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Section 1: Introduction

This project focuses on the analysis and experimentation of the two dimensional (2D)
Laplacian matrix (K2D). Special emphasis is put on solving large systems, particularly
for problems related to digital image processing and optical imaging. We discuss a
typical application of the K2D matrix in finding the edges of an image. In the forward
problem, F=K2D-U, the input is the image we want to process by a Laplacian based
edge detection algorithm. As will be discussed in the next section, the input image is
preprocessed by a raster scanning algorithm to form the vector U. The output vector F is
also processed by the inverse raster scanning algorithm to form the 2D Laplacian of the
image. This new matrix is used in the edge detection algorithm to find all the edges.

In the inverse problem, U = K2D™' - F , the Laplacian of the image is the input and we
try to recover the original object. This is the case for certain optical systems as discussed
in Section 2. In order to solve this problem efficiently, we discuss the properties of K2D
and experiment several ways to speed up the elimination and also reduce the storage
during computations.

In Section 3, we analyze three popular reordering algorithms: minimum degree, red-black
and graph separator orderings. We developed several experiments to explore their
behavior under conditions such as variable matrix sizes. In addition, experiments are
developed to estimate their required computational time and efficiency under LU and
Cholesky decompositions.



Section 2: Application of the Laplacian Matrix in Digital
Image Processing

In this section, the implementation of the two dimensional (2D) Laplacian Matrix (K2D)
on a digital image processing problem is discussed. In this problem, the second derivative
of the image (i.e. the Laplacian) is used to find discontinuities by implementing an edge
detection algorithm. Edge detection algorithms are widely used in applications such as
object detection and recognition, shape measurement and profilometry, image analysis,
digital holographic imaging and robotic vision.

Edges in images appear as regions with strong intensity variations. In the case of images
obtained with a conventional camera, edges typically represent the contour and/or
morphology of the object(s) contained in the field of view (FOV) of the imaging system.
From an optics perspective, edges represent the high spatial frequency information of the
scattered wave coming from an illuminated object. If an object contains a sharp
discontinuity, the information for this region will be mapped in a region of high
frequency in the Fourier plane. Edge detecting an image is very important as it
significantly reduces the amount of data and filters out useless information, while
preserving structural properties of the image [1].

There are two main categories of edge detection algorithms: gradient and Laplacian based
algorithms. In a typical gradient based algorithm, the first derivative of the image is
computed in both dimensions (row and column wise). In this new image, the edges
become apparent and the maximum and minimum gradients of the image are compared to
a threshold. If there is a maximum with a value larger than the threshold, the spatial
coordinate of that maximum is considered an edge. An example of gradient based
algorithms is the Sobel edge detection algorithm. Figure 2.1 shows a 1D discontinuity
centered at x=0. Figure 2.2 is a plot of the first derivative of the intensity function of
Figure 2.1. It is important to note that the maximum is also centered at x=0. If we set the
threshold of the edge detection algorithm equal to 0.2, an edge would be detected at x=0.
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Figure 2.1: Example of 1D edge in an image
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Figure 2.2: First derivative of the 1D edge of Figure 2.1.
For a Laplacian based algorithm, the second derivative of the original image is computed.
The zero crossings of the resulted matrix are used to find the edges. Figure 2.3 shows the

second derivative computed for the 1D example discussed above. The Matlab code used
to generate Figures 2.1-2.3 is included in Appendix A.1.

Figure 2.3: Second derivative of the 1D edge of Figure 2.1.

In the 2D case, the Laplacian is computed in both dimensions (row and column wise).
This can be achieved by using the matrix K2D in the forward problem:

K2D-U=F,

where U is a vector formed after raster scanning the original image. The measurement
vector F is the raster scanned version of the 2D Laplacian of the image. The matrix K2D

is an N x N”matrix formed by the addition of the Kronecker tensor products
K2D = kron(K,I)+ kron(1,K).

Here, I is the N x N identity matrix and K is also N x N and tridiagonal of the form:



To exemplify the 2D forward problem, consider the 500x 500 pixels image of Figure 2.4.

To form the vector U, we need to implement a raster scanning algorithm. In the raster
scanning algorithm, the N x N matrix (i.e. the image) is decomposed into a vector of size

N’. This is achieved by extracting each column of the original matrix and placing it at
the bottom of the vector. For example, a 3 x 3 pixels image would produce

~ raster
U=|u, u; u, |—> . > U=|u
scanning

Figure 2.4: Photograph of Prof. Gilbert Strang (500 x 500 pixels ).

The forward problem is solved by multiplying the K2D matrix, which in this case is
250000x 250000, with the vector U. Since both the vectors and the matrix are large, it is
necessary to implement the ‘sparse’ function available in Matlab. The ‘sparse’ function
reduces the required storage by only considering the coordinates of the nonzero elements
in the sparse matrix. The resultant matrix is obtained by the implementation of the
inverse-raster scanning algorithm. Figure 2.5 shows the 2D Laplacian obtained after



solving the forward problem for the image of Figure 2.4. The code used to generate
Figure 2.5 is included in Appendix A.2.
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Figure 2.5: 2D Laplacian of the image of Figure 2.4.
For a Laplacian based algorithm, the information contained in Figure 2.5 is used to find

the edges of the image. The result of this algorithm is a binary image such as the one
shown in Figure 2.6. For more information about edge detection algorithms refer to [2].

