CHAPTER

Minimax Lower Bounds

In the previous chapters, we have proved several upper bounds and the goal of
this chapter is to assess their optimality. Specifically, our goal is to answer the
following questions:

1. Can our analysis be improved? In other words: do the estimators that
we have studied actually satisfy better bounds?

2. Can any estimator improve upon these bounds?

Both questions ask about some form of optimality. The first one is about
optimality of an estimator, whereas the second one is about optimality of a
bound.

The difficulty of these questions varies depending on whether we are looking
for a positive or a negative answer. Indeed, a positive answer to these questions
simply consists in finding a better proof for the estimator we have studied
(question 1.) or simply finding a better estimator, together with a proof that
it performs better (question 2.). A negative answer is much more arduous.
For example, in question 2., it is a statement about all estimators. How can
this be done? The answer lies in information theory (see [CT06] for a nice
introduction).

In this chapter, we will see how to give a negative answer to question 2. It
will imply a negative answer to question 1.
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5.1.

Optimality in a minimax sense
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Table 5.1. Rate ¢(©) obtained for different choices of ©.

5.1 OPTIMALITY IN A MINIMAX SENSE

Consider the Gaussian Sequence Model (GSM) where we observe Y =
(Y1,...,Yy) ", defined by
Y, =0 +¢;, 1=1,...,d, (5.1)
where e = (1,...,64) " ~ Ny(0, "—:Id), 0* = (05,...,0%)" € © is the parameter
of interest and © C IR? is a given set of parameters. We will need a more precise
notation for probabilities and expectations throughout this chapter. Denote by
Py~ and IEg+ the probability measure and corresponding expectation that are
associated to the distribution of Y from the GSM (5.1).
Recall that GSM is a special case of the linear regression model when the
design matrix satisfies the ORT condition. In this case, we have proved several
performance guarantees (upper bounds) for various choices of © that can be

expressed either in the form

E[d, - 6°[3] < Co(@) (5.2
or the form

For some constant C. The rates ¢(©) for different choices of © that we have
obtained are gathered in Table 5.1 together with the estimator (and the corre-
sponding result from Chapter 2) that was employed to obtain this rate. ~ Can
any of these results be improved? In other words, does there exists another
estimator § such that supg. g IE|§ — 6|3 < ¢(0)?

A first step in this direction is the Cramér-Rao lower bound [Sha03] that
allows us to prove lower bounds in terms of the Fisher information. Neverthe-
less, this notion of optimality is too stringent and often leads to nonexistence
of optimal estimators. Rather, we prefer here the notion of minimax optimality
that characterizes how fast 6* can be estimated uniformly over ©.

with prob. 1 —d 2
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Definition 5.1. We say that an estimator 0,, is minimaz optimal over © if it
satisfies (5.2) and there exists C’ > 0 such that

inf sup Ty [~ (©)[0 — 6]3] > C’ (5.4)
6 6O

where the infimum is taker over all estimators (i.e., measurable functions of
Y). Moreover, ¢(0©) is called minimaz rate of estimation over ©.

Note that minimax rates of convergence ¢ are defined up to multiplicative
constants. We may then choose this constant such that the minimax rate has
a simple form such as 02d/n as opposed to 7o2d/n for example.

This definition can be adapted to rates that hold with high probability. As
we saw in Chapter 2 (Cf. Table 5.1), the upper bounds in expectation and those
with high probability are of the same order of magnitude. It is also the case
for lower bounds. Indeed, observe that it follows from the Markov inequality
that for any A > 0,

Eo[6~1(©)10 — 03] = APo[¢~1(©)]0 — 0] > A] (5.5)
Therefore, (5.6) follows if we prove that

inf sup Py [0 — 02 > Ap(©)] > C”
0 0€O

for some positive constants A and C”. The above inequality also implies a lower
bound with high probability. We can therefore employ the following alternate
definition for minimax optimality.

