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1 Fourier Integrals of finite measures.

Denote the space of finite, positive, measures on R by

M, (R) = {p: p is a positive measure on R; p(R) < oo}

Proposition 1 For u € M, (R), we define the Fourier transform by

fwozmaz/eﬂwmm

R

Then
F: My (R) — Cy(R)

where Cy(R) is the space of bounded continuous functions.

Proof. We have

18] <

/ge‘mfdﬂ(x) < /£|e-“f|du<x>::uaR><:oo

Furthermore, since u(R) < oo, the function g(z) = 1 is integrable, and serves as a majorant,
le7®¢| < 1 = g(z). By the dominated convergence theorem, fi(€) is continuous.

Theorem 1 (Uniqueness) Let p € M (R). Then p is uniquely determined by fi.
Proof. We show that if fi; = fio, then p; = ps. Let ¢ € S. Then
[ ewinto) = [ elwite) iz (1)
R

R

Indeed, by Fubini’s theorem

[ewants) = [ [ oty deautn) = [ [ edutota) s = [ ityyote) do



If fu(y) = fi2(y), then by (1),

A@@@uw=4¢@mmw

for every ¢ € S. Since the Fourier transform is invertible on &, we can also write this as
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R
Choose ¢, € S(R) such that
1[a,b] < Pe < 1[a—e,b+€]
By the dominated convergence theorem
o) =tim [ dps =ting [ s = (o)
e—0 Jr e—0 Jp

This shows that uq, and us are the same.

Weak convergence of measures. Let p; and p denote positive measures with finite total
mass on R. We say that p; tends weakly to p if

i [ oy = [ o
R R

o0
for all ¢ € Cp(R).
Exercise. Show that if
im [ ;= [ o
R R

o0
for all ¢ € C°(R), then p; — p weakly. (The reason is that C§°(R) is dense in Cy(R) in the
uniform norm, i. e. the L>*°(R) norm. In particular, functions ¢ € S(R) sulfffice.)

We will establish weak convergence by finding a sufficient condition for it in terms of
Fourier transforms. (Note that we established the analogous lemma for Fourier series when
we proved Weyl’s equidistribution theorem.)

Proposition 2 If u; and p belong to M*(R), and for each § € R,
lim (6 =€)
then
i [ fduy = [ fau
I JR R
for all f € S(R).



Proof. We have in particular, p;(R) = f1;(0) — /(0) so that the sequence 4,;(R) is bounded.
(In all of our applications we have probability measures, p;(R) = 1, so this step is not
needed.) Thus

sup [f1;(§)| = sup p1;(R) < €' < o0
J J

For ¢ € S, |p(&)f;(€)] < Clp(€)| is an integrable majorant, so the dominated convergence
theorem gives
tim [ ©)i€)de = [ wln(e)as

But by Fubini’s theorem this is the same as

lim [ @(y)du;(y) = / (y))du(y)

j=oo JRr R
But the set of all ¢ such that ¢ € § is all of S, so we have the desired weak convergence of
Hj tO fi.
In the applications we want more explicit kind of convergence, namely convergence of

i (1) for intervals I. This nearly works. What can go wrong is illustrated using sequences
of point masses,

do(z) = 0(z — a)
This measure is defined by §,(F) = 1 if a € F and 0 if a ¢ E. The sequence d;,, tends
weakly to &g as n — oo, but

lim 6y, (1) =14£0=230(I), I=(0,1).

J—o0

A continuous measure is a measure p such that p(a) = 0 for any single point a. A
measure that has only point masses is called atomic, and a continuous measure is sometimes
called non-atomic. On your homework you show how to split a measure into atomic and
continuous parts. The discontinuities arise at at most countably many points. A continuous
measure is characterized by the fact that u((a,bd) is continuous as a function of a and b.
Equivalently, u((a, b)) = p([a,b]) for any a < b.

