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CHAPTER 4

Geometry of lengths and distances



Lecture 36

Let’s start by looking at standard R"™. Straight lines are distinguished by
being the shortest lines joining two points. More precisely,

LEMMA 36.1. Let 7 : [a,b] — R™ be a smooth path, with y(a) = p and
v(b) = q. Its length L(v) = f; I/ (t)]] dt is > ||g — p||, and equality holds iff
7/ (t) is always a nonnegative multiple of ¢ — p.

Straight lines also appear in mechanics, from three equivalent viewpoints:

e From a Newtonian point of view, a unit mass particle moves ac-
cording to z”(t) = F. If the force F vanishes, the solution ~(¢) is
a constant speed straight line.
e From a Lagrangian point of view, the straight line comes about be-
cause we are trying to minimize the Lagrange functional f; L(x,x")dt.
For free motion £(z,2") = ||2/||?, which produces the same equa-
tions of motion as before (this viewpoint is closely related to length
minimization).
e From the Hamiltonian (conjugate variable) point of view, the par-
ticle position and momentum (z(t), p(t)) satisty x(t) = 0p,H(z, p),
pi(t) = =0y, H(z,p). In the free case the Hamiltonian is H(x,p) =
zllpl>.
DEFINITION 36.2. Let M C R™*! be a hypersurface. A smooth map v : I —
M, where I C R is an interval, is called a geodesic if v"(t) is perpendicular
to T'M, ;) for all ¢.

Remember that 7/(t) € T M.,4), essentially by definition of tangent space.
Geodesics are curves held to M by a constraint force.

LEMMA 36.3. If v is a geodesic, the speed ||7/(t)|| is constant.

PROPOSITION 36.4. Let f : U — R"*! be a partial parametrization of M,
and ¢ : I — U a smooth curve on its domain. Then v = f(c) is a geodesic
iff ¢ itself satisfies the geodesic equation

d?cy, . dec; dej
A R
dt? Z Ydt dt

Importantly, this equation contains only intrinsic quantities.
COROLLARY 36.5 (proof sketched). Two geodesics ,5 : I — M with v(0) =
7(0) and 7/(0) = 4/(0) agree.

COROLLARY 36.6 (proof sketched). Given any point y € M and any tangent
vector Y € T'M,, there is an interval I C R containing 0 and a geodesic



v : I — R such that v(0) =y, v/(0) = Y. If M is a closed subset of R"*1,
one can take I = R, which means that geodesics are defined for all times.

ExXAMPLES 36.7. (i) The nontrivial geodesics on S™ are just the great circles,
parametrized with arbitrary constant speed. More explicitly, take u,v € S™
which are orthogonal to each other, and write y(t) = cos(at)u + sin(at)v,
where a € R is any constant.

(ii) Take the infinite cylinder M = {z € R® : 2% + 2% = 1}. Geodesics on
this are just spirals, y(t) = (a1t + b1, cos(azt + b2), sin(azt + b2)).

(iii) If the hypersurface M contains a straight line, that straight line is a
geodesic.



Lecture 37

EXAMPLE 37.1. Let M C R? be a surface which is invariant under the
reflection z — (z1, z2, —x3), and is not contained in the plane x3 = 0. Then
any path in M which is contained in the plane x3 = 0 and parametrized
with constant speed, is a geodesic.

EXAMPLE 37.2. Let M C R? be a surface of rotation, parametrized by
f(z1,22) = (I1(x1) cos xa, 1 (x1) sin xa, l2(x1)), where [ is a unit speed curve
in the plane. Then the geodesic equation is
c1 (t) — (el (er)cy(t)* =0,
lll (Cl) / /
ci(t)cy(t) = 0.
l1($1) 1( ) 2( )

Particular solutions are where xo is constant, or where 1 is constant at a
value where 1} (z1) = 0.

cy(t) +2

Consider a hypersurface M C R™*!, but where now R"*! carries the Minkowski
inner product. We assume that M is space-like, which means that the re-
striction of (-, -)arin to TM,, is positive definite for all y. A geodesic is then
a curve (t) such that 4" (t) is Minkowski-orthogonal to T'M,) for all ¢. In
a local parametrization, this satisfies the same geodesic equation as before.

Consider the hyperbolic plane H? = {x1 > 0, (z,2)pin = —27 + 23 + 2% =
—1}. Take two vectors u,v € R3 which satisfy u1 > 0, (u,u)pin = —1,
(v, V) prin = +1, (U, V) prin = 0. Then

~(t) = cosh(at)u + sinh(at)v

for any a € R, is a geodesic, and these are all the geodesic on the hyperbolic
plane. If a # 0, the image of ~y is just the intersection of H™ with the plane
spanned by u,v. Note that unlike the sphere, non-constant geodesic go to
infinity as t — oo.

If we parametrize projective space as in the Klein or projective ball model,
the geodesics become straight line segments (their speed, obviously, is not
constant). In the parametrization by the Poincaré ball model, they become
circle segments which intersect the boundary of ball perpendicularly (on, in
the limiting case, a line segment through the center of our ball).