Definition 5.2. We say that an estimator 6 is minimaz optimal over O if it
satisfies either (5.2) or (5.3) and there exists C’ > 0 such that

inf sup Py [|0 — 03 > $(©)] > C’ (5.6)
6 0co

where the infimum is taker over all estimators (i.e., measurable functions of
Y). Moreover, ¢(0©) is called minimaz rate of estimation over ©.

5.2 REDUCTION TO FINITE HYPOTHESIS TESTING

Minimax lower bounds rely on information theory and follow from a simple
principle: if the number of observations is too small, it may be hard to distin-
guish between two probability distributions that are close to each other. For
example, given n i.i.d. observations, it is impossible to reliably decide whether
they are drawn from N(0,1) or A/(1,1). This simple argument can be made
precise using the formalism of statistical hypothesis testing. To do so, we reduce
our estimation problem to a testing problem. The reduction consists of two
steps.
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1. Reduction to a finite number of hypotheses. In this step the goal is
to find the largest possible number of hypotheses 61,...,03 € © under
the constraint that

10, — 013 > 46(0) . (5.7)

This problem boils down to a packing of the set ©.

Then we can use the following trivial observations:

; ) |2 > 16— 6|2 .
ue}f Stelg Py[16 — 05 > ¢(0)] > 11;f1£njz%)§w Py, [|60 — 613 > ¢(O)]

2. Reduction to a testing problem. In this second step, the necessity
of the constraint (5.7) becomes apparent.

For any estimator 6, define the minimum distance test w(é) that is asso-
ciated to it by

P(0) = argmin |0 — ;1o ,
1<<M
with ties broken arbitrarily.
Next observe that if, for some j =1,..., M, 1/1(@) # j, then there exists
k # j such that |6 — 6x|2 < |0 — 0;|2. Together with the reverse triangle
inequality it yields

10— 6512 > 16; — Okl — 10 — Okl2 > 16; — Oxlo — [0 — ;]
so that A .
10 =012 2 5105 — Oxl2
Together with constraint (5.7), it yields
10— 0515 > ¢(©)
As a result,

inf max Py, [|é — 03 > ¢(©)] > inf max Py, [1/)(9) # J]

6 1<j< 6 1<j<M

> inf max Py, [1/) #+ j]

P 1<5<
where the infimum is taken over all tests based on Y and that take values
in{1,...,M}.

CONCLUSION: it is sufficient for proving lower bounds to find 64,...,0;; € ©
such that [0; — 6x|3 > 4¢(O) and

i _ i|>C'.
uqulgljz%)?v[]PgJ [ #j]>C

The above quantity is called minimaz probability of error. In the next sections,
we show how it can be bounded from below using arguments from information
theory. For the purpose of illustration, we begin with the simple case where
M = 2 in the next section.
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5.3 LOWER BOUNDS BASED ON TWO HYPOTHESES

The Neyman-Pearson Lemma and the total variation distance

Consider two probability measures IPy and IP; and observations X drawn from
either IPy or IP;. We want to know which distribution X comes from. It
corresponds to the following statistical hypothesis problem:

HQ : Z ~ ]PQ
H1 /AN ]P1
A test p = (Z) € {0,1} indicates which hypothesis should be true. Any
test ¥ can make two types of errors. It can commit either an error of type I
(¢ =1 whereas Z ~ TPg) or an error of type Il (¢ = 0 whereas Z ~ IPy). Of
course, the test may also be correct. The following fundamental result, called
the Neyman Pearson Lemma indicates that any test 1 is bound to commit one
of these two types of error with positive probability unless Py and IP; have
essentially disjoint support.
Let v be a sigma finite measure satisfying IPy < v and IP; < v. For example
we can take v = IPg+ IP;. It follows from the Radon-Nikodym theorem [Bil95]

that both IPy and IP; admit probability densities with respect to v. We denote
them by po and p; respectively. For any function f, we write for simplicity

[ = r@pias)

Lemma 5.3 (Neyman-Pearson). Let Py and Py be two probability measures.
Then for any test 1, it holds

Po(t) = 1) + Py (4 = 0) > / rmin(po, p1)

Moreover, equality holds for the Likelihood Ratio test ¢* = (p1 > po).