Proposition 3 If
i [ fdn; = [ s
R R

for all f € C°(R), then
lim sup 415 ((a, b)) < p([a, b])

J—o0



and

lim inf 2;((a, b)) = p((a, b))

J—0

In particular if p is continuous then
p;((a, b)) — p((a, b)) = p((a, b])

Proof. Let ¢ € S be such that 1,4 < ¢ < 1(g—epte), then

limsup (0. 8)) < limsup [ oy = [ odu < plfa—e.b+ o)
R R

Taking the limit as ¢ — 0 gives the upper bound. The lower bound is similar using ¢ €
C3°(R) such that 1giep—e) < ¢ < L(gp). It is important to note that the sequence p; can
have all the atomic parts it wants. Only the target measure u needs to be continuous at the
endpoints. This is crucial to the applications.

2 An application to the central limit theorem.

Recall that in probability theory, we are concerned with measures pux on R that represent
the probability distribution of a random variable X satisfying

P(CL <X < b) = ,uX((a,b)) = E(l(a7b)(X)) = / 1(a7b)d,LLX
R
and, more generally, for any Borel function ¢ on R that is us-integrable,
[ ela)dusto) =Bo0) = [ o
R M

For example, all the Rademacher functions R,, all have the same distribution, value 1 with
probability 1/2 and value —1 with probability 1/2. The corresponding measure is denoted

1 1
= -9 —0_
1% 21+2 1



The mean and variance of X is defined by

e}

E(X) = / rdux(r); Var(X) = E((X — E(X))?) = / " (o — E(X) dux(2)

o —00
For X = R,, the mean is 0 and the variance is

1 1
~(1-02+=(1-02=1
5(1=0)"+5(1-0)

The characteristic function xx of a random variable X is defined by

[e.9]

v () = E(e) = / et dpy (1)

—00

For example, the characteristic function of each R, is
x(t) = (1/2)e" + (1/2)e™" = cos(t)

In general, up to a sign, the characteristic function is the Fourier transform of the distribution
of a random variable X,

xx(t) = ix (=)

The notion of weak convergence is central to probability theory. Weak convergence of
the distributional measures is the same as

E(¢(X;)) = E(p(X))

for all ¢ € Cy(R) (or equivalently for all ¢ € C$°(R)). In probability theory it’s also
convenient to know (and not hard to show) that one can broaden the class of test functions
from ¢ € Cyh(R) to ¢ € Cp(R), the space of bounded continuous functions.

The word used by probabilists for weak convergence is convergence in law. They often
prefer an equivalent, but more concrete, formulation using test functions of the form ¢ = 1;,
where I C R is an interval. We have

B(X € 1) = B(1(X) = [ dux = x(1)

The discontinuity of 1; at its endpoints requires us to change the statement slightly, as we
explained earlier and now express using notations from probability theory.



The (cumulative) distribution function F'x of a random variable X (with probability
distribution px) is defined as

Fx(a) = E(X < a) = px((—o0,a])
We say that X; converges in law to X if
lim Fx,(a) = Fx(a)

J—o0
for every a at which F'(x) is continuous. It follows that if X; tends to X in law

lim E(a < X; <b) =E(a < X <)

J—00

provided Fx is continuous at a and b. Proposition 3 says that weak convergence of px; to
ftx implies convergence in law of X, to X. The converse is left as an exercise; we won'’t
use it. (To prove this, first figure out how convergence in law identifies the jumps of the
increasing function Fly.)

A gaussian random variable X with mean zero and variance 1 is a variable whose distri-
bution is given by

b
E(a < X <b) = / g(x)dx;
in which
dux = g(x)dz, r) = ——¢€
Thus

The characteristic function is

o0

\(t) = vx () = E() = / eg(x) dr = §(—t) = e P2 (2)

—0o0

In particular,

(This is just the required normalization of a probability measure: total mass 1.) Differenti-
ating (2) with respect to ¢, we get

E(X) = /_00 zg(x)dr =0 (mean zero)

[e.o]



Differentiating again, we get

E(X?) = /_OO v*g(x)dr =1 (variance 1)

o0

We can rescale to get any variance. Let
1 —.1’2/2
9go(x) = (1/o)g(z/0), g(z) = gi(z) = —=e

The parameter o is known as the standard deviation and the variance is the square of the

standard deviation. -
/ 2% gy (7) dr = o

e}

We can also change the mean by translation: If X has distribution g,(z — z¢)dz, then it has
mean o and variance 0.

