18.435/2.111 Homework # 1 Solutions

Solution to 2.59: If we have a qubit in the state |0), and we measure the observable
0z, we project onto the two eigenvectors of o,, which are |+) = %ﬂ 0) + | 1)), with

eigenvalue 1, and | —) = %(| 0) —|1)), with eigenvalue —1. It is easy to check that
|0) = Z5(|+) +|=)), so the probability of seeing |+) and |-) is each ;. We thus
observe +1 with probability % and —1 with probability % The expectation is 0 and
the standard deviation is 1.

Solution to 2.60: We have

Counsider

By using the relations 02 = o) = o7 = I, and the fact that any two distinct Pauli

matrices anticommute, i.e., 0,04 = —0,0,, we can see that

—- =

(7-6)° = (2 +vp +v2)] =1

Therefore, its eigenvalues must be £1. It is easy to check that ¢'- & is not £1, so one
eigenvalue must be +1 and the other must be —1. Now, if we let the eigenvectors be
| ¢+) and | ¢_), we have that

V-0 =[¢4) (04| = [9-) (o

and so
(I +7-6)/2=|d4) (o4 | = Py,
and similarly for the —1 eigenvector.

Solution to 2.61: The expectation of the observable - & when |0) is measured is
(0]7-010) = v,(0]0,]0)+v,(0]0,|0)+2v,(0]0,|0).
This is easily seen to be equal to v,. Thus,
v, = Prob(+1) — Prob(—1)
and using the fact that the two probabilities add to 1 gives

Prob(+1) = (v, +1)/2.



Problems 1-3 deal with what is known as the GHZ state (after Greenberger, Horne
and Zeilinger), and the proof of non-locality using this state which was discovered by
Greenberger, Horne, Shimony and Zeilinger.

Solution to 1: We wish to measure the GHZ state in the | +), | —) basis, where |+)
and | —) are defined as in the solution to problem 2.59 above. Using the distributive
law and the equations

10) = —=(+H+1-)
10) = =+ +1-)),

we can perform a change of basis to find that

1 1
—=(1000) + [111)) = ~(|+ 4+ +) + | = = ) + | =+ =) + [+ — ).
\/5(| )+ 1111) = o] )+ )+ )+ )
Thus, the probability of seeing each of |+ + +), | — —+), |— + —) and |+ — =) is },

and the probability of seeing any of the other states (those with an odd number of —’s)
is 0. This gives us that the expected value of the observable 0,(1) ® 0,(2) ® 0,(3) is
+1, since |+) and | —) are the eigenvectors of 0., and this observable is +1 on all four
states above. This can also be seen by explicitly taking the tensor product of the Pauli
matrices o,, which is

000 0O0OTO0ODDO1
0 00O0O0OO0ODT1TF®O
000 0O0OT1TUO0F® O
0 00O01O0O0TPO
0O0010O0O0O0TG O
01 000O0O0TPO
1000 0O0O00O0
and applying it to the GHZ state, which is 12(1, 0,0,0,0,0,0,1). We obtain

(GHZ | 04(1) ® 0,(2) ® 0,(3) | GHZ) = 1.

Since its eigenvalues are £1, this means that the observable 0,(1) ® 0,(2) ® 0,(3) is 1
with probability 1.

If we measure the first qubit in the | +),| —) basis and the second and third in the
| +1I),|—1I) basis, where | +I) = %(| 0) £4]1)), we can again use the distributive law
to make an explicit change of basis. We now have

10) = 7(|+I>+|— ),
7

') = —=(+0)-1-1)



and we find that the two —i’s on the state |1) interchange the states undergoing
constructive inteference and those undergoing destructive interference in the previous
computation. We get,

1
V2

Thus, we see the four states with an odd number of | —) and | —I)’s, each with proba-
bility i.

Note that the eigenvalues of o, are | £I), so the above calculation shows that the
observable 0,(1)®0,(2) ®0,(3) = —1 for the GHZ state. We can also directly calculate

1

-1

02(1) ® 0y(2) ® 0,(3) =

SO OO o oo

SR OO O o oo
SO OO o oo
S oo oo oo
SO oo oo o
S O o oo oo

and applying it to the GHZ state, we again find the expectation of 0, (1) ® 0, (2) ® 0,/ (3)
is —1.

Solution to 2: We have

AAe Az As = fi1(@) 1) fo(2)* o (y)* F3(2)° fo ()",

Since the values of f; are £1, f? = 1, and thus 4; 4,434, = 1. We thus have that
Ay =1and Ay = A3 = A, = —1 is impossible.

Solution to 3: In a local realistic theory, the measurement which is chosen to apply
to one qubit cannot affect the outcome obtained on another qubit. Thus, suppose we
measure 0,(1), 0,(2), and 0,(3) basis and obtain +1 for all three outcomes. Since the
expectation of 0,(1) ® 0,(2) ® 0,(3) is —1, if we had measured the second and third
qubits in the | £I) basis, we would have had to obtain different outcomes for these
measurements. A similar argument shows we have to have obtain different outcomes
for the first and second qubits, and for the first and third qubits, had we measured
them in the | £7) basis. However, if we measure all three in the | £1) basis, we cannot
obtain different outcomes for each of the three pairs, a contradiction.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