Proof. Observe first that
IPO(W:l)‘HPl(W:O):/ po+/ p1
Pr=1 $*=0

:/ p0+/ D1
P1>Po p1<po

:/ min(po,pl)—i—/ min(po, p1)
P12>Po P1<Po
:/mMmmﬂ
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Next for any test v, define its rejection region R = {¢) = 1}. Let R* = {p; >
po} denote the rejection region of the likelihood ration test ¢*. It holds

Po(tp = 1) + Py (¢ = 0) = 1 + Po(R) — Py (R)

:1+/p0—p1

R

:1+/ po—p1+/ Po — D1
RNAR* RNA(R*)e

:1—/ |p0—p1|+/ |po — p1l
RNR* RO(R*)e
—1+ / ipo — pi|[I(R N (R)°) — (RN RY)]

The above quantity is clearly minimized for R = R*. (|

The lower bound in the Neyman-Pearson lemma is related to a well known
quantity: the total variation distance.

Definition-Proposition 5.4. The total variation distance between two prob-
ability measures Py and TPy on a measurable space (X, A) is defined by

TV(Po,IP,) = ;‘éa [Po(R) — P1(R)| ()

= sup ’/Rpo —pl‘ (i1)

ReA
5 [ m-m (i)
S — 10
) Po—D1
=1- /min(po,pl) (iv)
=1—inf [Po(¢ = 1) + Py (¢ = 0)] (v)
where the infimum above is taken over all tests.

Proof. Clearly (i) = (ii) and the Neyman-Pearson Lemma gives (iv) = (v).
Moreover, by identifying a test v to its rejection region, it is not hard to see
that (¢) = (v). Therefore it remains only to show that (ii¢) is equal to any
of the other expressions. Hereafter, we show that (ii4) = (iv). To that end,
observe that

/|p0—p1|:/ p1-p0+/ Po — D1
P12Po p1<po
=/ p1+/ Po —/min(po,pl)
P1>Po p1<po
:1—/ p1+1—/ po—/miﬂ(povpl)
p1<po P12Po

=2 Q/min(po,pl)
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O

In view of the Neyman-Pearson lemma, it is clear that if we want to prove
large lower bounds, we need to find probability distributions that are close in
total variation. Yet, this conflicts with constraint (5.7) and a tradeoff needs to
be achieved. To that end, in the Gaussian sequence model, we need to be able
to compute the total variation distance between N (6o, "—:Id) and N (01, "—:Id).
None of the expression in Definition-Proposition 5.4 gives an easy way to do
so. The Kullback-Leibler divergence is much more convenient.

The Kullback-Leibler divergence

Definition 5.5. The Kullback-Leibler divergence between probability mea-
sures IP; and Py is given by

diP, .
KL(P1, o) — /log (dT)O)cuPl, if P < 1Po
00, otherwise.

It can be shown [Tsy09] that the integral is always well defined when P; <
Py (though it can be equal to oo even in this case). Unlike the total variation
distance, the Kullback-Leibler divergence is not a distance. Actually, it is not
even symmetric. Nevertheless, it enjoys properties that are very useful for our
purposes.

Proposition 5.6. Let IP and Q be two probability measures. Then
1. KL(IP,Q) >0

2. If IP and Q are product measures, i.e.,

]P:é]Pi and Qzé@i
i=1

i=1

then

n

KL(IP,Q) = ) KL(IP;, Qi)

=1

Proof. If IP is not absolutely continuous then the result is trivial. Next, assume
that IP < Q and let X ~ IP.
1. Observe that by Jensen’s inequality,

dQ dQ
dP

KL(P,Q) = —Elog (@(X)) > —log]E(d (X)) — _log(1)=0.
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2. Note that if X = (X1,...,Xn),

KL(P,Q) =Elog ( —

1=1
:;/log ol )d]Pl(Xl)
:Z I—( zu@z)

i=1

O

Point 2. in Proposition 5.6 is particularly useful in statistics where obser-
vations typically consist of n independent random variables.

