2.003SC
Recitation 7 Notes: Equations of Motion for Cart & Pendulum (Lagrange)

Cart and Pendulum - Problem Statement

A cart and pendulum, shown below, consists of a cart of mass, m; , moving on a horizontal surface, acted
upon by a spring and damper with constants k£ and b , respectively. From the cart is suspended a pendulum
consisting of a uniform rod of length, [ , and mass, ms , pivoting about point A .

KINEMATICS: Write

e an expression for the linear velocity of point G, i.e. v .

e an expression for the linear acceleration of point G, i.e. a .

Cart and Pendulum - Kinematics

an = il + é@} + %9%5 Recall that %j’ = —6;
ag = &1 — L6% + 1§

In terms of the ¢ and j unit vectors,

A A
ag = (Zsinh — é@z)i + (Zcosh + 59)]’ (1)

The figures below show the unit vectors, as well as point G’s velocity and acceleration components.
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Cart and Pendulum - Free Body Diagrams

Draw the system’s free body diagrams.

Cart and Pendulum - Free Body Diagrams
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Cart and Pendulum - Newton’s Laws

Summing forces on mass ms in the ¢ and j -directions,

— F) + magcosd = moal (2)

T

— 5 — maygsing = mQaf (3)

Equations (2) and (3) can be rewritten to isolate F; and F, , and the acceleration components from
equation (1) substituted.

l.
F) = magcost — maal = magcost — my(ising — 592)

[ .
Fy = —mygsint — moal = —mygsing — ma(Zcost + 59)

Y

Summing forces on mass m; in the I -direction,

— kx — bz + Fysinf + Fycost = my & (4)

Summing torques ABOUT POINT G on mass msy in the 46 -direction,

{ m2l2 e
Fy— = 6
27 12 5)

Substituting (2) and (3) into equations (4) and (5), we obtain,

l. I ..
—kx — bt + [magcosd — my (Esind — 502)]32'77,9 + [—magsind — my(Zcosh + 59)]0059 =mi

1.1 2.
[—magsing — my (Zcost + 59)]5 = 77122 0
which (eventually) reduce to
(my + mo)i + bi + kx + mTQZéCOSQ - %219231'719 =0 (6)
and
I 2 . l l
<leZ + mi )0 + m; Fcosl + mggésmé’ =0 (7)



Summing torques about point A...
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A__ 4 my L p s : L
T= dt[ 12 (9—}-22Xmg(:vf—l—29j)]+xlxm2(x]+263)

{ . . d m2l2 : mgl . m2l2 : mgl R
—mggﬁsme = E[ 12 0 + 71’0089 + 1 0] + T:c@sm@

which (eventually) reduces to equation (7) above,

m2l2 mgl2 - m2l

<12+4)9+2

[
Tcosh + mgg§sin9 =0
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