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SYMPLECTIC GEOMETRY, LECTURE 3 

Prof. Denis Auroux 

1. Symplectic Manifolds 

Let (M, ω) be a symplectic manifold, i.e. a smooth manifold with nondegenerate closed 2-form ω. 

Example. For X a smooth manifold, the cotangent bundle M = T ∗X is a symplectic manifold. Specifically, 
given a chart U ⊂ X with coordinates x1, . . . , xn,  we have a basis of  Tp 

∗X given by dx1, . . . , dxn and every 
ξ ∈ T ∗X can be written as  

� 
ξidxi. This gives us a map 

(1)	 T ∗ X|U → R
2n , (x, ξ) �→ (x1, . . . , xn, ξ1, . . . , ξn) 

Let α be the Liouville form defined by ξidxi on each coordinate patch. It is well-defined as a 1-form on M , 
and ω = dα = dξi ∧ dxi is the desired symplectic form. Furthermore, given a diffeomorphism X1 → X2, we  
have an induced map 

(2)	 F : T ∗ X1 → T ∗ X2, (x, ξ) � f)−1∗ ξ)→ (f(x), (dx

which is a symplectomorphism (because ∃ local coordinates in which f is the identity). Also, given h ∈ 
C∞(X, R), we have an associated symplectomorphism τh : M → M, (x, ξ) � h) since  → (x, ξ + dx

(3)	 τh 
∗ α = α + dh =⇒ τh 

∗ ω = τh 
∗(dα) =  dα + ddh = ω 

as desired. 

1.1. Submanifolds. 

Definition 1. A submanifold W ⊂ (M, ω) is symplectic if ω|W is symplectic (specifically, nondegenerate). 
This implies that TpW ⊂ TpM is a symplectic subspace ∀p. L ⊂ (M, ω) is Lagrangian if ω|L = 0  and dim L = 
1 dim M .2 

Example. By our above construction, the 0-section X ↪→ T ∗X = M is a Lagrangian submanifold. Furthermore, 
sections of T ∗X are graphs Xμ = {(x, μ(x))|x ∈ X} ⊂ T ∗X of 1-forms μ ∈ Ω1(X, R): such a graph is Lagrangian 
iff dμ = 0, since denoting iμ(x) = (x, μ(x)), i∗ 

μα = μ =⇒ i∗ 
μ(ω) =  i∗ 

μ(dα) =  di∗ 
μα = dμ. 

Example. For Σk ⊂ Xn a submanifold, define the conormal space to x ∈ Σ by  

(4)	 Nx 
∗Σ =  {ξ ∈ Tx 

∗ X|ξ|TxΣ = 0} 

This gives us subbundle N∗Σ ⊂ T ∗X|Σ and a submanifold N∗Σ ⊂ T ∗X. For Σ =  X, we get  the 0-section:  for  
Σ =  {p}, we get  the fiber  T ∗X. By definition, α|N∗Σ = 0,  so  N∗Σ is Lagrangian. p 

1.2. Symplectomorphisms and Lagrangian Submanifolds. Let φ : (M1, ω1) → (M2, ω2) be a diffeomor­
phism: we want to know whether φ is a symplectomorphism as well, i.e. whether φ∗ω2 = ω1. Consider  the  
graph Γφ ⊂ M = M1 × M2. The latter space has one symplectic structure via ω = ω1 ⊕ ω2 = π1 

∗ω1 + π2 
∗ω2, 

which is nondegenerate since 

(5)	 ωn1+n2 = 
n1 + n2 

π1 
∗ ω1 

n1 ∧ π2 
∗ ω2 

n2 

n1 

However, here we will consider the alternate symplectic structure given by ω̂ = π1 
∗ω1 − π2 

∗ω2. 

Proposition 1. φ is a symplectomorphism ⇔ Γφ is Lagrangian.


Proof. Γφ is the image of the embedding γ : M1 → M1 × M2, p  � ω = γ∗π∗ 
2 ω2 =
→ (p, φ(p)), and γ∗ ̂

1 ω1 − γ∗π∗ 

ω1 − φ∗ω2 is 0 ⇔ Γφ is Lagrangian. � 

1 



2 Prof. Denis Auroux 

2. Hamiltonian Vector Fields 

Let M be a manifold. 

Definition 2. An isotopy on M is a C∞ map ρ : M × R → M s.t. ρ0 = id  and ∀t, ρt is a diffeomorphism. 

Given an isotopy, we obtain a time-dependent vector field vt : p �→ d ρs(q)| where q = ρ−1(p). We say ds s=t t 
that ρt is the flow of vt. Conversely,  if  M is compact or vt is sufficiently ”good”, we can integrate to obtain the 
flow from the vector field. If v is time-independent, we obtain a 1-parameter group ρt = exp(tv), with associated 
vector field v. Recall the Lie derivative Lvα = d (exp(tv)∗α)|dt t=0. 

Proposition 2 (Cartan’s Formula). Lvα = divα + ivdα. 

If (ρt) is generated by (vt) then  d (ρ∗α) =  ρ∗ α).dt t t (Lvt 

Now, let (M, ω) be a symplectic manifold, H : M → R a C∞ map. Then dH ∈ Ω1(M) =⇒ ∃ a unique 
vector field XH s.t. iXH ω = dH, called the Hamiltonian vector field generated by H (H itself is called the 
Hamiltonian function). Now, assume that M is compact, or that the flow of XH is well-defined. Then we obtain 
an isotopy ρt : M → M of diffeomorphisms generated by XH . 

Proposition 3. ρt are symplectomorphisms. 
dProof. Note that dt (ρt 

∗ω) =  ρt 
∗(LXH ω) but  LXH ω = diXH ω + iXH dω = d2H = 0.  Since  ρ0 is the identity, 

ρ∗ 
t ω = ω for all t. � 

Example. For R
2n with coordinates x1, . . . , xn, p1, . . . , pn, the function H(x, p) =  1 |p|2 + V (x) has  derivative  2 

dH = 
� 

pidpi + ∂V dxi. Thus, the associated vector field is XH = 
� −pi

∂ + ∂V ∂ , giving us Hamilton’s ∂xi ∂xi ∂xi ∂pi 

equations 

(6) 
dxi = −pi = − 

∂H
, 

dpi = 
∂V 

= 
∂H 

dt ∂pi dt ∂xi ∂xi 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