Example 5.7. For any § € IR? let Py denote the distribution of Y ~
N(0,0%1;). Then

d
(0:— 0% _ 1008
KL(Py, Py) = Y ot = =2
1=1

The proof is left as an exercise (see Problem 5.1).

The Kullback-Leibler divergence is easier to manipulate than the total vari-
ation distance but only the latter is related to the minimax probability of error.
Fortunately, these two quantities can be compared using Pinsker’s inequality.
We prove here a slightly weaker version of Pinsker’s inequality that will be
sufficient for our purpose. For a stronger statement, see [w], Lemma 2.5.

Lemma 5.8 (Pinsker’s inequality.). Let IP and Q be two probability measures
such that IP < Q. Then

TV(P,Q) < /KL(P, Q).
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Proof. Note that

KL(P, Q) = / ros(?)

Il
|
[N}
'N
['=)
V
o
s
)
o9
VS
S
N———

Next, note that

(/\/P_Q)2 = (/\/maxm g) min(p, q))2

< /max(p, q)/min(p, q) (by Cauchy-Schwarz)

2—/m1npq /mlnp,

= (1+TV(P,Q))(1 - TV(P,Q))
=1-TV(P,Q)?

The two displays yield

where we used the fact that 0 < TV(IP,Q) < 1 and v/1—2 < 1 — /2 for
x € [0,1]. O

Pinsker’s inequality yields the following theorem for the GSM.

Theorem 5.9. Assume that © contains two hypotheses 0y and 61 such that
|60 — 013 = 8aa?/n for some a € (0,1/2). Then

s 2002 1
inf sup Py(|6 — 0|3 > a9 )> - —a.
0 0co n 2

Proof. Write for simplicity IP; = Py, j = 0,1. Recall that it follows from the
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reduction to hypothesis testing that

. A 5 _ 2007 . .
inf sup Py (|0 — 0|2 > ) > inf max IP; (¢ # j)
6 6coO n ¥ J=01

1

> = =

> 5 inf (Po(v = 1) + Py (v = 0))

- % 1 TV(IP,, Jpl)} (Prop.-def. 5.4)

> % [1— \/KL(P,, JPO)} (Lemma 5.8)

o 1r n|91 — 90@

=3 -1 52 ] (Example 5.7)
1 r

=3[1- Qa}

O

Clearly the result of Theorem 5.9 matches the upper bound for © = R?
only for d = 1. How about larger d? A quick inspection of our proof shows
that our technique, in its present state, cannot yield better results. Indeed,
there are only two known candidates for the choice of #*. With this knowledge,
one can obtain upper bounds that do not depend on d by simply projecting
Y onto the linear span of 6y, 6; and then solving the GSM in two dimensions.
To obtain larger lower bounds, we need to use more than two hypotheses. In
particular, in view of the above discussion, we need a set of hypotheses that
spans a linear space of dimension proportional to d. In principle, we should
need at least order d hypotheses but we will actually need much more.

5.4 LOWER BOUNDS BASED ON MANY HYPOTHESES

The reduction to hypothesis testing from Section 5.2 allows us to use more

than two hypotheses. Specifically, we should find 64, ..., 8, such that

. . /

inf max Py, [y #j] > C,
for some positive constant C’. Unfortunately, the Neyman-Pearson Lemma no
longer exists for more than two hypotheses. Nevertheless, it is possible to relate
the minimax probability of error directly to the Kullback-Leibler divergence,
without involving the total variation distance. This is possible using a well
known result from information theory called Fano’s inequality. We use it in a
form that is tailored to our purposes and that is due to Lucien Birgé [Bir83]
and builds upon an original result in [ITH81].

