
Recitation 5 Notes:
 

 

Things To Remember 

• Frame Axyz is attached to (and rotates with) the rotating rigid body 

•	 If A is chosen to be EITHER
 

fixed in space (vA = 0) OR
 

the rigid body’s center of mass (vA = vG)
 

then 
dAH 

ΣAτ ext = 
dt 

X Y

Z

O

Rotating Rigid Body

Coordinate system attached
to rotating rigid body

• Both AH and ω are expressed in the unit vectors of Axyz 

• The angular momentum can be expressed as 

[AH] = [IA][ω] 

•	 If AH and ω are not aligned, then 

there are non-zero off-diagonal terms in [IA] , and 

there are components of ΣAτ ext not in the direction of ω 
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Equations of Motion for Multiple Degree-of-Freedom Systems 

Problem Statement 

The figure below shows a system of two masses, m1 and m2, two springs, k1 and k2 , and four viscous 
damping elements, c1, c2, c3, c4, as well as an external force F (t) acting on the second mass. 

Note that the damping elements c3 and c4 act between the masses and the ground. 

• Draw the system’s Free Body Diagrams 

• Derive the system’s Equations of Motion 

Solution 

Free Body Diagrams 

Free Body Diagrams depict the external forces that act on the mass(es). 

Note that forces Fk2 and Fc2 appear in both free body diagrams. 
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Linear System Elements and ”Getting The Signs Right” 

The figure below shows a linear spring, a linear damper and their respective constitutive relations. Note 
that in this figure the forces shown are the external forces acting on the spring and damper which are equal 
and opposite to the forces acting on the masses, e.g. fk = −Fk . 

The magnitudes of the forces acting on the masses are given by 

Fk1 = k1x1 Fk2 = k2(x2 − x1) 

Fc1 = c1 ẋ1 Fc2 = c2( ̇x2 − ẋ1) 

Fc3 = c3 ẋ1 Fc4 = c4 ẋ2 

Equations of Motion 

Noting the directions on the free body diagrams, we can sum forces on m1 and m2, 

ΣFx = m1a1 → 

ΣFx = m2a2 → 

or 

m1 → 

m2 → 

Rearranging, 

Fk2 + Fc2 − Fk1 − Fc1 − Fc3 = m1 ̈x1 

F (t) − Fk2 − Fc2 − Fc4 = m2 ̈x2 

k2(x2 − x1) + c2( ̇x2 − ẋ1) − k1x1 − c1 ẋ1 − c3 ẋ1 = m1 ̈x1 

F (t) − k2(x2 − x1) − c2( ̇x2 − ẋ1) − c4 ẋ2 = m2 ̈x2 

m1 ̈x1 + (c1 + c2 + c3) ̇x1 − c2 ẋ2 + (k1 + k2)x1 − k2x2 = 0 (1) 

m2 ̈x2 − c2 ẋ1 + (c2 + c4) ̇x2 − k2x1 + k2x2 = F (t) (2) 
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In Matrix Notation
 � � � � � � � � � � � � � � 
m1 0 ẍ1 c1 + c2 + c3 −c2 ẋ1 k1 + k2 −k2 x1 0 

+ + = (3)
0 m2 ẍ2 −c2 c2 + c4 ẋ2 −k2 k2 x2 F (t) 

or 

Mẍ+ Cẋ+ Kx = 0 
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