M.LT  Department of Mathemakics

13.307 - \h‘}e%fa.,Q Equaiions .
T .S.ng 2006

Solutins o Set ¥

@

FQ’) T de »e‘laxl _F(x)/ B 1'(2)-_- —(Zl;jdg _e'»Jz F“’)

We eoa.Quoi'e T@) for a<z<b as %?Qo_ws. .

.00 : . b A ) )
)= Ei;r Jvla et de' e-,Jx L),
Tn order fo im\erc‘nanﬁe_ the order of )nlregroiicm, we deform e path in x’
to the lower ?.I—F()ahe (2= X'viy') for 750 and 4t the upper

2'—qune for J<0: o 2’ plove
TP '“gd e o "}%
D= e e € e | L1
2n { j <
- Cz a ——\é__jb
< | Ci |
N qu 8‘32 SJ?I e‘.'a% ‘P(Q’) :]
0 G o
. o \ -2/ | ' ) ,)
_ :2_\‘_—_‘ { gd%, _p(zl> ng e\(% ¢ )J- + S&%, ‘p(,'z,) \gdl el@ 2 ; ]
CZ -0 ' C| o

The exponent  in the Rest ivdesfaﬂ 1S i (@2 )] with T<0 and Im(?"?')‘«ol-

hehce, Re[i(%—%')} ]<O and the in'}eﬁ_mﬂ L(Wwefge/s aLso()u'}e?Ag,
The efponent in the sewnd in‘re%rag s ilet)] with >0 and TIm(z-2') >0,

hence, Re[iz-217] <o and  the in'}eﬁrotp Umverye) GLSoeque»%.

,



= ) —— ) :
T(2) b [ & dz' f(2) (a2 + d=' fG') Goa) :\
c, G
» o _ . Gy
= ,__:1_— K-&- j d%' fﬁi_-)- + X d.?' .F'(? ) } = '—i‘— d'i" '—-E,“?—‘
2_“_1 J ?"‘?‘ o 22 N 27“.. ) . 2
) © C\U(Z

2

= T() = Sdz' &)L ophy acech
2T Z2-2
Ve,

)»a the Qut)wé 'mjceﬂraﬁ thesrem | since @) is a,naﬂ«ﬁjric inside  GuG
and. od}zmtg C\\)E?_.

(Ceodly, iF 2<a o 23b,

/ ——

1G)=0.



@  Jdy Kbgay) 2

Let 0
?(x) = i

X2 0

Jda Kolog)-uty), %<,

X0

hix)=
0 /

wl\jee 'U_(_x)z(')) %<0, T[f\e_ 3;\,6\,, Ic .;S emlenclecl +0 —o0< X< QS
jé‘} Ko(x—(é) 'U.Oj) z E}CX)-I- hW(x ) 5 ~L XD,
The FT of 4l equc\:l-imq glives
k@) 5@ = §G)« ) Tireal, (L)
shere Rz fab & g - 2
h(1) = de 9%, 2n % , Imf<0 1 a =" fundism,
[»)
and 0 : |
jv(,}): jdx e'(Jx?(,x.) an  unkuows, o+ Fund:id*n,_
~w

Tn order Yo be able h  work

with }:reoj we  moue” the po!e

ot KL}) to the apper half plane L} e

Thew Eq. () reads o

. \Il*?-?' .

N e
W)= U |
)) (éﬂn:* i(J-ie)
~ T
= §Q> T o(g-ie) )



|

2 ’ l .
We Ffactorine = as 2n

Uk J}*f \ja—i
+ - _
where  The branch wh  for The .branolq po‘n-r}f 3= t) oafe CJw:ev;
}—Pfane
as Shomq ltere : ;g |
;
B (o) is wathen as
2 vy - T & L2 N |
\l___;.. 'UC'\) = e 3C3') + ;(J'l.ﬁ) 2"' (ib)
- - + —+ - +
We further Aemeose& the  wmixed” (@> last ferm to « and - paris:
LI A (737 - T ) Tiexr
1(d-ie) 1(9—.5 | CJ-. €£)
—_— e—" .
no Paee at d=ig; oneﬁ a )>og<’—olL g=ie;
+ 'Fumi:icm - ﬁwd’fon

Equakion b)) s creast +o

2w ~ 217 . i 2“

= G) — =— \)'1_; < \’;l. I) + . ¥ T VIES

i T G " Grie) (Vo - liewi’)
-7 T T

= E(}) : entire fundiov
From the left-hand side of Hus equwh’«m b follows +hal

J

Q)20 a5 Jow fe Iml<o ; heme E(F)=0 i the bower  halt pllene.

Feom The figk}—hmd side it thew (pllows +hat E(F) =0 6Uer5w|nere.

~4—



> . | e o
W) - B i) = Va0 g.(3>+.—— V7 - Ticke) |

- Gk | (@-ie)
Selse  foe G-

G): it B

Tavert Yo qeb  wG): |
ﬂe— oo ( the m*‘e roud has ko

u(ﬁ) _ ._ é}; . e“}x ,ﬁ'(}) : l .(H—_a )1.. jﬁ e;a* 'I g_', o SNa n+3 " &werkr )
2 n '(J-)’E) l(a
. ~plane

0=

. 0 /
where  Vi(we) = V3 B \\+e\ '"”,._ \~ -
dei
\

- Cladly U0 for xco by closing the PwH» m the bhuer hup.
ulx)= e [2‘;3 x‘;‘:J— ) X>0 ;5 L {
dhe  path ::o velow the pole a4 J=0. 7

o o ubd- e o & F —
Thck S n o+

'9 “n [ o . .
‘3‘ <ie' /L".)j._.._ (ﬁ Q'QX_ ﬁﬂ o the M)(ejcanol has wo Poee af 9"‘
0% T 2n
B T I . .