Theorem 5.10 (Fano’s inequality). Let Py, ..., Py, M > 2 be probability dis-
tributions such that P; < Py, Vj,k. Then

1 M
. . ng‘k:1 KL(Pj, Py) + log2
_ >1-— :
inf max P [v(X) #j] 21 log(M — 1)
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where the infimum is taken over all tests with values in {1,..., M}.

Proof. Let Z € {1,...,M} be a random variable such that IP(Z = i) = 1/M
and let X ~ Pyz. Note that Pz is a mizture distribution so that for any measure
v such that P; < v, we have

@ _ i
For all test v, we have
M
Y P(Z = j|X)log[IP(Z = j|X)] =
j=1
=P(Z = (X)|X)log[P(Z = ¢(X)|X)] + D P(Z=j|X)log[P(Z = j|X)]

JFY(X)
— (1= P(Z £ $(X)|X))logll — P(Z £ Y(X)|X)
z=jlx) P(Z = jIX)
TPE £ BX)IX) %(:XIPZ#Z) 00 5 7 2000
FIP(Z 4 $(X)|X) loglP(Z £ p(X)|X)
—WP(Z £ H(OIX) + P(Z £ 9(X)|X) S g5los(ay),
JFY(X)

where
h(z) = zlog(z) + (1 — x) log(1l — x)

and ,
P(Z = j|X)

q; =
T P(Z £ Y(X)|X)
is such that ¢; > 0 and Z#w(x) g; = 1. It implies by Jensen’s inequality that

> aloglg)=— Y qjlog( )Z—log( S L) = —tog(ar—1).

#UX) J#9(X) o)

By the same convexity argument, we get h(z) > —log2. Tt yields

Z]P = j1X)log[IP(Z = j|X)] > —log2 — IP(Z # ¢(X)|X) log(M —1).

(5.8)
Next, observe that since X ~ Pz, the random variable IP(Z = j| X)) satisfies
1 dP; X — dP;(X)

]P(Z:ﬂX):MdPZ( )—m
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It implies

i

[ {3 P =ix =0 oglP(z = j1X = )] }aPs(a)

1

> [ {5757 o8 (57 372 ) Japs@)

% ﬁ;/bg (M)dpj(x)

J

p"qg

1

Zk 1de( )

M2 Z /1og 1P i dPj(z) —log M (by Jensen)
) (

M2 Z KL(P;, Py) —log M
7,k=1

Together with (5.8), it yields
Z KL(P, —logM > —log2 —P(Z # ¢¥(X))log(M — 1)
]k 1
Since
| M
P(Z # (X)) = MZPW( ) #J) < max Pj(v(X) #J),

1<j;<M J

—

this implies the desired result. O
Fano’s inequality leads to the following useful theorem.

Theorem 5.11. Assume that © contains M > 5 hypotheses 01, ...,0y such
that for some constant 0 < o < 1/4, it holds

(i) 10; — Oxl3 > 40

2
(if) 10; — Ox2 < =2 log(M)

Then

—_

iqfsupP9(|é—9|§ >¢) > - —2a.
0 6co

\]

Proof. in view of (i), it follows from the reduction to hypothesis testing that
it is sufficient to prove that

inf max IPy, (v # 7] >

l\JI»—A
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If follows from (i) and Example 5.7 that

nl0; — 0kl3
KL(IP;, Pr) = oz = alog(M).
Moreover, since M > 5,
e Ykt KL(IP;, TPy) + log 2 L olog(M) +log2 _, 1
a+ =.
log(M —1) - log(M-1) — 2
The proof then follows from Fano’s inequality. O

Theorem 5.11 indicates that we must take ¢ < % log(M). Therefore, the
larger the M, the larger the lower bound can be. However, M cannot be ar-
bitrary larger because of the constraint (¢). We are therefore facing a packing
problem where the goal is to “pack” as many FEuclidean balls of radius propor-
tional to o4/log(M)/n in © under the constraint that their centers remain close
together (constraint (i7)). If © = IRY, this the goal is to pack the Euclidean

ball of radius R = o4/2alog(M)/n with Euclidean balls of radius R\/2a/7.