To clarify the meaning of the scale factor o, consider X, a gaussian random variable with
standard deviation o, and X7, a gaussian random variable with standard deviation 1. Then

Plac < X, —E(X,) <bo) = Pla < X; —EX; <)

Theorem 2 (Central Limit Theorem) Let X1, Xs, ... be independent, identically distributed
random variables such that

E(X))=M; E[(X,-M)?=0¢% E(Xi**)=4<o00

for some a > 0. Then

X1+ +X,—nM b
Ela< LT Ky —>/gg(3:)dx
vn o

Lemma 1 '
¢ =1+ix+ (iz)’/2 + R(x)

with
|R(x)| < 4min(|z]?, |2|*) < 4]z**

forall a, 0 < a < 1.



Proof. The fundamental theorem of calculus implies

P = 10)+ 7O + 570+ [ 500 -0

Let f(t) = €"®. Then
I :
R(z) = —/ (ix)*e™ (1 —t)* dt
2 Jo
Therefore,
|9U|3 2 3
|R(z)] < =~ (1—t) dt = |z[*/6
2 Jo
for all || < 1. On the other hand, for |z| > 1,

|R(z)| = |1 + iz + (ix)?/2 — | < 2 + |2| + 2°/2 < 4|z)?

Replacing X; with X; — M we may assume without loss of generality that M = 0. We
compute the Fourier transform of the measure p,, defined by

X1_|_..._|_Xn<b
NZD

() =P (a <

ﬂn(é) _ E( —i§(X1++Xn) /f) HE —i€X; /f) (E(e—igXl/\/ﬁ)>n
and since M = 0,

(e =i/ / ) = [ [~ in/Vi+ (i€ 2+ R(=a€/ V) dia (o)
— %€ /2n + O([¢]*+* [n'*o/2)
For each fixed & we therefore get

lim [1 — 0‘262/271 + 0(1/n1+a/2)]n _ 6—0252/2

In other words, for all £
Tim () = G (€)
Then we apply Proposition 2 and 3 to finish the proof.



Sums of random variables and convolution.

We can rephrase the central limit theorem in terms of convolution. For independent X,
and X, suppose that v; = ux;, then

E(p(X; + X3)) = /R/RQD(% + xa)dvy (1) dva(z9)

In particular, if we define a measure by

(1) = / / 11(21 + 2)dvn (1) dva(s) (3)
R JR
for all intervals I, the v = ux,+x,, the distribution of the sum X; + Xs.
Ezercise. Show that if dv; = f;(x)dz, with f; € L'(R), then
dv = g(z)dzx, with g¢g= fi*fs

This justifies turning (3) into the definition of v = vy x vs.

FExercise. Show that under this definition,
Vl/*\l/z(f ) = U1ln (4)
For a sequence of independent random variables, X,

KXy e Xy, = HX K X %k X,

For instance, if pux, = (1/2)(d_1 + d1), and the variables are i. i. d., then

AL
Xyt Xy = 2 Z (k:) O—n+t2k

k=0

Exercise. Express the central limit theorem (in this special case) in terms of this measure,
and find the scaling under which this measure tends weakly to the gaussian distribution
g1(z)dx.

We can also consider the class of signed measures Borel measures M (R), real-valued
functions p on Borel sets of R such that

| el = sup{z lpe(1;)] : UIj = R, (disjoint intervals)} < oo
j=1

9



The norm ||p|| represents the total mass of p (also called the total variation). A signed
measure can always be written as
o=t — f—

for two finite, positive measures p4 such that, in addition, there are Borel sets F. such
that pe(Ey) = pge(R) and py(F-) = pu—(Ey) = 0. (In this case we say py and p_ are
mutually singular, and write g L p_. This specifies the measures uniquely.) Using this
decomposition, we can define p* v for signed measures using linearity and (4), and it remains
the case that Fourier transform of the convolution is the product of the Fourier transforms.