\Ve wro.p the wvz%ur arountl Hne ._%r;nd{.:: | cod' ” P pfay.e

mewd’in& {;rom }_': 0. | o . ;’l



ap
. N dliy) =yx — .ol - diy) VX [T,
Bu .e.?/qex j zlﬂ e \ré—‘,—zg - ‘e’,"jjcex 2"'7 e e(Zn 225
]
© e
(se+ 3’= e(ﬂ n):; 7

le £t side of branch cuf)

o n
(sef  J=e'y on rght
siale of bramL Cui')

-X oootv -y-x -X de_s_ -*J
e 2 e \[E & ¢ P e Fj

S
i) | 2
= o
- - - PR A
=—2€Xj§ e"‘éq:_zex__l_ -‘Tl. Jd"'et"tz
() 2 I X 2 -
N r
T - L :C_—_): r(3/1)3 "5_’1
2w x %2 )
ou l e
- = - = X2
So, 2% ofm <3 , o
WWEQ % 'U.(X—-H—qp ) = 0,
Heme, A *® o, oo »
Uly) = jd—x - = — jdx' —-——-ea = (._2_}. j’d( ""z) e
’ 0 2\‘?1 X x' /2 2\"—”'
X
e & - X B S
= = “27+jolx’§-‘—-'-l = _l-.[-g'_._-l'ZJou_x‘r e(.x }
\r; X' X z ﬁ \IX— .
* ’ X=X
= € - _?\f: (l% e—%
n
LES Ve

" complementery,
 Vemor fundion,” kuaws  fom ?""Bal"‘.m} H’e"?

-X
Ulk) = £ erfc(\l'?) , % >0



oo

@ J Lo xR -

-0

X:%}. e'\ax

/ x>o)

F = g(x) . %<0,

/

f‘i’: S X)), x¢<o,
—

-0

Defne i 0, X>0
Hx) =

0} X<0

L.(_X) = 3 < )
j %3- e 9% FQ), x0.

T

e

The oﬁgh\oﬂ dual equatims  are Hus defived for all vead x:

o©

X 5‘2—1 e XD Py = fK) 4 He) 5, T mexem,

-0

j _;E-L M ER) = 900+ LG ~ 002X < tem,
7

By fakmg the FT of  both sides of Hhse equations we\‘ 5&.
ru\n wewhn

KG) Fo) = S0+ H
() = gQ) + 1.0)

r we kneton

} - @ [§@+ L] f@+HE),
A [— —

avd 3 s asumed to Ge m the read axis or o a Gne pamﬂeg b the read

axis. Let w defwtely asume Hhak fies o the real axis.



WQ ‘muer* ')'he QW,J(; l‘eQa}:io”n 'l?D 321:

j e %) [3@)+LL9)] jd:" e™ [ fo+Hw],

— +
j dx’ Klx-x") 3(x) + jdx' Kix-x)Lix') = $&x)+ Hkx).
-0 0
For X > H(x):O and
7 0
jdx’ Kix-x)- Lix) = f&) — j dx’ Klx-x') 3[x’))
o ~00

0
jdx' Keox') L) = $x)49,(x) , g,la=-] dx’ k(x-X')3(X’))
whete  Lx) s uokwwn, and  F) ad  gl)  are knoun. Hene, the
fwo original tegrd equations - reduce o a _Si_ya_g_g_ﬁ_’ inteqeal  equakion which
is a Wiever- Mopf equation of the First kind. Ths Past equabin a@n be

soled \»3 He wmethod of fodorszabion . For Hus purpose, we teturn o the Dn‘gina,o

\'epah(m QVHOWS FTS/ ) l—uv\kuwv\ - )’—-w\‘.no‘wvl .
K@) g+l 1= £+ HD |, Gl
+ - - +
B\s Se'H"W\% ? (,-3)
XA =
F.0)
we, 6e¥

2 L) = B0) £0) -R6) §a)+hQ) W)
- - + +



Snce 1) and 9’(}) are  kwown, Wwe decompose the  RHS as

|

T ) - @i = ReQ) R,
- +

which w hurn  entwils

T.0) L -R.Q) =R +RE)IAG) = EQ) . Fered
— + M
enhire fouy
Cfor tmpx J )

The 1Cu‘\nc{i.6n EQ) is delermined wia {‘a\:m\t) The Oiwu'{'s of
TL-Re ad Rt % w Glow wn the resechve half plans, wing

the Fact thak lft},t,*o as 1Yo Fnadly,

o EQ) + Q) ~ ) - R
L) = i , 0 ) - *
EAvY P (1)

Note :  The proceo\um ﬁirew here w\er&j shows  that  the o\hq,Q in&graﬂ equcu%x‘ms

ity
fealma o a SlnﬁQe iVl{ieﬂra.Q equajfi(m of the fest kind . Heme, the issues  thak

‘Pague” equations of the frst kind ove K iherent v the dual inkegrd
equabions. One case Where the dual equabions are epliatly whed s
shudied n toneckion with Fhe mied  baundanj-ualue problem of
laflace's equation. (wmpare with classmotes  and pecify  Hhis shotement ! )




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier ()
  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