Figure 2.6: Result of applying the Laplacian edge detection algorithm on Figure 2.4.

Now we discuss the inverse problem. In the inverse problem, we are given the Laplacian
of the image and our task is to find the original image

U=K2D'F.



This is a common problem in communications where we want to transmit as little
information as possible. In an extreme case, we would like to transmit just the edges of
the image (a sparse matrix) and from this recover the original image. Another example is
an optical imaging system that has a high-pass Fourier filter in the Fourier plane, such as
the one shown in Figure 2.7. In the optical configuration of Figure 2.7, an object is
illuminated by a mutually-coherent monochromatic wave and the forward scatter light
enters a 4f system. The 4f system is a combination of two positive lenses that are
separated by a total distance of d = f1+ f2, where fland f2are the focal lengths of

both lenses. The first lens functions like an optical Fourier Transform operator. A high-
pass Fourier filter is positioned in between both lenses (at the focal plane). This high-pass
filter is designed to block the low spatial frequency content of the optical field and only
let the high frequency information pass. The filtered spectrum is inverse Fourier
transformed by the second lens and forms an image on a CCD detector. If the cut-off
frequency is set relatively high (i.e. cutting a great part of the low frequency
information), the edges of the object start being accentuated at the image plane.
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Figure 2.7: Optical realization of edge extraction

In the inverse problem, the input is an image similar to the one shown in Figure 2.5 and
the output is another image like the one shown in Figure 2.4. The algorithm to compute
this includes an elimination step (for the code included in Appendix A.3, the elimination
is done using Matlab’s °\’ function) and a reordering. Different types of reordering such
as minimum degree, red-black and nested dissection orderings will be analyzed and
compared in Section 3. Choosing a suitable reordering algorithm is very important
especially for large systems (for images with a high space-bandwidth product), as it
reduces the number of fill-ins during elimination.

2.1 The K2D Matrix

The K2D matrix can be though of as the discrete Laplacian operator applied to vector U.
As mentioned before, K2D can be formed from the addition of the Kronecker products of
K and 1. K2D has 4’s in the main diagonal and -1’s for the off-diagonal terms. For
example, the 9x9 K2D matrix is given by
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The main characteristics of K2D is that it is symmetric and positive definite. From
symmetry we know that K2D=K2D"and that all its eigenvalues are real and its
eigenvectors are orthogonal. From positive defines we know that all the eigenvalues of
K2D are positive and larger than zero; therefore, its determinant is larger than zero. The

determinant for the 9x9 matrix shown above is det|K 2D| =100352. The Gershgorin

circle theorem applied to the matrix K2D indicates that all its eigenvalues should be
contained inside a circle centered at 4 and with a radius of 4. Figure 2.8 shows the
eigenvalues of the 9x9 K2D matrix in the complex plane. As predicted by the
Gershgorin circle theorem, all the eigenvalues are between 0 and 8. The code to generate
the plot of Figure 2.8 is included in Appendix A.4. Figure 2.9 shows the eigenvalues for a
much larger K2D matrix (4900x4900). These 4900 eigenvalues also remain between 0
and 8.
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Figure 2.8: Eigenvalues of the 9x9K2D matrix
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Figure 2.9: Eigenvalues of a 4900 x4900 K2D matrix

Another interesting measure that describes the behavior of K2D is the condition number
or in the context of information theory, the Rayleigh metric. The condition number is
defined as

|ﬂ‘max
C=—,

!

‘min

and gives information about how close the matrix is to ill-posedness. If ¢ = 1, the matrix
is said to be well-posed, but if the condition number is large (¢ — « ), the matrix gets
close to becoming singular. In other words, we cannot completely trust the results
obtained from an ill-posed matrix. Figure 2.10 shows the condition number for K2D of
different sizes. The code used to generate this figure is included in Appendix A.5.
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Figure 2.10: Condition number of K2D as a function of size



Section 3: Reordering Algorithms

In the previous section we described some of the properties of the K2D matrix along with
related problems (forward and inverse problems) that are important for digital image
processing. The main difficulty in solving such systems arises when the system is large.
A large system would be required if we intend to process an image with a large number
of pixels. If we do the elimination directly on K2D, several fill-ins would appear and the
computational costs (memory and computational time) would increase. For this reason, in
this section we discuss different reordering algorithms that help reduce the number of fill-
ins during elimination.

3.1: Minimum Degree Algorithm

The minimum degree algorithms reorder K2D to form a new @=P(K 2D)P" by

eliminating the pivots that have the minimum degree. If we draw the graph corresponding
to K2D, the minimum degree algorithm eliminates the edges (off-diagonal terms) from
the nodes that have the minimum degree (i.e. the least number of edges connected to it).
To describe the steps involved in this algorithm, we carry the reordering algorithm on the
9x9K2D matrix described above. Figure 3.1 shows its corresponding graph. The steps of
the algorithm are as follows:

Figure 3.1: Graph corresponding to a 9x9K2D matrix

1. We start by choosing the first element in the matrix as the pivot (in reality, you
can choose any of the corner nodes of the graph, as all of them are degree 2).
Using this pivot, carry out elimination as usual. This is equivalent to eliminating
the edges connected to the pivot node. Two new fill-ins are generated in this step,
and this is shown in the graph as a new edge as shown in Figure 3.2.