This can be done using a volume argument (see Problem 5.3). However, we
will use the more versatile lemma below. It gives a a lower bound on the size
of a packing of the discrete hypercube {0,1}¢ with respect to the Hamming
distance defined by

d

p(w,w') = Z M(w; # w}), Vw,w' €{0,1}¢
i=1

Lemma 5.12 (Varshamov-Gilbert). For any v € (0,1/2), there exist binary
vectors wy, . ..wyr € {0, 1} such that

(1) plwj,wk) = (% —7)d for all j # k,

224

(ii) M =[] >e™T .

Proof. Let w;;, 1 <1 <d,1 <j < M to be iid Bernoulli random variables
with parameter 1/2 and observe that

d— p(wj,wr) =X ~ Bin(d, 1/2).

Therefore it follows from a union bound that

P[5 # k.ol n) < (5 —7)d] <

Hoeffding’s inequality then yields

%]P(X— g > ”yd) < exp(—272d+log (%)) <1
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as soon as
M(M —1) < 2exp (272d)

A sufficient condition for the above inequality to hold is to take M = Le”2dj >
2

e™=". For this value of M , we have

P(Vj # k, p(wj,wi) = (% —7)d) >0

and by virtue of the probabilistic method, there exist wy, ...wys € {0,1}9 that
satisfy (i) and (1) O

5.5 APPLICATION TO THE GAUSSIAN SEQUENCE MODEL

We are now in a position to apply Theorem 5.11 by choosing 6, ...,0u
based on w1, ...,wy from the Varshamov-Gilbert Lemma.

Lower bounds for estimation

Take v = 1/4 and apply the Varshamov-Gilbert Lemma to obtain wi,...,was
with M = |e¥/'6| > /32 and such that p(wj,wy) > d/4 for all j # k. Let
01,...,0x be such that

0;, =w _ﬂ_a
J J\/ﬁ’
for some 3 > 0 to be chosen later. We can check the conditions of Theorem 5.11:
) ﬁ202 B2Uzd
(i) 16; —6xl3 = plwj,wr) 2 4=
. 202 262d _ 32p%02 200
(i) 105~ 003 = T T pleog ) < 70 < T og 1) = 227 vy,

for g = @. Applying now Theorem 5.11 yields

inf sup Py (| — 02> ——) >
tnf sup, o0 =0l 2 5557 ) 2

It implies the following corollary.

Corollary 5.13. The minimaz rate of estimation of over R in the Gaussian
sequence model is p(IR?) = o2d/n. Moreover, it is attained by the least squares
estimator 0% =Y.

Note that this rate is minimax over sets © that are strictly smaller than IR?
(see Problem 5.4). Indeed, it is minimax over any subset of IR? that contains
O1,...,00.
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Lower bounds for sparse estimation

It appears from Table 5.1 that when estimating sparse vectors, we have to pay
for an extra logarithmic term log(ed/k) for not knowing the sparsity pattern
of the unknown 6*. In this section, we show that this term is unavoidable as
it appears in the minimax optimal rate of estimation of sparse vectors.

Note that the vectors 64, ...,0; employed in the previous subsection are
not guaranteed to be sparse because the vectors wy, ...,wys obtained from the
Varshamov-Gilbert Lemma may themselves not be sparse. To overcome this
limitation, we need a sparse version of the Varhsamov-Gilbert lemma.

Lemma 5.14 (Sparse Varshamov-Gilbert). There exist positive constants Cy
and Cy such that the following holds for any two integers k and d such that
1 <k <d/8. There exist binary vectors wi,...wy € {0,1}¢ such that

(1) plws,w;) > g foralli#j,

(1) log(M) > glog(l + 2%:) .

