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Linear Elastic Beam Theory

 Basics of beams
—Geometry of deformation
—Equilibrium of “slices”
—Constitutive equations
*Applications:
—Cantilever beam deflection
—Buckling of beams under axial compression
—Vibration of beams



*V(x): shear force

Beam Theory:
Slice Equilibrium Relations

q(x): distributed load/length
*N(x): axial force

*M(x): bending moment

M(x)

N(x)

V(x)¥

dx

A

q(x)

] A V(x+dx)

N(x + dx)

M(x + dx)

Axial force balance:
0= N(z+dx) — N(x) = N(x) = constant

Transverse force balance:

0 = g(x)dz+ V(x+dzx) — V(x)

g(z)dz + (V(2) + V/(z)dz + o(dz)) — V()
dx [V’(az) + q(x)} =

0 = V(z)+q(z) CDL(3.11)

Moment balance about ‘x+dx’:

V(z)dr + M(x + dz) — M(x) — (¢q(x)dzx) dx

V(x)dr + (M(m) + M'(x)dm) — M(xz) — (¢(x)dx) dx/2
dz | M'(z) + V(2) — q()dz/2| =

M'(z) 4+ V(z) CDL(3.12)



Euler-Bernoulli Beam Theory:
Displacement, strain, and stress distributions

Beam theory assumptions on spatial 1-D stress/strain relation:

variation of displacement components: Ory = Eepy
w(z,y,2) = uo(z) —yv'(z) Stress distribution in terms of
v(x,y,z) = v(x) Displacement field:
w(x,y,z) = O ozx(x,y,2) = E (eg(z) — yr(x))

Axial strain distribution in beam:

Axial strain varies linearly
5 Through-thickness at section ‘X’
v g,-  h/2

ub(z) — yo' (z) by
eo(z) — yr(z) ‘ ’

\’/ > g(Y)
g + K h/2

ou(z,y, z)

exil?(wa Y, Z)




Slice Equilibrium:
Section Axial Force N(x) and Bending Moment M(x) in
terms of Displacement fields

N(x): x-component of force equilibrium
on slice at location ‘x’:

N@) = [ owale,y,2)dA(y,2)  an=dy oz

e
= [ B{eo(@) - yx(2)} a4 M(x) - | rmomn
— EAEO(:U) — E/ﬁ;(x) /ydA N(X) “[ﬁ / dM, = -y dF,
M(x): z-component of moment equilibrium E///

on slice at location ‘x’;

M(z) = /—ygww(%y,Z)dA(y,Z) /

= [E{-yeo(@ + v?s(@)} dA
= —Eeo(x)/ydA—}— Er(x)I

where I = [y2 dA is area moment of inertia of
Cross section



Centroidal Coordinates
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dA
A/y
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EAeq(z) = EAug(x)
Elxk(z) = EIV"(x)

O:>/ydA—O
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choice
Simplifications

I is centroidal area moment of inertia

Note

IE/deA



Tip-Loaded Cantilever Beam: Equilibrium

statically determinant:
support reactions R, M,
from equilibrium alone
‘reactions “present”
because of x=0 geometrical
boundary conditions v(0)=0;

_ v’(0)=¢(0)=0
Free body diagrams:
LV PT
MO(‘lR Mmoo Ap | T
M(x)(l L |
Wey -general equilibrium
= P —V(x) equations (CDL 3.11-12)
= M(z) — P(L—2x) satisfied

How to determine lateral displacement

]\ v(x); especially at tip (x=L)?

Y




Exercise: Cantilever Beam Under Self-Weight

‘Weight per unit lenth: q,
*q, = pAg=pbhg

Mo(llRl l l l l l le(X) %:ctions: R and M,

Ty . Seectene R

V(x) 1 ‘Bending moment: M(x)




Tip-Loaded Cantilever: Lateral Deflections

curvature / moment relations: PT
I K
() = 2 M(x)
EI
= % (P(L — x)) = geometric boundary conditions
V(z) = EL; (LCB —z2/2+ Cl> = »(0) = (0) = 0=C; =0
v(z) = i (Laz2/2—w3/6—|—01x—l—02) v(0) = O:;CQZO
El ( ) Px (3L a:)
T = —_
Y 6 L1
tip deflection and rotation: stiffness and modulus:
3 P IET
A=u(l) = PL” k=21 = 73
3E] g 5
, PL2 E — kL _ PL



Tip-Loaded Cantilever: Axial Strain Distribution

strain field (no axial force):

exx(z,y) = —yu’(x) TOP
yM () Exx
o EI )
top/bottom axial strain distribution:. @ | =————"" /
TOP(2) = 612%]—590) (y = h/2) gxxBOTTOM
/ gxxBOTTOM

