18.103 Fall 2013

1. COMPLETENESS OF LP.
For 1 < p < oo, we define
LP(X,p)={f:X — C: fis measurable and / |f(x)[Pdu(z) < oo},
X

but we identify two functions as equal if the differ on a set of zero measure. The norm on

LP is given by
1/p
11l = ( / |f<x>|pdu<x>) .

One case of interest is the case in which X is the natural numbers N = {1, 2, ...} and p is
the counting measure. Then

0o 1/p
171> = (Z !f(k)|”> .
k=1
Note that if f and g belong to LP(X, u),

J 1@+ g an < [ max(2re)r, 2g@P) di <2 [ (F@P +lgl)P) du < .
X X X

so that f 4+ g € LP(X, ), and we have

(1) 1+ glly < 2°[If115 + 2°(lg]l} -

1 1
Let 1 < p < oo and let ¢ be the so-called dual exponent, defined by — + — = 1. Hélder’s

P q
inequality (Exercise 7, §3.1, p. 123) says that for every f € LP(X,u) and g € LI(X, p),
fg € LY(X, p) and

gl < 1 fllpllglly -

In particular, if 4 is the counting measure on N, we have

00 0o 1/p 00 1/q
® Slon < (Slar) (L)
k=1 k=1 k=1
In the exercise that followed (Exercise 8) you deduced the triangle inequality

17+ glle < 171l + llgllp-

Thus LP(X, ) is a normed vector space.



2

Theorem 1. For 1 < p < oo, L’(X, ) is a Banach space.

The fact that || - ||, is a norm follows from Exercise 8. Here we show that the space is
complete. Consider a Cauchy sequence f,, i. e.,

I fo— fmllp,— 0 as  m, n— o0
Choose n; < mng < --- such that
an_fm”p§2_2j, for all m, n > n;

Let g; = fn; and hy = gr41 — gx- Note that
[ i =y < 2
b's

The only difference between this proof of completeness and the one in the text is the way

we show that -
> hi(x)
k=1

converges almost everywhere. By (2) applied to aj, = |hy(2)|2%/7, b, = 2F/7,

oo [ele} fe's) 1/p 0o 1/q
> lh(@) = arbi < (Z 2k|hk(x)|p) (Z Q—kQ/p)
w= k=1 k=1

k=1
Let

s 1/q
= (Z Q_kq/p> < 00
k=1

It follows from the monotone convergence theorem that

00 p 00 0o
/ (Z |hk(x)|) dp < cp/ > 2 hy(a)Pdp < CPY 2K < oo
X \k=1 X k=1 k=1

Therefore,
0 P
(Z Ihk(l‘)|> < 00
k=1

for almost every z. For such z, the series ) hy(x) is absolutely convergent, and we can
define

f(z +th llm gn( )

Set f(z) = 0 on the exceptional set of measure 0 where the limit does not exist.
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The remaining parts of the argument are nearly the same as in the case of L'. By Fatou’s
lemma, for k fixed,

2—2kp2hmmf/ g (x )]pd,u>/liminf|gj( ) = gr(2) [P dpp = /!f ) dp
j—o0 X J7

In other words,

If = gull, <27
In particular, for K = 1 we have f — ¢g; € LP(X,u) and hence f = (f — g1) + g1 € LP(X, p).
Finally, for all n > ny,

1o = Fllo < W o= grlly + llgs — fllp < 272

The space L>®(X, ) is defined (with the usual equivalence) as the set of measurable
functions such that

[ flloo = ess supx|f(z)| = inf sup [f(z)] < oo
ze(X—F)

where the infimum is taken over all sets E of measure zero. The expression on the right is
known as the essential supremum (supremum ignoring sets of measure zero).

Exercise. Show that L>(X, ) is a Banach space. (This does not require an accelerated
Cauchy sequence. The main issue is to identify the exceptional set of measure zero on which
the convergence may fail.)

2. DENSITY IN [P

The space C3°(R") denotes all infinitely differentiable functions on R™ that are zero outside
a compact set.
Theorem 2. C§°(R") is dense in LP(R™) for 1 <p < co.
Proof. Step 1. Approximation of 1 ;. To accomplish this we will find for each e, 0 < € < 1/2,

a function h. € C§°(R) satisfying 0 < h(z) < 1 for all z, h(z) =1 for e <2 <1 —¢€, and
he(xz) = 0 for all z ¢ [0, 1]. It follows that

||101 h” /|101 |deL'<2€

Start by defining

e~/ x>0
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Then f is infinitely differentiable and f(z) — 1 as x — oo. The function g(x) = f(z)f(1—2)
belongs to C§°(R) is zero outside [0, 1] and satisfies 0 < g(z) < 1in 0 < z < 1. Denote

c:/olg(x)dx

Glz) = % /0 " g(t) dt.

Then G € C*(R), 0 < G(z) < 1 for all z, G(z) =0 for all z <0, G(z) =1 for all x > 1.
Finally, let

and define

he(z) = G(x/e)G((1 — x)/e).
Then 1j1-q < he < 1p, and hence [ 1jg1) — hell, < (2¢)/7 — 0 as e — 0.

Step 2. Approximate 1p for rectangles R = I) X Iy x --- x I,, I; = [a;,b;] by
1172 = a;)/(b; = a;))
j=1

Step 3. Approximate 1g in case E is a measurable subset of R" of finite measure.

Taking sums of functions from Step 2, one can approximate 1z by functions in C§°(R")
for any R in the rectangle ring (finite union of rectangles). By Theorem 20 (§1.3, p. 34 of
the textbook), u(E) < oo implies F € Mp. Hence there is a sequence Ry in the rectangle
ring such that

u(S(E,R)) — 0 as k— o0

where S(A,B) = (A — B) U (B — A), the set-theoretical symmetric difference. Moreover,
11 — 1g, |5 = u(S(E, Ry)), so 1g, tends to 1g in LP(R") for any p, 1 < p < oo.

Step 4. From Step 3, we can approximate any finite linear combination of functions of the
form 1p with p(E) < oo in LP(R™) norm by functions in C§°(R"). Finally, consider any
measurable f : R” — C. Then f = u+iv = (v —u”) +i(vT —v7), and we may apply
Theorem 6 (§2.2, page 62) to each of the functions u* and v* to find a sequence of simple
functions s such that

lim s(e) = f(a), |suo)] < |f(2)].
Note that if 0 < s < u™ and s is simple, then for any ¢ > 0,
1
e R s(0) =) S ulfo € R @) 2 e < o [ 1P < oo,

for f € LP(R™). Thus sy is a linear combination of indicator functions 1 with u(E) < oo,
and hence each s can be approximated, (Thanks to S. M. for pointing out the gap in



5

the preceding version in which we forgot to check this finiteness property of sj.) Finally,
|sk(x) — f(x)|P < (2| f(z)|)P is a majorant, and the dominated convergence theorem implies

lim |f(z) — sp(x)|Pdx = 0.

k—oo Rn

This concludes the proof that Cg°(R") is dense in LP(R"). O
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