2. Update the permutation vector: P =[1]. The permutation vector keeps track of the
order of the nodes we choose for elimination.

3. Go back to step one and choose one of the three remaining nodes that are degree
2. For example, if the next node we choose is node 3, after elimination, the
permutation vector becomes: P=[1 3].

Figure 3.3 shows the graph sequence for the remaining steps of the minimum degree
algorithm. The final permutation vectoris P=[1 3 7 9 6 5 2 8 4].Figure3.4
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shows a comparison between the structures of the original and the reordered K2D
matrices. Figure 3.5 shows the lower triangular matrices produced after LU decomposing
the original and the reordered K2D matrices. As can be seen from this figure, reordering
the matrix produces fewer numbers of nonzeros during the LU decomposition. The
Matlab code used to generate Figures 3.1-3.5 was obtained at [3].

Figure 3.2: Graph of the 9x9 K2D matrix after step one of the minimum degree

algorithm
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Figure 3.3: Sequence of graphs for the remaining steps in the minimum degree algorithm
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Figure 3.4: Structural comparison between the original and the reordered K2D matrices
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Figure 3.5: Lower triangular matrices produced after LU decomposition of the original
(#nonzeros = 29) and the reordered (#nonzeros = 26) K2D matrices

Several minimum degree reordering algorithms are available. Each of these algorithms
produces a different permutation vector. We now compare five of such algorithms:

1. Matlab’s “symamd” algorithm: Symmetric approximate minimum degree
permutation.

2. Matlab’s “symmmd” algorithm: Symmetric minimum degree permutation.

3. Matlab’s “colamd” algorithm: Column approximate minimum degree
permutation.

4. Matlab’s “colmmd” algorithm: Column minimum degree permutation.

Function “realmmd” algorithm [3]: Real minimum degree algorithm for

symmetric matrices.

W

Figure 3.6 shows the structure of a 81x81K2D matrix. Figure 3.7 shows a structural
comparison of the reordered matrices using the five minimum degree algorithms
mentioned above. Figure 3.8 shows their respective lower triangular matrix produced
after LU decomposing the reordered K2D matrix. From this figure, it is evident that the
real minimum degree algorithm produces the least number of nonzero elements (469) in

12



the decomposed lower triangular matrix. The code used to generate Figures 3.6-3.8 is
included in Appendix B.1.
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Figure 3.7: Structural comparison of reordered matrices using the five algorithms
described above

13



Lowenr trinngulae matrkx fram K1 recdored with: ymemd Lownr rinngular mahix Mo KZE oo dorod will: syvmrmd Lownr mriangular matiix #om K2 rocedored with: colamd

tof v,
=,

b,
ot '3%3'

Figure 3.8: Structural comparison of the lower triangular matrices decomposed from the
reordered matrices using the five algorithms.

Now we compare how the five minimum degree algorithms behave as a function of
matrix size. In particular, we are interested to know the number of nonzeros in the lower
triangular matrix, L, after LU decomposing the reordered K2D matrices for different
matrix sizes. Figure 3.9 shows this comparison for matrices with sizes ranging from 4 x4
to 3844 x3844 entries. Figure 3.10 zooms into Figure 3.9 to show an interesting behavior
of the ‘realmmd’ and the ‘symamd’ algorithms with relative small sized matrices. For
small matrices, the ‘realmmd’ algorithm produces the least number of nonzeros in L;
however, if the matrix size increases (especially for large matrices), the ‘symamd’
algorithm is the winner. The code used to generate Figure 3.9-3.10 is included in
Appendix B.2.

In our next experiment, we compare four of these minimum degree methods for different
matrix sizes after performing a Cholesky decomposition on the reordered matrix. The
size of the matrices ranges from 4x4to 120409x120409 in steps of 25. The results of
this experiment are plotted in Figure 3.11. As in the previous experiment, we can see that
the methods ‘symamd’ and ‘symmmd’ produce the least number of nonzeros entries in
the factorized matrix. However, the question now is: are these methods (symamd and
symmmd) fast to compute?

14
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Figure 3.9: Comparison of the nonzeros generated by the five algorithms as a function of
matrix size
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Figure 3.10: Zoomed in from Figure 3.9.
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Figure 3.11: Nonzeros generated by the Cholesky factorized matrix, reordered with four
different minimum degree algorithms
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To answer the question stated above, we now turn to compare the required computational
time for reordering K2D by these four minimum degree algorithms. The results are
shown in Figure 3.12. From this figure we can see that although it is slightly faster to
reorder a large matrix with ‘colamd’ rather than using ‘symamd’, the number of nonzeros
generated in the decomposed matrix is significantly less for a matrix reordered by the
‘sysmamd’ algorithm. In conclusion, ‘sysmamd’ is our big winner.

