18.30F:  Inteqrad Equetions M. 1.7 Department of Mathemadice
9

S‘;Qu\:.icms +o HDVﬂework. 5

For  Pob. 15, T assumed  Some aCam;qurHr.} with  the properties

01; Fow\'er kmnspwms in ’rLe Comchx (Y<-) chme.

® %hrFM+)J% ¢y uly),  ~wexcw,

(@) w:{ ¥, x20
0, X<0

The Fourer hunsform  of Flx) is

+eo X oo . _ -
f(k) = de e .‘x X = -é—— j dx e—lkx = i LI
g 3 dl-ik) di-ik) ik kz
aSsumiv\3 & :—§-i\q, , ’n.>0} ,‘.e,’ re;}dc}imr\_/’ & \“’t 'H'(e &wer hqf’_ﬁ
of the & w»mp()ex p@ane: Imk <0,

With  His i wind ; we take the ET of both sidey of Fhe 9{vev,.
equai‘im

ulk) = f( )+ ) K(Hulk)

where K(P( de e'm ikx = ,42_&2 .




H'GVI(P,

~ 2A ~
Ulk) = -é—l MY  (9<) , Imk<o,
. -—\/&2 ) ) l .l+kz
= ke 23 I L L )
T e
b oparbodar  sdubon b the Saven equatim s st onunea( @
Too=-in + o ' 5
wx)= | dk oikX g - —jig ekx L _12&_ ., o
2n Zrt gE L+K-2)
~CD=in, —00 ~in, .
Nohee that the paﬂc of ml’egm}mw Qes i the eouerf lalt of g
the k plare, l)emuser of the restricham  Imk sk <P ii-2x &-p()awe\ \>_<>O
4 \ |
( \
/ 0 J
L N -\ N /
| > e )
i \-sz‘ t?aﬁ\' of /’-
Tl"e \"}G(jfanol \/lao A daub@e Eﬁ_ at k= O {u'}'e_gralv‘m J
and Snmpee pof% ak = it\}lZ for \A % /’X<O
— ' s .
T+ fllaws +that , o+ A< 5 and the path dently c&:e {-o H/ze

ead  axis(so that it bes belween The pole ab

_-l -2} and the nea,Q axis),

Res el ek ] + Res [ (_i’_"_Ef_ 1+ ]} X20
k=0 'S bk 2) Bt 22 1+g%2) PR
eikx It
es [ 2 " 5 X< 0,
& 4§24 :
&=-(\1-2)



)’3 ‘Qos'mg Pe path in the _upper half plane for %0 and
w the gﬁ\llef‘ half plane For  x<o.
We weed to calludite the residue al' ?4 0:

2
elz . . - &m %2 ' F'”('?- ) S ) F(k ) l—r&? 2,\ ;
% hk-2) k20 Lfon of m&_, ,am@bc at k= 0.
For sur  purposes, it wuffices b take
K g2y kso Y(z -2y UkP Ok
U L o L
Hemce, for x>0 5
_x e"‘ l"?A X . )—)*2) S
uP (X) = "'I: [ "L_' +

-2 (LW)Z . 2‘-.\,/—’:5\7. _

X + A 24 x

i 1-2A (1-24) % € o X >0,
. -2) " X 7 e -24 " X
Up(xd= v - - IR —— X0,
+(1-24) +fi 1-2) (1-22) 2
T\«e 9eneraﬂ solul m v . _ o
\
U = U0 +Up () 0< 4<%

where

Uplx)= e e, G e )-Z,\_ * . G, G ocbitrry wnsts.
is the solubign to  the komoge\news equakion .

-3 -



For <o, w) = Up (), o
C\EOECZ because A does Lo’c Leglmg *‘D Fhe .\ﬁ_e.m@o __,Spedfmm.,.,i)>__0§.-.._

smee
For  AZ3 | ul) = U + Wp&) | where Gﬂe___c_cnﬁhues___qnaﬁgﬁca%___

the  square-reot functions as L
o - il et

(b)  fk) = X, — < X ¢ +00

£6) = )é e { 0. e

0, x<o0 X, X<0
Defwe  wl)  G=12) o that each ome satisfes

- .
-)
W) = Fix) +A J dy e wl, U ly) .
-Q

The solubign +o  the glven Bn’regraﬂ equcd‘;m then reads an
URX) = U () + Uy (x) .

From part  (a) a)xme, a Parﬁmﬁar solubion ubP(") is
x A V124 x

5 * e x>0 '
3 23)* >
Up ) = Q-20)7 T when A< %
l—' t 4 x. . oo Xeo
(-21)%
\n order to ﬂ‘nd a ParchQar ;o('.u.h‘m Uz,p(x) ) we Meecl b Cafadcd‘e
-{ CK)x

the Fourer trnsform © ‘ 0 _ oo
EZCM = gdx f.(0) e-'kx = S_dx-ﬂ e—&x = jdx -x) e
—D 0

-

‘oo . N
-i-K)X F.(’k)“”‘" =4 ) Im (k)€ 0



ar

=D -Fz(fk) = ‘é(‘-}_ kIm&)O)

o .