3 S'(R), the class of tempered distributions

Define a metric on the Schwartz class
SR) ={p e C*[R) : [lolljr <oo, j,k=0,1,2, ...}

with seminormst ‘
el = sup |27 ®) ()]
zeR

by

o0
dist(f,9) = Y 27 Fmin(|[f - gl 1)
7,k=0
We take the minimum with 1 so that the sum is finite. The seminorm property is used to
confirm the triangle inequality so that this is a metric.

The dual space to S(R), denoted S'(R) is the set of continuous, linear functions 7' : S —
C. (The point of defining the metric was to say in what sense 7" is continuous.) This class is
also known as the space of tempered distributions. (More generally, the class of distributions,
are dual to the smaller function space C§°(R). Because the tempered distributions have to act
on Schwartz class functions, they have better behavior at infinity than general distributions.
The more general distributions don’t have well defined Fourier transforms because they can
grow too fast at infinity.)

The most useful notion of convergence in S’ is the same weak convergence we already
discussed. We say that T} tends to 71" if

lim T)(¢) = T()

J—00

LA seminorm satisfies || f|| > 0, ||f + gl < |If]l + llg]l and |lef|| = |c|||f]l, but not necessarily the last
axiom: ||f|| = 0 need not imply that f = 0.
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for all ¢ € S. (The technical reason why this is a useful kind of limit is that the existence of
the limit point by point for each ¢ € S(R) suffices in order that the limiting linear operator
T be continuous in the S(R) metric.)

If u(x) is a bounded measurable function or u € LP(R), then we define

for any ¢ € §. In this way we identify every such function v with a distribution. Measures
are also identified with

Tu(p) = /Rsﬁdu

Any linear continuous operation on S defines a corresponding (dual) operation on S&’. For
example, we have calculated for u € § and for ¢ € S that

/ugbdx:/ﬁgodx
R R

This explains the definition of the Fourier transform of any 7" € §’(R), namely

For a measure, ; € M (R) we could also define the Fourier transform by

(€)= [ e duta)
R
The two definitions are consistent. The proof is left as an exercise. But let’s illustrate it by

comparing the two definitions in one case, namely py = J, the delta function (unit mass at
0). The correponding tempered distribution 7Ty € S’(R) is given by Ty(p) = ¢(0). Then

fio(§) = /]Re_m5 dpo(z) = e =1

On the other hand,

mw—%@—ﬂm—/

R

o) de = [ playun(a) do
R
with ug(z) = 1. In other words, the definitions are consistent, yielding jip = 1.
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The idea of duality also leads to the definition of the derivative of a tempered distribution,
namely,

T'(p) = =T(¥)
This is motivated by the formula (in the special case u € S, ¢ € S,

/u’gpd:c:—/ugoldx,
R R

which follows from integration by parts (or the product rule (up) = u'¢ + uy’).

Exercise. Find T’ (¢) directly from the definition in the case T' = §. More examples and
formulas are on PS11.

Fourier inversion on S&’(R). The Fourier transform is a continuous linear mapping from
S(R) to S(R) and it inverse is also a continuous mapping from S(R) to S(R) with the

formula
1

- 5= [ oot

Proposition 4 If T € §'(R), and define S by

p(x)

Then S € S'(R) and S = T. In other words, the mapping T — T defined by

T(p)=T(p)

inverts the Fourier transform on S'(R).

This proposition is a corollary of Fourier inversion on S(R) and the definition of Fourier
transform on S'(R). Let T € S'(R). The inverse Fourier tranform mapping ¢ +— @ is a
continuous linear mapping from S(R) — S(R), so S defined by

is a continuous linear mapping from S(R) — C. In order to show that S = T, recall that
the Fourier inversion formula on S(R) says that for all n € S(R), if ¢ = 7, then ¢ = n. Thus
for all n € S(R) (and denoting ¢ = 7)

S(n) = S() = S(¢) =T(p) = T(n)
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