Reordaring computational tme

4 o 8 10 12
Sizn: N x 10"

Figure 3.12: Computational time for reordering K2D of different sizes

The reason we didn’t include the ‘realmmd’ algorithm in the comparison of Figure 3.13,
is because this algorithm requires a long computational time (even for relatively small
matrices) as shown in Figure 3.13.

Figure 3.13: Computational time required by ‘realmmd’ as a function of matrix size

If we use Matlab’s functions ‘chol’ and ‘lu’ to produce the Cholesky and LU
decompositions respectively, it is fair to ask: what is the computational time required by
both functions? Is the computational time dependent on the input matrix (i.e. if the matrix
was generated by ‘symamd’, ‘symmd’, ‘colamd’ or °‘colmmd’)? How does the
computational time behave as a function of the matrix size? To answer all of these
questions, we generated the plots shown in Figures 3.14 and 3.15. The Matlab code used
to generate Figures 3.11-3.15 is included in Appendix B.3.
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Figure 3.14: Computational time required by Matlab’s Cholesky decomposition function
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Figure 3.15: Computational time required by Matlab’s LU decomposition function ‘lu’
3.2: Red-Black Ordering Algorithm
The red-black ordering algorithm is an alternative reordering technique in which it is
divided in a way similar to a checkerboard (red and black or odd and even squares). The

permutation vector is simply generated by first selecting for elimination the odd nodes
and then all the even nodes on the grid. The red-black permutation is given by

41 B
P(K2D)P" =| ™ ,
B 4]red

where B is a matrix composed by -1s from the off-diagonal or black elements of K2D.
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For example, Figure 3.16 shows a structural comparison between the original 9x9K2D
matrix and the its equivalent reordered using the red-black ordering algorithm. The

permutation vector in this example is: P=[1 357 9 2 46 8].The reordered

K2D matrix is given by
4 0 0 0 0 -1 -1 0 O]
0 4 0 0 0 -1 0 -1 0
0 0 4 0 0 -1 -1 -1 -1
0 0 0 4 0 0 -1 0 -1
P(K2D)P"=|0 0 O O 4 0 0 -1 -1
-1 -1 -1 0 0 4 0 0 O
-1 0 -1 -1 0 0 4 0 O
0 -1 -1 0 -1 0 0 4 0
0 0 -1 -1 -1 0 0 0 4|

Original 9x9 K2D K2D reordered by red-black algorithm

oF . . . 4 9

10
5 0 5
nz =33 nz =33

Figure 3.16: Structural comparison between the original K2D (to the left) and the
reordered matrix using the red-black algorithm (to the right)

Figure 3.17 shows the sequence of eliminations that occur on the graph representation of
the matrix described above. From this figure, we can see that the algorithm starts by
eliminating all the edges of the odd/red nodes (remember that the graph is numbered row
by row starting from the bottom left corner). After finishing with the odd nodes, the
algorithm continues to eliminate the even nodes until all the edges have been eliminated.
A comparison between the lower triangular matrices produced after elimination of the
original and reorder matrices is shown in Figure 3.18. The reordered matrix produced less
number of nonzero entries in L (27 nonzeros instead of 29). The Matlab code used to
generate Figures 3.16-3.18 is included in Appendices B.4 and B.5. This code generates a
movie of the sequence followed during elimination in the graph.
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Figure 3.17: Sequence of eliminations for the red-black ordering algorithm
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Figure 3.18: Comparison of lower triangular matrices produced after LU decomposing
the original and the reordered K2D matrices
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We now try to study the behavior of the red-black ordering algorithm under matrices of
different sizes. Figure 3.19 shows a comparison between the original and the reordered
matrices for the number of nonzeros generated in the lower triangular matrix during LU
decomposition. Especially for large matrices, the red-black algorithm shows an important
improvement due to the significant reduction of the number of nonzeros in L. From this
figure we can see that the red-black algorithm performs worse than the minimum degree
algorithms discussed earlier. However, the main advantage of the red-black algorithm
resides in its simplicity and easy implementation.

% 10° Numbar of nonzeres in L &s a function of matrix size
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Figure 3.19: Number of nonzeros generated in L after LU decomposing the original and
the reordered K2D matrices

Figure 3.20 shows the computational time required by the red-black algorithm as a
function of matrix size.
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Figure 3.20: Computational time required by the red-black ordering algorithm as a
function of matrix size
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Finally, we want to compare the computational time required for the LU decomposition
of the original and the reordered matrices as a function of matrix size. This is shown in
Figure 3.21. As expected, the reordered matrix requires less time to produce the factors L
and U. The Matlab code used to generate Figures 3.19-3.21 is included in Appendix B.6.

Computational time of the LU decomposition algorithm
207 T T T T
Le=Original K20
Le=Heordarad K20 |

Figure 3.21: Computational time required by the LU decomposition of the original and
the reordered matrices

3.3: Graph Separators Algorithm and Nested Dissection

In this subsection we discuss an alternative reordering algorithm called graph separators.
Again, it is easier to understand the logic behind this algorithm by looking directly at the
graph. The key idea is that a separator, S, is introduced to divide the graph in two parts P
and Q (subsequent divisions of the graph would lead to nested dissection algorithms).
The separator S is formed by a collection of nodes and it has typically a smaller or equal
size than P and Q. To illustrate this algorithm, we go back to our 9x9matrix. The graph
of this matrix is shown in Figure 3.22. As shown in this figure, the graph is divided in
two parts by S. In this case, P, Q and S have the same size. The graph was initially
numbered row wise as before. In the graph separators algorithm, the graph is reordered
starting from all nodes in P, then all nodes in Q and finally all nodes in S as shown in the
same  figure. For this example, the permutation vector becomes:

P=[1 4 7 3 6 9 2 5 8]. The elimination sequence is performed following

this new order.