(442) |wjlo =k for all j.
Proof. Take wq,...,wy independently and uniformly at random from the set
Co(k) ={w e {0,1}? : |wlo =k},

of k-sparse binary random vectors. Note that Cy(k) has cardinality (Z) To
choose w; uniformly from Cy(k), we proceed as follows. Let Ui,..., Uy €
{1,...,d} be k random variables such that U; is drawn uniformly at random
from {1,...,d} and for any i = 2, ..., k, conditionally on Uy, ..., U;_1, the ran-
dom variable U; is drawn uniformly at random from {1,...,d}\{U1,...,U;—1}.
Then define

(1 ifie{U,... U
1 0 otherwise.

Clearly, all outcomes in Cy(k) are equally likely under this distribution and
therefore, w is uniformly distributed on Cy(k). Observe that

P(Jw; # wk : plwj,wr) < k) = — Z P(Hw; #z: plwj,z) < g)
(k) ze€{0,1}¢

|zlo=Fk

1 M k
@ Z Z]P(wj;é:v : p(wj,x)<§)
k) refoiydi=1

ot

IN

= MP(w # zo : p(w, ) < g)
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where w has the same distribution as w; and zg is any k-sparse vector in
{0,1}%. The last equality holds by symmetry since (i) all the w;s have the
same distribution and (ii) all the outcomes of w; are equally likely.

Note that i

p(w,l'o) > k— ZZlu
i=1
where Z; = T(U; € supp(zp)). Indeed the left hand side is the number of
coordinates on which the vectors w,xg disagree and the right hand side is
the number of coordinates in supp(zg) on which the two vectors disagree. In
particular, we have that, Z; ~ Ber(k/d) and for any i = 2,...,d, conditionally
on Zy,...,Z;i—;, we have Z; ~ Ber(Q;), where
|
Q =t k2K
p—(i—1) d—k ~ d

since k < d/2.
Next we apply a Chernoff bound to get that for any s > 0,

k k

]P(w £z : p(w,xg) < g) < ]P(ZZZ- > g) :]E[exp (sZZi)}efs

i=1 =1

ol

The above MGF can be controlled by induction on k as follows:

]E[exp (si ZZ)} =K :exp (s kil Zi)]E exp (sZk‘Zl, ceey Zkzl)}

=1 i=1

=1 :exp (s 2 Z:)(Qr(e® = 1) + 1)}

=1

< ]E:exp (siZl)] (%k(es —1)+1)
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For s =log(1 + %) Putting everything together, we get
k
]P(Ele #wy : plwj,wy) < k) < exp (10gM+ klog2 — %)
log M + klog2 — ~ log(1 + d))
og og 5 108 o

ex
(10gM+k10g2—E10g( d))
(

2 2k
d
<e log M — — log(l + 2k)) (for d > 8k)
If we take M such that
k d
log M < — 1 log(1 + 2k)
O
Apply the sparse Varshamov-Gilbert lemma to obtain wi,...,wps with

log(M) > £log(1 + &) and such that p(w;,wi) > k/2 for all j # k. Let

01,...,0x be such that
_ Po d
9_7 —W]ﬁ 10g(1+%),

for some 3 > 0 to be chosen later. We can check the conditions of Theorem 5.11:

() 16 = 00 = 2 (a0 tox(1 + ) = 42T prog(1 + )
(1) 16,603 = L pluy o) lom(14) < 22T iog14 Ly < 29 pog gy,
for g = \/% . Applying now Theorem 5.11 yields
- a’o d 1
irgf eseu]é)d Py(|6 — 0]3 > klog(l + 2l<:)) 25 20
[0]o<k

It implies the following corollary.

Corollary 5.15. Recall that Bo(k) C R denotes the set of all k-sparse vectors
of RY. The minimazx rate of estimation over By(k) in the Gaussian sequence

model is ¢(Bo(k)) = # log(ed/k). Moreover, it is attained by the constrained

least squares estimator é?;)(k).

