MEASURE AND INTEGRATION: LECTURE 6

Lebesgue measure on R". We will define the Lebesgue measure
A: {subsets of R"} — [0, 00] through a series of steps.

(1) A(0) =o0.

(2) Special rectangles: rectangles with sides parallel to axes.
en=1 N[a,b])=b—a
o n =2 /\([al,bl] X [CLQ, bg]) = (bl — al)(bg — (12).

(3) Special polygons: finite unions of special rectangles. To find
measure, write P = UY_, I}, I}, disjoint special rectangles. De-
fine A(P) = S0, AM(Ix).

Properties of Lebesgue measure.
(1) Well-defined. If P = UN I, = UM Ii then S0 M(I}) =
szj:/1 A(1},). (Exercise)
(2) PL C Py = MNP < \NPy).
(3) Py, P, disjoint = A\(Py U Py) = A\(Py) + A(P).

Open sets. Let G C R” be open and nonempty. We will approximate
G from within by special polygons. That is, we define

AMG) =sup{\(P) | P C G, P special polygon}.

Properties for open sets.
(1) M(G) =0 <= G = (. (Nontrivial open sets have positive
measure. )

G(1 C>G2 O:O> )\(Gl) < )\(Gg)

(2)

(3)

(4) (Uk 1Gk) < ZZO 1 A(Gk)

(5) Gy open and pairwise disjoint = X (U2 ,Gg) = > ey MGk).
(6) P special polygon = A(P) = A\(P°), where P° = interior of P.
Proof. (3) If P C Gy, then P C G5. Thus A(P) < A(G3). Taking
sup over all special polygons P gives the desired result.
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2 MEASURE AND INTEGRATION: LECTURE 6

(5) Let P C UX,G. Claim: can write P = UN_ | Pv with B
special polygons, P, C G and P, not contained in any other
Gj.. Then

AP) =D NP <D MGr) <D MGw).

k=1 k'=1 k=1

Taking sup over all P, A (U2, Gy) <> 72 MGy).
(6) Fix N and choose P, ..., Py special polygons such that P, C
Gy. Then P’s disjoint = UN_ B, C UN_ G} C U Gy. Thus,
N N o)
D> AP = A (U Pk) <A <U Gk> :
k=1 k=1 k=1

Taking sup over all Py, ..., Py, 3.0 M(Gr) < A (U2, Gy). Let-
ting N — o0,

i MGr) < A (G Gk> .

k=1

The reverse inequality is simply (5), and so equality must hold.
(7) Clearly, for any € > 0 we can find P’ C P° such that A\(P’) >
A(P) — €. Thus,

A(P) — e < A(P') < A(P°),

and so A(P) < A(P°). Of course, the inequality A(P°) < A\(P)
also holds, because, if ) C P° is a special polygon, then A\(Q) <
A(P) and we simply take sup over all such Q.

O

Compact sets. Let K C R". We will approximate K by open sets.
That is, we define

MK) =inf{\(GQ) | K C G,G open}.

Claim: the definition is well-defined. (In particular, a special polygon
P is compact.)

Proof. Let a = old A(P) and § = new A(P). If P C G, then A\(P) <
AG), so by taking inf over all G, a < (3. For the other inequality,
say P = UN_,I;. Choose I larger than I so that (I})° D I and
M) < A(Iy) + €/N for some fixed € > 0. Let G = UY_ (I})°. Then
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P C G and G is open. We have

] =

B < ANG) A(R)°))

k=1
N

=D A0
k=1
N

<Y ML) +€¢/N
k=1

=« +te

Since this is true for any € > 0, § < «, and consequently a = f3. U

Properties for compact sets.

(1)
(2)
(3)
(4)
Proof.

(3)

(4)

Inner

0 < \NK) < .

K, C Ky = )\(Kl) < )\(Kg)

MK U Ky) < AMKq) 4+ A(K2).

If Ky and K are disjoint, then A(K; U K3) = A(K7) + A(K>).

(2) If K3 C G (G open) then K; C G.

If Kl C G1 and K2 C GQ, then Kl U K2 C Gl U GQ. ThUS,
)\(Kl U KQ) S )\(Gl U Gg) S )\(G1> + )\(Gg) Take inf over all
Gl, Gy = /\(Kl U KQ) < )\(Kl) + )\(Kg)

Since K and K, are compact (and disjoint), there exists € > 0
such that an e-neighborhood K7 of K; does not intersect K,
and an e-neighborhood K§ of K, does not intersect Kj. Let
G be an open set such that K1 U Ky C G. Let G; = G N Kj
and Gy = G N K§. Then G and G, are disjoint, K; C G; for
1=1,2, and

ML) + A(K2) < MGh) + MGe) = MG U Gs) < A(G).

Taking inf over all G gives A(K7) + A(K32) < A(K; U K3). The
reverse inequality is (3) = A(K; U Ky) = A(K7) + A(K?3).
U

and outer measure. If A C R" is arbitrary, then we define

both inner and outer measure:

(Outer measure) \*(A) = inf{\(G) | A C G, G open}.
(Inner measure) A.(A) = sup{\(K) | K C A, K compact}.

Properties:

(1)
(2)

A (A) < M (A).
AC B = M(A) < X(B) and \(A) < \(B).
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(3) A (U2 A < D72 M(Ay). (Outer measure is countably sub-
additive.)

(4) If A disjoint, then A, (U2 Ax) > > 00 A(Ay).

(5) If A open or compact, then A*(A) = A\.(A4) = \(A).

Proof. (1) If K ¢ A C G, then K C G, so AM(K) < AG) by
definition of A(compact).
(3) For any € > 0, choose G D Ay, such that A\(Gy,) < \*(A)+e€/2F.
Then

X\ (G Ak> <A (O Gk> <y A(Gh)

<) (M(Ak) + /25

8 1l

k=1
k=1
(4) Choose K} C Ag; then K}’s disjoint. Then

A (G Ak) > A (U Kk> = AK).

With N fixed, take sup over all K. This gives

A (U Ak> > A(Ap).

Letting N — oo gives the result.

(5) First let A be open. Then A\*(A) = M(A). If P C A with P
special polygon, then A\(P) < A,(A), which implies that A(A) <
A.(A). Thus,

AT(A) = A(4) < A(4) < A7 (A),
so all are equal. Now let A be compact. Then A\.(A) = \(A),
and A(A) = A*(A) since the measure of compact sets was de-

fined using open sets.
O