Figure 3.23 shows the structure of the reordered matrix and its corresponding lower
triangular factor. The graph separator permutation is given by

KP 0 KPS
P(K2D)P"=| 0 K, Ky
KSP KSQ KS
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Figure 3.22: Reordering occurred in the graph separators algorithm
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Figure 3.23: Structure of the reordered and the lower triangular factor of the 9x9K2D
matrices

As we mentioned before, the introduction of additional separators will produce a nested
dissection algorithm. For the example described above, we can introduce a maximum of
two additional separators as shown in Figure 3.24. With this ordering, the permutation

vector becomes: P=[1 7 4 3 9 6 2 5 8].Figure 3.25 shows the new structure

of the reordered matrix as well as the structure for L. The total number of nonzeros got
reduced from 28 to 26 (remember that with out any reordering L has 29 nonzeros).
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Figure 3.24: Nested dissection algorithm

1+ . .

oh . .

3k - L]

4F .

5f .
i} . .
T . .

& .

Q- . .
10" - . . . .
0 1 2 a 4 5

nz =43

Structure of the 8x9 K2d reordered by nested dissection

4]

Stucture of L from decomposing the reordered matrix
T T T T T T T

2

a

L
4

5
nz =26

L
&

L
Fi

I L i
] ] i0

Figure 3.25: Structure of the reordered matrix and its lower triangular factor

We now turn to experiment with more sophisticated nested dissection algorithms
available in Matlab Mesh Partitioning and Graph Separator Toolbox [4]. In
particular, we will compare two algorithms:

1. “specnd”: Spectral nested dissection ordering. This algorithm makes use of
certain properties of the Laplacian matrix to compute the proper separators. For
more information regarding spectral nested dissection algorithms refer to [7].

2. “gsnd”: Geometric spectral nested dissection ordering.
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Figure 3.26 compares the number of nonzero entries in L after LU decomposing the
matrices reordered by both algorithms and the original K2D. From this figure we can see
that the results produced by the spectral-based nested dissection algorithms get closer to
those obtained by the minimum degree algorithms; however, some of the minimum
degree algorithms such as the “symamd” algorithm perform much better.
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Figure 3.26: Number of nonzeros generated in L after LU decomposing the original and
the reordered K2D matrices (by “gsnd” and “specnd”)

A comparison of the computational time required by both algorithms is plotted in Figure
3.27. Again, we confirm that Matlab’s minimum degree algorithms perform much faster
on large matrices than the nested dissection algorithms.

Computational times tor nestod dissection algorithmes: “gsnd” and “specnd”

'_rj.anr il
“specnd” |

20t

Time (sec)

ok 1 L L L L L L L
1] 1000 2000 3000 4000 5000 G000 7000 8000 0000 10000
Size: N°

Figure 3.27: Computational time required by “gsnd” and “specnd” as a function of matrix
size
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Finally, we compare the computational time required by the LU factorization algorithm
when the input matrix was reordered by both algorithms. The results are plotted in Figure
3.28. The Matlab codes used to generate Figures 3.26-3.28 is included in Appendix B.6.

Computational time of the LU decomposition algorithm
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Figure 3.28: Computational time required by the LU decomposition of the original and
the reordered matrices
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Section 5: Appendices

A.1: This Appendix contains the Matlab code used to generate Figures 2.1-2.3.
%Conmput ati on of the first and second derivatives of an intensity function

% (x) to be used to detect discontinuities using and edge detection

%l gorithm

%Ceneral Paraneters
m = 0:0.01:1;

K
X

5;
-100: 100;

%D discontinuity
F1 = exp(-K*m;
F2 = -F1+2;
F="fliplr(Fl);
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F(1 engt h(F2) +1: 1 engt h( F2) *2- 1) =F2( 2: end) ;

9%l ot 1

figure;

pl ot (x, F, zeros(length(x),1)',[0:0.01:2],"--r"',x, zeros(length(x),1)","--r")
title('Intensity variation at the discontinuity')

x| abel (' x")

ylabel ("I ntensity')

% adi ent
del F = gradi ent(F);

%l ot 2

figure;

pl ot (x, del F, zeros(l ength(x),1)',[0: 2.4279e-004:0.0488],'--r',x,zeros(length(x),1)"',"--r")
title('First derivative')

x| abel (' x")

yl abel (" Intensity')

% apl aci an
del 2F = gradi ent(gradient(F));

%l ot 2

figure;

pl ot (X, del 2F, zeros(l engt h(x),1)"',[-0.0023: 2. 3e-005: 0. 0023],"'--r', X, zeros(length(x),1)","--
r

title(' Second derivative')
x| abel (' x")
ylabel ("I ntensity')

A.2: Matlab code used to generate Figure 2.4.