Note that the modified BIC estimator of Problem 2.6 is also minimax op-
timal over By(k) but unlike é%so(k), it is also adaptive to k. For any € > 0,
the Lasso estimator and the BIC estimator are minimax optimal for sets of
parameters such that k < d'~¢.
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Lower bounds for estimating vectors in ¢; balls

Recall that in Maurey’s argument, we approximated a vector 6 such that |0]; =

R by a vector ¢ such that |0']p = & Toed - We can essentially do the same

for the lower bound.
Assume that d > y/n and let 8 € (0,1) be a parameter to be chosen later
and define k£ to be the smallest integer such that

R n
"2 50\ Togled/v/m)

Let wy,...,wp be obtained from the sparse Varshamov-Gilbert Lemma 5.14
with this choice of k and define

>
= &

j = wj

Observe that |61 = R for j = 1,...,M. We can check the conditions of
Theorem 5.11:

R? R? R log(ed/+/n)
. 2 __ : 2
(Z) |97—9k|2— ﬁp(wj,wk) > % 24Rm1n (g,ﬁ UT)
2 2
(i) 16, — 043 < 220 < 4oy [ B < 2097100 ),
n n

for 8 small enough if d > Ck for some constant C' > 0 chosen large enough.
Applying now Theorem 5.11 yields

inf sup ]P9(|é — 0|2 > Rmin (g,BQUQM)) > % 2.

0 R 8n
It implies the following corollary.

Corollary 5.16. Recall that B1(R) C R? denotes the set vectors 6 € R? such
that |0|1 < R. Then there exist a constant C > 0 such that if d > nt/2+e,
e > 0, the minimax rate of estimation over Bi(R) in the Gaussian sequence
model is

d(Bo(k)) = min(R2, Ra%) .

Moreover, it is attained by the constrained least squares estimator é%sl(R) if
R > 0% and by the trivial estimator 0 =0 otherwise.

Proof. To complete the proof of the statement, we need to study risk of the
trivial estimator equal to zero for small R. Note that if |#*|; < R, we have

0— 6073 =073 < |0"[7 = R*.
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Remark 5.17. Note that the inequality |6*|3 < |6*|? appears to be quite loose.
Nevertheless, it is tight up to a multiplicative constant for the vectors of the
form ; = w; £ that are employed in the lower bound. Indeed, if R < U%,
we have k < 2/

R* _ B

16513 = 7 2 §|9j|?-
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PROBLEM SET

Problem 5.1. (a) Prove the statement of Example 5.7.
(b) Let Py denote the distribution of X ~ Ber(#). Show that
KL(Fy, F) > C(6— 0')?

Problem 5.2. Let IPy and IP; be two probability measures. Prove that for
any test v, it holds

o—KL(Po,P1)

R

max IP; (¢ # j) >

J=Y,

Problem 5.3. For any R > 0, § € R?, denote by Ba(6, R) the (Euclidean)
ball of radius R and centered at 6. For any € > 0 let N = N(g) be the largest
integer such that there exist 0y,...,0x € By(0,1) for which

|91 — 9J| > 2e
for all 7 # j. We call the set {61, ...,0xn} an e-packing of B2(0,1).
(a) Show that there exists a constant C' > 0 such that N < C/e?.

(b) Show that for any = € By(0,1), there exists ¢ = 1,..., N such that
|$ - 91|2 S 2¢.

(c) Use (b) to conclude that there exists a constant C’ > 0 such that N >
C' /el

Problem 5.4. Show that the rate ¢ = 02d/n is the minimax rate of estimation
over:

(a) The Euclidean Ball of R? with radius o2d/n.
(b) The unit £, ball of R? defined by
Boo(1) = {# € R? : max|0;] <1}
J

as long as o2 <n.
(c) The set of nonnegative vectors of IR%.
(d) The discrete hypercube ﬁ{o, 1},

Problem 5.5. Fix 8 > 5/3,Q > 0 and prove that the minimax rate of esti-

25
mation over ©(3, Q) with the || - ||, (jo,1))-norm is given by n™25+T.
[Hint:Consider functions of the form

C N
fi= 7n ;Wji‘ﬁi

where C is a constant, w; € {O,I}N for some appropriately chosen
N and {g;};>1 is the trigonometric basis.]
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