; _bh3 P
rectangle — —12
8XXTOP

strain-gauged estimate of E:

6P(L — x) _ 6P(L —=x)
bh2€§xOTTOM($) bh2|eT0P(a§)|

F =




Euler Column Buckling:
Non-uniqueness of deformed

&

One solution:
N(x) = -P = constant;

&

v(x) = 0; u0(x) = -Px/AE ©

When might a buckled shape exist?

free body diagram

(note: evaluated in deformed

configuration

moment/curvature:

configuration):

4‘\ p

/ v(x)
P>

/ M(x)

Y M, =0= M(z)+ Pv(z) =0

M(z) = Elx(z) = EIV(z)

ode for buckled shape:

0 M(x) + Pv(x)
EIv"(z) + Pv(z)
0 = ' (z)+ %v(w)

= "(2) 4+ k%v(z)

Note: linear 2"9 order ode;
Constant coefficients (but
parametric: k2 = P/El




Euler Column Buckling, Cont.

ode for buckled shape:

0 =v"(2) + kv (z)

general solution to ode:
v(z) = Cq1sinkx + Cocoskx

boundary conditions: parametric consequences:
v(0)=0=Cr=0 non-trivial buckled shape only when

SinkL =0= kL =nr

v(L)=0=Cq{sinkL=0=
d I (mT/L)2
C1 = 0 (trivial) orsinkL =0

P . EIkQ . n2E[7T2
buckling-based estimate of E: o L2

2 2
E = —PcritL - FPerit(n =1) = . fl
pinned/pinned — 2] L




Euler Column Buckling: General
Observations

*buckling load, P_ .., is proportional to EI/L2

crit?

proportionality constant depends
strongly on boundary conditions at
both ends:

the more kinematically

restrained the ends are, the larger

the constant and the higher the

critical buckling load (see Lab 1 handout)

safe design of long slender columns
requires adequate margins with respect
to buckling

*buckling load may occur a a compressive
stress value (c=P/A) that is less than yield
stress, o,



Euler-Bernoulli Beam Vibration

q(x)

assume time-dependent lateral motion: I
_ . ] A V(x+dx)
v(x,t) = v(x) sinwt M(XW \ o
lateral velocity of slice at ‘x’: ”‘*’*"\ / >
8?)(%‘ t) M(x + dx)
"~ =o(xz,t) = wv(x) coswt V)Y ]
ot "
lateral acceleration of slice at ‘x’:
5 net lateral force (q(x.t)=0):
O _ a1y = —w?B(a) sinwt v
= vz, t) = —w”v(x
o2 S By =de o0 = dz VY (1)
mass of dx-thickness slice:
moment balance:
m=aspr ] e e
— m’
linear momentum balance (Newton): Ox
._ = M'(z,t) +V(z,t) =
ZFy = dmv(x,t) = 0 = M’ (z,t)+V'(x,t)

0 = dx (M”(x,t) — pw? Av(z) sin wt)



Euler-Bernoulli Beam Vibration, Cont.(1)

linear momentum balance: ode for mode shape, v(x), and vibration

frequency, o:

_ 2 Az N o
0= M"(z,t) — pw=Av(x) sinwt :> 0 —

moment/curvature: %

M(xz,t) = EI k(x,t) = EI?" () sinwt

general solution to ode: ‘

0 =

M"(z,t) — pw?Av(x) sinwt

sinwt (Eh?m/(x) - prAﬂ(x))
2

sin wt (5””(.7;) _ p‘;IAa(m)>

sinwt (7" (z) — B*5(x)) =

") - 8%5(x)

v(x) = Aqsin Bz+As cos Bx+ Az sinh Bx+ A, cosh Bz



Euler-Bernoulli Beam Vibration, Cont(2)

general solution to ode:

v(x) = Aqsin Bz+As cos Bx+ Az sinh Bx+ A, cosh Bz
Il

pinned/pinned boundary conditions:

Solution (n=1, first mode):

_ZJ/(O) =0 = A22 T A2=0 A,: ‘arbitrary’ (but small)
7(0) =0 = pB°(—Ar+ A4) =0 vibration amplitude
(L) =0 = AjysinBL+ A3zsinhBL =0 B1=n/L =

—// _ 20 _ i ' —
v (L) =0 = 6 ( Al SIﬂﬁL—I—A:gSlnhﬁL) 0 U(nsl)(a:’t) = Al Siﬂ(’/T:U/L) sinwlt

pinned/pinned restricted solution: 8% = (n/L)* = w2pA/EI =

ﬂ#:O; A2=A3:A4:O;
EIn*
w1 =
L pAL4

Aj = 0 (trivial), OR 1,: period of _ 27

first mode: ! T

A1sSinBL =0 =

sinBL =0 = BL = nnx
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