%-orward problem given an inmage, find the Laplacian for edge detection

%eneral paraneters
U=inread('gl', ' bmp');
U = doubl e(U);

N = size(U, 1);

h = 0.5;

%D difference matrix

K = diag([2*ones(N, 1)],0)+di ag([-ones(N-1,1)], 1) +di ag([-ones(N-1,1)],-1);
K = sparse(K);

%dentity matrix

| = speye(N);

92D Lapl aci an matrix

K2D = kron(K, 1) +kron(l, K);

%Rast er Scanni ng the inage

count = 1;

for m= 1:N
U (count:count+N-1,1) = U(:,m;
count = count +N;

end

%-orwar d probl em
F = K2D*Ur;

% nverse-raster scanning for F:

count = 1;

for m= 1:N
Fnew(:,m = F(count:count+N1,1);
count = count +N,

end

Fnew = Fnew( 2: 499, 2: 499);

Fnew = - Fnew*h"2;

figure; imgesc(Fnew);

col or bar

col ormap gray

axi s equal

%\ote: alternative solution is obtained using Matlab's del 2 function:
% Fnew = del 2(U);

A.3: Inverse Problem code

% nverse Problem G ven the Laplacian of an inmage, find original imge

%eneral paraneters
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inmread('gl'," ' bm');
doubl e(F);

size(F, 1);

0. .

Sznm
o

%Conputing the 2D Lapl aci an

F = del 2(F);

%D difference matrix

K = diag([2*ones(N, 1)],0)+di ag([-ones(N-1,1)], 1) +di ag([-ones(N-1,1)],-1);
K = sparse(K);

%dentity matrix
= speye(N);

92D Lapl aci an matrix
K2D = kron(K, I)+kron(l, K);

%Rast er Scanni ng Measurenent:

count = 1;

for m= 1:N
Fr(count:count+N-1,1) = F(:,m;
count = count +N;

end

%€l i m nation
U = K2D\ Fr;

%Jndo raster scanning for U

count = 1;

for m= 1:N
Unew(:, ) = U(count:count+N-1,1);
count = count +N,

end

Unew = - Unew h"2;

figure; imgesc(Unew;

col or bar

col ormap gray

axi s equal

A.4: Plots the eigenvalues of a 9x9 K2D matrix

%Code to plot the eigenvalues of a 9X9 K2D matri x inside Gershgorin circle
% eneral Paraneters

b=-1:0.0125: 9;

c = -4:0.01: 4;

N=3;

%D difference matrix

K = diag([2*ones(N, 1)],0)+di ag([-ones(N-1,1)], 1) +di ag([-ones(N-1,1)],-1);
K = sparse(K);

%Wdentity matrix

| = speye(N);

92D Lapl aci an matrix

K2D = kron(K, I)+kron(l, K);

%Ei genval ues of K2D

E = eig(K2D);

%ershgorin Circle

x = 0:0.01:8;

y = sqrt(472-(x-4)."2);

%I ot

figure;

hol d on

plot(x,y,"'--r",x,-y,'--r',b,zeros(801,1),"'--r", zeros(801,1),c,'--r")
pl ot (E, zeros(l ength(E),1),"' X))

hol d of f

axi s equal

x| abel (' Real ')

yl abel (" I magi nary')

title(' Ei genval ues of K2D)

A.5: Plots the condition number as a function of size for K2D

%Code to plot condition nunber as a function of size for matrix K2D
T=2:70;

for m= 1:1ength(T)

N=T(m;

%D difference matrix

K = diag([2*ones(N, 1)],0)+di ag([-ones(N-1,1)], 1) +di ag([-ones(N-1,1)],-1);
K = sparse(K);

%dentity matrix
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I = speye(N);
92D Lapl aci an matrix
K2D = kron(K, 1) +kron(l, K);

clear K; clear I; clear N

0/&:onput e Ei genval ues and condition nunber
= ei g(K2D);

condl (n') = max(E)/ m n(E);

clear E;

end

%I ot

pl ot (T.~2,condi)

x| abel (' size: N\2")

yl abel (" Condi ti on Nunber')

title(' Condition Nunber vs size of K2D)

B.1: Generates plots that compare different minimum degree algorithms

%Conpari son of different m ni num degree al gorithns

N=09;

%D difference matrix

K = sparse(diag([2*ones(N,1)], 0) +di ag([-ones(N-1,1)], 1) +di ag([-ones(N-1,1)],-1));
%dentlty matri x

I = speye(N);

9%2D Lapl aci an matrix

K2D = kron(K, 1) +kron(l, K);

clear | K

p= symarrd(KZD)
s = 'symand';

if m==2
p= symmd(KZD)
s = 'symmd

m ==
p=col and( K2D) ;
s = 'coland';

if m==4
p=col md( K2D) ;
s = 'colmd';
end
if m==5

end

K2Dnmod=K2D( p, p) ;

figure;

spy( K2Drod)

title(['Matrix reordered using: ',s]);

[L, U =l u(K2Dnod) ;

figure;

spy(L) . . _

title([' Lower triangular matrix from K2D reordered with: ',s]);
end

B.2: Comparison of different minimum degree algorithms as a function of matrix size
%Conpari son of different m ninum degree al gorithns

