MEASURE AND INTEGRATION: LECTURE 11

Principles of measure theory.

(1) Every measurable set is nearly a Borel set: A = F,UN = G;UN
(N is a null set: a set of measure zero).

(2) Every measurable set is nearly an open set: A(U) < A(F) + €.

(3) Every measurable function is nearly continuous (Lusin’s theo-
rem).

(4) Every convergent sequence of measurable functions is nearly
uniformly convergent (Egoroff’s theorem).

Lusin’s theorem.

Theorem 0.1. Let f: X — R (or C) be a measurable function on
a locally compact Hausdorff space X. Let A C X, p(A) < oo, and
flx) =0ifz & A Given € > 0, there exists g € C.(X) such that

p{z | fz) # g(x)}) <e

Proof. Assume that 0 < f <1 and A compact. Recall that if f: X —
[0, 00] is measurable, then there exist simple measurable functions s;
such that (a) 0 < sy <--- < fand (b) s; — f as ¢ — oco. (Proof: Let
0-27" and for t > 0 define k,(t) such that kd, <t < (k + 1)d,, and
define

kn(t)o, 0<t<mn;
n(t) =
('0() {n n <t <oo.

Then ¢,(t) <t and ¢,(t) — t as n — oo. The function o f is simple
and @, o f — fasn — 00.)

Next, let t; = s1,...,t, = s, — S,—1. Claim: s, — s,_1 takes only
values 0 and 27". Let T,, C A where T,, = {z | t, =27"}. Then

f<$>281+<82—51)—|—"‘22tn.

Since X is locally compact, we may choose A C V, V open, and V
compact. There exists K,, C T,, C V,, C V, K,, compact, V,, open, such
that u(V, \ K,) < 27". By Urysohn’s lemma, there exist function
h, such that K, < h, < V,. Define g(x) = > > 27"h,(x). Since

n=1
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this series converges uniformly on X, g is continuous and supp f C V.
But 27"h,(X) = t, except on V,, \ K,. Thus, g(z) = f(z) except on
U,V \ Ky, and p of this set is less than or equal to Y~ €/2" =e.
Thus, we have proved the case where 0 < f < 1 and A is compact.
Thus, it is true when f is a bounded measurable function and A is
compact.
Now look at

Fo_ S

(sup f) +1°

If A is not compact and p(A) < oo, then there exists K C A such that
u(A\ K) < e for any e. Let g=0on A\ K. For f not bounded, let
B, ={z | |f(z)] > n}. Then N, B, =0, so u(B,) — 0. Then f agrees
with (1 — xp, )f except on B, and we can let ¢ = 0 on B,. O

Corollary 0.2. Let f: X — R, A C X, pu(A) < oo, f(z) = 0 if
x g A, and |f(x)] < M for some M < co. Then there ezists a sequence
gn € Co(X) such that |gn(x)] < M and f(x) = lim, o gn(z) almost
everywhere.

Proof. By the theorem, for n > 0, there exists g, € C.(X) such that
sup |g,| <sup|f| < M and u(E,) <27". Let E,, = {x | f # gn}. Then
E, is measurable and > 7 | pu(E,) =Y 7 27" < oo. Claim: almost all
r € X lie in at most finitely many Ej. Proof: Let g(z) = >, x5, ().
Then z is in infinitely many Ej, <= g(x) = oco. We have

g9(x) dp = i XE, (2) dp < 0o
Jeotoran=32 [,

by monotone convergence. Thus, g(z) < oo almost everywhere, which
implies that lim g, = f a.e. U

Vitali-Caratheodory theorem.

Theorem 0.3. Let f: X — R and f € L'(u). Givene > 0, there exists
functionsu,v: X — R such that u < f < v, u is upper semicontinuous,
v is lower semicontinuous, and [(v — u)dp < e.

Proof. Assume f > 0. Choose 0 < s; < --- < f simple and measurable
such that lims, = f. Let t, = s, — s,_1. Then ¢, has only finitely
many values and f =Y 7 t, =Y po ckXE,. We have

/ fdu= Zci,u(Ei) < 00.
X i=1



MEASURE AND INTEGRATION: LECTURE 11 3

Choose K; C E; C V;, K; compact, V; open, such that ¢;u(V; \ K;) <

27 1e. Let
00 N
U= E CiXvy,, U= E CiXK;»
=1 i=1

where N is chosen so that ) U ¢;u(E;) < €/2. Then v is lower semi-
continuous, u is upper semicontinuous, and u < f < v. Also,

N o0
v—-u= ZCi(XW - Xxk,) + Z CiXV;
=1 N+1
< el —xi) + >l = xv + xi)
=1 i=N-+1
§ Z CiXK;»
i=N+1

and so

/X(U —u)dp < Z cip(Vi \ Ki) + Z CiXE;

— N+1
<€/2+¢€/2=c¢.



