslitions for the wotion during the lwpact remsin the sane
w0 =0  awl w0 =w, L3l
(d) The behavioral parameters for the second test are obtained from
s Kk b

Wp = am and Qi = T EY]
Tl ults
1 results e LT L
Wo = —=1/— aul = —F—=—— (L5
W2\ m V2 vk R

Problem 2 Impacts between two blocks and a stationary wall. The firsl lwo prob-
lems in bhis Problem Sel involve a sequence of individnal collisions belween (wo masses.
In each eollision a slalionary mass is hopacied by a moving mass, and in each collision
it is assumed thal there is no loss of energy {the impacts are taken o be perfecily elas-
tie: e = 1.0} Since this kind of collision ocenrs several fimes, it is worthwhile 1o establish
a general resull, which can be adapted (o any of the collisions which ocenr in these problems.

For the generic collision, consider that the mass my, has velocity 1, when it sirikes Lhe
slalionary mass my. We sel. omrselves the problem of predicling the velocities v, and w,
which Lhe masses m, and oy, have immedialely afler Lhe impacl. This collision is displayed
in the space-time diagram below. Nole thal in this diagram Lhe slopes of the palh lines
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Fignre 1: Generic Collision

indicate Lhe velocilies of the corresponding masses. The velocities immediately after Lthe
impact st salisty bwo physical requirements: (1) in perfectly elastic impact Lhe relalive
velocily of separation vy = v, afler the hmpact is equal Lo the relative velocity of approach

m, before the tmpact: (i1) the total linear momenlum of the system is conserved while il
is redisivibuted helween the masses by (he impacl. These requirementls lranslale into the
following pair of egualions

My=Wa = Wy

Mgl + M = MWy

This is a pair of simulianeons algebraic equations for o, and v, whose solution is

i, — 11 2,
o= ———2p,  and  omy= —y, (1)
g -+ 1y Ma + 1y,

Nole that in Lhis generic solution the initial velocity is taken as positive Lo the right and
that both velocities afler Lhe eollision ave Lo the vighl if v, > . I, < g then v, is
negalive which means Lhal i, rebounds Lo the lefl. Tn the special case where m, = my, we
have Lhe inleresting sitnalion where 9, = 0: all the momeniwm carvied by m, before the
immpacl is transferred Lo my afler the impact. leaving m, molionless,



Now consider the three-mass system of iy, 2 (smaller than ). and the wall with m, =
sc. Initially the veloeily m;y of 1y s zevo as is the velocity v, of the wall. The initial velocity
of my is v2; Lo Lhe lefi, In the fivst nnpact the moving mass m; strikes the stalionary mass
mir. The velocities after Lhe impact can be oblained from the generic solution (1) it we
identify e with my, and my wilh g and take the positive direction for velocity Lo he
towards the lefl with vo; identified will .
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Figure 2: Space-time diagram of sequence of impacts

The final velocily v of the mass my afler the impacl is identified with the velocily w, of
Ihe generic solution. so thal from (1)
2me

Mp=—7T_In
f M+ Tl



The velocity vopeer b0 the right of the mass me afler (he Impact is identified wilh the
velocity —1v, of Lhe generic solulion. so that from (1)

(L R Y M = T
DY haok = ==y = T
2,back My + My Ty T

In the second impacl the mass me traveling with the velocily 13 paek 10 Lhe right strikes Lhe
motionless wall and rebounds wilh Lhe velocily 12 f Lo the lefl. The magniinde of w5 can
be oblained from the generic solution (1) by identifying ma wilh . 1. = oo wilth 1riy,.
and 1540 wilh 2, Then from (1) we find

W — My

—llpy = ————— e = =1, (0 g = 2, .
2f Wz + e 2 ek 2ok 2f 2 bk

In other words, in the perfectly elastic npact of a finile mass e with an infinite mass. the
finile mass rebounds with velociky equal and opposite Lo the impact velocily.

. , . . 2119
Al Lhis stage we know thal the final velocity of my o the lefl is v p = —————2; and that
ma + My
. , , vy = Ty . .
the final velocity of ma to the lefl is vop = 12 pock = T These two velocities will
i iy + s

be equal if
T
M = U2 pock: ar 2?!?.-}; = Tl — Tt ar M = —1

Problem 3 Catching a Bullet with a Pendulum. Momentum is conserved when the
bullet of mass m and velocity © strikes the motionless block of mass M. Then energy is
comserved as Lhe kinelie energy of the block and bullet, tmmedialely afler the impact is
(ransformed into polential energy as the pendulnm swings up to the position of maxinnm
Lieighi and zero kinelic energy.

When the bnllel is caught the block and the Imllel have the same veloeily V' (this implies
a coefficient. of restitntion of zero). The magnilnde of the velocity V7 is oblained hy eqnal-
ing the momentinm of the hullel plus block immediately before mpact {(me + 0} (o the

momentinm of the bullel plus block immediately afier impact ( mV -+ MV) Lo gel

Tk

V= M+ m.”

The kinetic enevgy of the block plus bullel immediately after impact is

e e ] 2 M
KE = E{M’ +m)V*e = iy Y gre (1)

The werease in polential energy of the block plus bullet afler it has risen (he maxinnun
heighi y is

PE=(M +m)gy (2)
The relation belween the initial velocity » of the hullet and (he height y is oblained by
equaling Lhe energies (1) and (2} 1o gel

2
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