T = 2:5:62;
for k = 1:1ength(T)
N = T(k);

%D difference matrix
K = sparse(diag([2*ones(N, 1)], 0)+di ag([-ones(N-1,1)], 1) +di ag([-ones(N-1,1)],-1));
%dentlty matrix
I = speye(N);
92D Lapl aci an matrix
K2D = kron(K, 1) +kron(l, K);
clear | K
for m= 1:5
if m==
p=synmand( K2D) ;
end
if m==
p=synmmmd( K2D) ;
end
if m==
p=col and( K2D) ;
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end
if m==
p=col md( K2D) ;
end
if m==5
p=r eal md( K2D) ;

end

K2Dmod=K2DX p, p) ;

[L, U =l u(K2Dnod) ;

NoN(m k) = nnz(L);

clear L K2Dnod;
end

end
%Pl ot
figure;
plot(T.72,NoN(1,:),T.7~2,NoN(2,:),T.7~2,NoN(3,:),T.”~2,NoN(4,:),T.~2,NoN(5,:))
| egend(' symand' , ' symmd' , ' col and' , ' col nmd' , ' real md")
title(' Conparison of mnimmdegree algorithnms vs matrix size')
yl abel (' Nunber of nonzeros in L");
x| abel (' Si ze: N‘2")
figure;
pl ot (T(4:6).72, NoN(1, 4:6), T(4:6)."2, NoN(2, 4:6), T(4:6)."2, NoN(5, 4: 6))
| egend(' symamd' , ' symmmd' | ' real nmd' )
title(' Conparison of mnimmdegree algorithms vs matrix size')
yl abel (' Nunber of nonzeros in L");
x| abel (' Size: N‘2")

B.3: Comparison: nonzeros in Cholesky factor, computational time for LU and Cholesky

decompositions, computational time in reordering
% onpari son of different m ninum degree al gorithns: Conputational tine,
%Chol esky and LU deconposition and nunber of nonzero el enents

T = 2:5:347;
for k = 1:1ength(T)
N = T(k);

%D difference matrix
K = sparse(diag([2*ones(N, 1)], 0)+di ag([-ones(N-1,1)], 1) +di ag([-ones(N-1,1)],-1));
%dentity matrix
| = speye(N);
9%2D Lapl aci an matrix
K2D = kron(K, 1) +kron(l, K);
clear | K;
for m=1:4
if m==
tic
p=synmand( K2D) ;
time = toc;
K2Dnmod=K2D( p, p) ;
end
if m==2
tic
p=synmmd( K2D) ;
time = toc;
K2Dnmod=K2DX p, p) ;
end
if m==
tic
p=col anmd( K2D) ;
time =toc;
K2Dnmod=K2DX( p, p) ;
end
if m==4
tic
p=col nmd( K2D) ;
ti me=toc;
K2Dnmod=K2D( p, p) ;
end
if m==
tic
p=r eal mrd( K2D) ;
ti me=toc;
K2Dnmod=K2DX p, p) ;
end
tic
[ L] =chol ( K2Dnod) ;
tinme2 = toc;
tic
[L2, U2] =l u( K2Dmod) ;
tinmed4 = toc;
NoN1(m k) = nnz(L);
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time conn time2 tinme3 tinme4 tine5;
end
end
9%l ot
figure;
plot(T.72,NoN1(1,:),T."2, NoNl(Z ), T.7~2, NoN1(3,:), T.~2, NoN1(4,:))
| egend(' symanmd' , ' synmmd' , ' col and' , ' col m’ )
title(' Conparison of mi ni mum degree algorithns vs matrix size')
yl abel (' Nunber of nonzeros in U);
x| abel (' Size: N‘2")

figure;

pl ot (T.~2, Ti MeChol (1,:),T.~2, Ti MeChol (2,:),T.~2, Ti MeChol (3,:),T.”~2, Ti MeChol (4,:))

| egend(' Chol esky <= symand', ' Chol esky <= symmmd', ' Chol esky <= col and', ' Chol esky <=
col nmd" )

title(' Computational time for Chol esky deconposing reordered matrices vs size')

yl abel (' Time (sec)');

x| abel (' Size: N‘2")

figure;

plot (T. A2, Ti MeLU(L, 1), T. A2, Ti MeLU(2, 1), T. A2, Ti MeLU(3, 1), T. A2, Ti MeLU(4, 1))
I egend(' LU <= symand' , ' LU <= synmd' , ' LU <= col amd', "LU <= col mmd’ )
title(' Conmputational tinme for LU deconposing reordered natrices vs si ze')
yl abel (" Time (sec)');

x| abel (' Size: N'2")

figure;

plot(T.~2, Ti Me(1,:),T."2, T| Me(2,:), T.722, Ti Me(3,:), T.72, Ti Me(4,:))
| egend(' symand' , ' symmmd' , ' col and’ colrmd)

title(" Reordering corrputatlonal time )

yl abel (" Time (sec)');

x| abel (' Size: N\2")

B.4: Movie for red-black ordering algorithm (based on code obtain at [3])
%wvi e for red-black ordering algorithm
N=3;
A=sparse(toeplitz([2,-1,zeros(1,N-2)]));
| =speye(N, N) ;