i-e.} )ay feshw‘d"mg kom dhe upper I/tafmc p(ane. It Fu@ﬂows Hiad-

~ (&)_ 'Fz(&) - _L H&z
’u’Z l—. -2—,-\‘?' %Z ‘_'_%2_2(\
" (<4)
boyorhiodar  sdabion  u ) is Hus oblwined as B
+a)'l‘;'[, 2 / ) \
_ d?{ _l_ l*& 'Lx
R j B okl ‘ 'V?wﬂe T L[S \
— 00 4 ' Wiegra
@ty ) j">—2§| " < |
/
( E K
"‘l‘&z k
i L Res [—‘- il \
g LK MR 10 - T TU
2 2
N éRes [-Lz. ﬁk_ ex?:x:l +Res [L J+k e.‘&x} | X<o
en ?(:o r( '_‘_&Z__z’\ &_—_-{ l-?A kZ "&.2—'2A
B Hllaws  tHhat
A -\ 23 X
) @3?’1 > B0
u?-,P(X): |
(A< i)
% - vi-2a ' x
X<0

~24 (-22)* € )

The qenem,Q selubon o Hee gNen equajv‘aw s an follus



UK = WelX1e Yy (0 + U, (x) DA<y |

ulxy= U0 + Uy, px) ; A<0 )
WY = U0+ Wl p(x) vy
where .
122 X 1-2A" %
Uy, (X) = C s + C, e ™

or,

'\J’b\-l X ~TV2A-
Uplx) = C, e £ d, VT

Un(x ) Unly)
l((m)'—‘é'_ "‘%‘1‘:—!‘ \ asxy<h,

et o asume, withad s of genetality,  Shat

3

ith

—

A

Suppose that {3 s the sequence of fhe elgenuaﬁae; of  Klug )
Cordered \73 inreasing maﬂvuiude) with Correspcmdm(cj c«genﬁudnms fu,t. Then,

jd, Ul g (x) = S

(for ssme )

and that X'hao muﬂipeioi)ry 4 (H\efc s cmecj sne corresyo*ndima 'uv,:um).

b
Cn = X C\j ’lkw(kj) U(Aj).
o.

Uly)

Then b b
! ) 'un(x)Unfj)

A =
[& woopun =3, oy 25
o a

Am
= ’—E\i— n(x) jdﬂj Unlyluly) = Zv‘: Cn(‘z':‘)uv,(x))
WL\ere



The given 'lerc—gra,o equacion  become s
-
An

)= 60+ ) G (
K b
Muﬂ'ip% both  sides bka uP(x) and ln’regrail‘e J\dﬂ ()

) Unx) | asxeb.

b b b

de up(x)u(x) = &éx uP(x)\C(x) + ZCn (5%‘_ ) de Up(x ) un(x )
) )
\Q'/—\r——-//' 4 ?.N‘—‘J
Cp \ S
=2 G = Xclx up(x) fx) + C Am_
3 P P AP
o
b
=b C?(l‘ %1 ) = jdx up(x) £(x).
P
a

SO, if there s a ulx) +that sabishie, the oﬁﬁinaﬂ equcu‘j‘m} Then  Hus
Gt equation han to hdd. Tn parhicdlar , for pP=m me gets

b
O:j\d-x 'um(K)¥(X) >

a

vV

e, k) s oﬂ'hog(maﬂ bo  the e«‘ﬂemgundﬂm Um (x) wwespandh:g b Y=dm.
\£ ﬂe muﬂ;\‘.y@ici}\j of- X s K, K22 , ‘H«teq the alwve Mcdumen+

an be repeted tor  each ei%enﬁmdv‘an Um,j(X) PN VTR



)

@ Ur)= Fx) + ) gd‘g mmdny - uly)
) x | .
= £x) + A [ Jchj yuly) + Sdﬁ % uly ) ]

(@) F=0:

* |
Uk) = }[Sdﬁ Hu(ﬂ)+5dﬁ xu(g)]
From  Fls equcd-itm, We cjel' W uo) = 0.
! l
W)= Axulx) = Ax ulx) "*)‘Sé‘j uly )} = Ajchj uly ) w' =0
X x

= ak):z-Adulx).

Heu(e, g u'x) + ) ux) =0
U)= 0 =u')

Uk Y= Aws(\,_)'x) +Bs'm(_\m*.)

L((,o):o - A=0
R

.L\‘ﬂ

u'(l)‘-O - WS (ﬂ ) =0 - \n‘ = (Qh-rl)% %A:Av\: (2\0"'))1 V\:O,l,?,...

EigewFuwd-icms: utx) =u,x) = B, 5‘“[(3“*') TL; ]

(b) The bowest eisewmy,u@ 'S A= Ao = “2,.

The deradion serer,  Wif® (onverge for  IMl< 1Ta/l;.

\ \ I

«) ) 4 = gdx Ko(x,x) = de So\y Kixy) Klyx) = jdxjo\y K(;t,:j)1

N=o A\}, T
© \‘srercd‘e © © o )
VX of Kixy) t 5
2 | !
=2 dxgéy vyt o= Zjdx}g=§;:f.
o]

_-8_..




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier ()
  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