Lecture 38

This lecture covers the “Lagrangian” and “Hamiltonian” viewpoints on
geodesics, each of which is important in its own right. Let M C R"*H!
be a hypersurface, and v : [a,b] — M a path. We define its energy to be

b
B0 =3 [ IW@IPd

Then the following variational principle holds:

THEOREM 38.1 (proof sketched). A curve v : [a,b] — M is a geodesic if and
only if the following holds. For any smooth family of paths (vys), —€ < s <€,
with the same endpoints v4(a) = p, vs(b) = ¢ and with y9 = 7, we have

0

—F =0.

0s (78) s=0
COROLLARY 38.2. A path which is an absolute minimizer of the energy
(over all paths 7 : [a,b] — M with fixed endpoints y(a) = p, v(b) = q), is
necessarily a geodesic.

Note that the converse to the Corollary does not hold. There are geodesics
(on the sphere, for instance) which are not absolute energy minimizers.

THEOREM 38.3 (no proof). Suppose that M is closed and connected. Then,
for any given p,q and any interval [a, ], there is a geodesic v : [a,b] — M
which is an absolute minimizer of the energy.

This provides a practical way of finding geodesics numerically, by applying
some minimization method to the energy functional.

Now consider a partial parametrization f : U — R""! of M, and its associ-
ated first fundamental form G = (g;;). In this local coordinate system, the
geodesic equations (using the intrinsic formula for Christoffel symbols) can
be written as

1
! /W) /W)
> gy = 3 > a0 gij — Y i 0u,g51.
k i i

Decoupling them by introducing new variables v1, ..., v, yields
.%';6 = Vg,

1
zk: griv] = 3 Z V;V;0x, Gij — Z V;0;0%, 951
ij ij



PrROPOSITION 38.4. Write the equations above in conjugate variables zy
(position) and p, = >, gri(x)v; (momentum). Then they take on the Hamil-
tonian for

, oH
Ly = 87]%7
, oOH
Py = _873%’
where H = $1(v,0)  5(p,G7 (2) -p) = § 3, pig"” ()p;

This allows one to apply general methods from mechanics, such as Noether’s
theorem (any continuous symmetry implies the existence of a conserved
quantity).



Lecture 39

Let M C R™*! be a hypersurface. The length of a path « : [a,b] — M is

b
Liy) = / I/ (0)] dt.

Define the distance dist(p, ¢) = inf, L(), where the infimum is taken over
all paths from p to q.

LEMMA 39.1. If M is a connected hypersurface, then (M, dist) is a metric
space. By this we mean that it satisfies the following axioms:

dist(p, ¢) > 0, with equality if and only if p = g.

dist(p, ¢) = dist(q,p),

dist(p, q) < dist(p, r) + dist(r, q).

PROPOSITION 39.2 (part of the Cauchy-Schwarz inequality; no proof). Let
f :]a,b] — R be a function. Then

b b
/ f(ydi<Vi—a / F(t)2dt,

with equality if and only if f is constant.

COROLLARY 39.3. For any path v : [a,b] — M, we have L(y) < 2Y/2(b —
a)V2E(y)Y/2, with equality if and only if v has constant speed.

COROLLARY 39.4. If we fix the endpoints v(a) = p, 7(b) = ¢, a path is an
absolute energy-minimizer if and only if it is an absolute length-minimizer
and is parametrized with constant speed.

COROLLARY 39.5. Let M be a closed connected hypersurface. Then, for any
two points p, ¢ there is a path v connecting them, such that L(y) = dist(p, q).
In other words, the infimum in the definition of distance is always attained.

Given a parametrization f : U — M with first fundamental form I, one can
define the lengths of paths ¢ : [a,b] — U to be equal to the length of their
image v = f(c). Concretely,

L(c) = /a ’ VEew(e(®), () dt.

As before, there is an associated notion of distance. As an example, consider
the Poincaré parametrization of the hyperbolic plane. We identify R? = C,
with one complex coordinate z = x1 + ixe, so that U = {z € C , |2]| < 1}.
Then

4

G(Z):m(é?)-



LEMMA 39.6 (partial proof). For z,w € U, the distance in the hyperbolic

metric is
dist(z, w) = 2arctanhw.
|lwz — 1]

There is an interesting connection with complex geometry.

THEOREM 39.7. (Schwarz-Pick) Let h : U — U be a holomorphic (complex
differentiable) function. Then at every point z € U,

1—|h(2)?
e B
COROLLARY 39.8. For h as before,
Iy (Dh(2) X, Dh(2)X) < L(X, X).
COROLLARY 39.9. Any holomorphic function h : U — U is distance-non-
increasing for the hyperbolic metric: dist(h(p), h(q)) < dist(p, q).



Lecture 40

Let (X, d) be a metric space. This means that X isaset,andd: X xX — R
a function satisfying the three axioms from the last lecture. In particular,
this allows one to define continuous functions, maps, etc.