B=kron(A, |)+kron(l,A);

[x,y]l=ndgrid(1: N, 1: N);

p=r edbl ack(B);

B=B(p, p) ;

R=chol (B(p, p));

xy=[x(p);y(p)]";

n=si ze(B, 1);
L=zeros(n);
I pars={"marker','."',"linestyle','none',' markersize', 64};
tpars={'fontnane', ' helvetica','fontsize', 16, ' horiz','center',' col','g'};
for i=1:n
clf
gpl ot (B, xy) ;
line(xy(i:N2,1),xy(i:N2,2),'color',"k',lpars{:});
for j=1:n
degree=length(find(B(:,j)))-1;
text (xy(j,1),xy(j,2),int2str(degree),tpars{:});
end
axi s equal,axis off,axis([1,N 1,N])
pause(0. 3);

line(xy(i,1),xy(i,2)," 'color','r',Ipars{:});
pause(0. 3);

L(i,i)=sqrt(B(i,i));
L(|+1n|) B(|+ln |)/L(| i);
B(|+1n|+1 n) B(|+1ni+1 n) L(i+2:n,i)*L(i+1:n,i)"

B(i, i:n)=0;
B(i: n, i )=0;
end
spy(L, 32)

B.5: Red-black ordering algorithm

functi on p=redbl ack(A)

YREDBLACK: Conputes the pernutation vector inplenenting the red-black
%ordering algorithm
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n=si ze(A 1);
temp = 1:n;
count = 0;
odd = 2;
flag =1;
for m= 1:n
if flag
p(m =t errp( m+count ) ;
count = count +1;
if p(ﬂ) =n| p(m +2>n
lag = 0;
end
el se
p(m =t enp(odd);
odd = odd+2;
end
end

B.5: Red-black algorithm: comparison code
%Conpari son code: red-black algorithm
T=3:2: 233;
for m= 1:1ength(T)
N=T(n;
A=sparse(toeplitz([2,-1,zeros(1,N2)]));
I =speye(N, N);
B=kron(A 1) +kr on(l,A);
clear NI A

ti

p=r edbl ack(B);
tinme = toc;
C=B(p, p);

tic
[L,U=1u(B);

me2 = toc;

ti
tic
[L2, 2] = lu(C);
tinme3 = toc;
NoNL(m) =nnz(L);
NoN2( m nnz(L2)
Ti Me(m =tine;
Ti MeLUor (n) =t i
Ti MeLUrb(m =ti
clear L L2 U W2

mez;
ne3;

tine tine2 time3 p BCm
end

figure;

pl ot (T. 72, NoN1, T. 2, NoN2)

title(' Nunmber of nonzeros in L as a function of matrix size')
I egend(' L<=Original K2D ,'L<=Reordered K2D);

x| abel (' Si ze: N\2')

yl abel (' Nunber of nonzeros in L")

figure;

pl ot (T.7~2, Ti Mg)

title(' Computational time for red-black ordering algorithm)
x| abel (' Si ze: N\2'")

yl abel (' Time (sec)')

figure;

pl ot (T.”~2, Ti MeLUor, T. 22, Ti MeLUr b)

title(' Computational time of the LU deconposition algorithm)
I egend(' L<=Original K2D ,'L<=Reordered K2D);

x| abel (' Size: N\2')

yl abel ("' Time (sec)')

B.6: Nested dissection ordering algorithm: comparison code
% onpari son code: red-black al gorithm
T=3: 4: 100;
for m= 1: Iength(T)
N =T
A—sparse(toepl itz([2,-1,zeros(1,N2)]));
I =speye(N, N);
B=kr on( A, I)+kron(| A ;
clear N1 A

tic
p =
tinme = toc;
tic
d =

specnd(B);

31



3
wo &
B

~ongm
S
I
oo Il
- 2=
~c Q- e~
g5
- (]

& °5 ©

°Z

- daimladaipmlagasmisdele
z

gEFC7 303

6
i
NoN3( m nnz(L3)

33 "
:5
)
N
PAY
=
\»

matlma2t|ma3pBCmt|ne4t|ma6 D d;
end

figure;

pl ot (T.”~2, NoN1, T. 2, NoN2, T. #2, NoN3)

title(' Number of nonzeros in L as a function of matrix size')

| egend(' L<=Original K2D ,'L<=Reordered by "gsnd"','L<=Reordered by "specnd"');
x| abel (' Size: N‘2")

yl abel (' Nunber of nonzeros in L")

figure;
plot(T.22, Ti Me, T. *2, Ti Me2)

title(' Computational tinmes for nested dissection algorithms: "gsnd® and "specnd"'

| egend(' "gsnd"', "' "specnd"")
x| abel (' Size: N‘2")
yl abel (' Time (sec)')

figure;

plot(T.”~2, Ti MeLUor, T. 22, Ti MeLUnd1, T. 22, Ti MeLUnd2)

title(' Computational time of the LU deconposition algorithm)

I egend(' L<=Original K2D ,'L<=Reordered by "gsnd"','L<=Reordered by "specnd"');
x| abel (' Size: N\2')

yl abel (" Time (sec)')

)
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