DEFINITION 40.1. A continuous path « : [a,b] — X is called a metric geo-
desic if d(y(s),~(t)) = |s —t| for all s,t € [a,b].

ExaMpPLE 40.2. In the traditional case of hypersurfaces, metric geodesics
are precisely unit speed geodesics which are absolute distance-minimizers.

A metric space is called geodesic if any two points can be joined by a metric
geodesic.

DEFINITION 40.3. Let X be a geodesic metric space. X is called nonpos-
itively curved in the sense of Busemann (or a Busemann space) if it has
the following property. Whenever 71,72 : [0,I] — X are metric geodesics
starting at the same point 1 (1) = v2(l), then we have

d(mi (), 72(t)) < (¢/1) d(71(1);72(1))-

ExAMPLE 40.4. Euclidean space R™, as well as hyperbolic space H™, are
nonnegatively curved in the sense of Busemann. For the latter, the distance
function along two geodesics with the same starting point is

d(v1(t),y2(t)) = avarctanh(1/ tanh(t)).

for some constant «, which is a convex function.

EXAMPLE 40.5. Any metrized tree is nonnegatively curved in the sense of
Busemann.

EXAMPLE 40.6. A combinatorial surface in R? is Busemann if and only if it
is topologically simply-connected (any continuous loop can be filled in by a
continuous disc), and the total angle at any vertex is > 27.

LEMMA 40.7. Any two points in a Busemann space are joined by a unique
metric geodesic.

There is also a stronger and more useful notion, due to Alexandrov. For
any geodesic triangle A in X with corners p, ¢, r, consider the comparison
triangle A’ in R? with corners p/, ¢, 7/, characterized by having sides of the
same length: d(p,q) = |lp" — ¢[|, d(p,r) = |[p" —r'||, d(g,r) = ||[¢ —’||. For
any point on any of the sides of A, there is a unique corresponding point
of A/, characterized by having the same distance from the two adjacent
corners.

DEFINITION 40.8. Let X be a geodesic metric space. X is called nonpos-
itively curved in the sense of Cartan-Alexandrov-Topogonov (or an CAT



space) if for all A; A’ and all points z,y on the boundary of A, with com-
parison points z’, 3/, we have dist(x,y) < dist(z’,y’).

All examples listed above are in fact CAT (which implies Busemann). There
are also important local versions of all the notions in this lecture, where the
conditions are assumed to hold only locally (“for every point x € X there
exists an open subset U C X containing x, such that...”).

References: Burago-Burago-Ivanov, A course in metric geometry; Bridson-
Haefliger, Metric spaces of non-positive curvature; Papadopoulos, Metric
spaces, convezity, and nonpositive curvature.



Lecture 41
Let M C R? be a surface, with a Gauss map v : M — S?. Suppose that
v : I — M is a regular curve, which as usual means +/(t) # 0 for all t € I.

DEFINITION 41.1. The geodesic curvature of ~v is defined by

R GG ORONZCIO)
geod v/ ()]

The geodesic curvature is reparametrization invariant. If M = R? x {0} with
v(z1,22,0) = (0,0,1), it specializes to the ordinary curvature of a plane
curve. On the other hand, if we only look at curves which are parametrized
with constant speed. Then kgeoq vanishes identically iff v is a geodesic.

Suppose that we have, at each point of M, a positively oriented orthonormal
basis (Y1(y),Y2(y),Y3(y)) such that Y3 = v everywhere, and Yi(v(t)) =
Y(®)/7' @)l Then

oty = 200, @AY (1)
e Y O] '

LEMMA 41.2. Take a partial parametrization f : U — M C R?® which
is compatible with our choice of orientation, and let v = f(c¢). Suppose
that we have a moving frame (X;(z), X2(z)) which is positively oriented,
and such that Xi(c(t)) = ¢/(t)/ I (¢(t),¢(t))Y/2. Then, in terms of the
associated connection matrices,

(A1)1261 (t) + (A2)1205(1)
L), )2

THEOREM 41.3 (Gauss-Bonnet with boundary, for discs; proof sketched).
Let M C R3 be a surface, and f : U — M a partial parametrization, and
D C U a curvilinear disc. Take the simple closed curve ¢ which parametrizes
the boundary of D, and consider the total geodesic curvature of v = f(c).
This satisfies

ngod(t) -

ﬁtg‘;’;d = /f@geod(t)lc(t)(c’(t), c’(t))1/2 dt = 2w — i KgaussV det G dx,

where G is the first fundamental form.

For a more general domain with boundary S C M, one gets an equality

“Z?ai)d =2mx(S) — / Kgauss dvol.
S

More classical is the case of a geodesic triangle with corners:



COROLLARY 41.4 (proof sketched). Let M C R3 be a surface, f: U — M a
partial parametrization, and T' C U a curvilinear triangle, whose sides map
to geodesics in M. Let ay, ao, az be the angles at the corners of the triangle,
measured with respect to the first fundamental form. Then

alt+ast+az3=m +/ KgaussVdet G dz.
T



