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18.085 Quiz 2 November 14, 2005 Professor Strang

Your PRINTED name is: Grading 1
2

3

1) (34 pts.) A point load at z = 1 hangs at the same point where ¢{x) changes from

c=1(for0<z<3)toc=2(for 1 <z < 1). Both ends are FIXED.

S
=1 (a) Solve for u(z) and w(z) = c{x) u'{z):
1
179/ =0@-3) — % (c(:r:) z—z) =9 (:c — %) with  w{0) =u{l)=0.
c=2
(b) Draw the graphs of u{z) and w{z).
S

2 (then c(z) changes

(¢) Divide the hanging bar into intervals of length h =
from 1 to 2 at x = 2h). There are unknowns U = {uy,...,us5) at the
meshpoints. Write down a matrix approximation KU — F to the
equation above. Take differences of differences (each difference over an

interval of length h).



Solution.

B x < 1/3
(a) —dw/dx=4d(x —1/3) gives w(x)=
B-1 z>1/3

Then ¢(x)u'{x) = wiz) gives (including c{z) =1 or 2)

@) Bz x < 1/3
u{x) =
B (B-1
—+( )(xfl/?)) z>1/3
3 2
. B {(B-1
w(l) =0 gives §+( 3 )(:E—l/S):OHle/Q
With B = 1/2 we have
1/2 z<1/3 /2 z < 1/3
w{z) = ufz) =
~1/2 x> 1/3 —z/4+1/4 x> 1/3
w(z)
1/2 |
b 0 i — T ‘ T
(b) /3 11 1/3 1
—1/2 | |

(¢) Finite difference approximation KU = I

w = ¢(z) dw/dz is approximated by

ul—O Ug —Uq Uz — U9 Uqg— Uz Uy —t4 0—’&5
2 2 2 2
R h h h 7 ho h
Then —dw/dz is approximated by
ul—O U —Uq Ug—Uq 9 Uz — U 9 Uz —U9 2’&34-’&3
T A
Ug—Us Us— Uy g — Uy 0—ug
2ttt 2t
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2) (33 pts.)  This truss doesn’t look safe to me. Those angles are 45°. The matrix A will

be 6 by 8 when the displacements are fixed to zero at the bottom.

1 (p 02

2 3

3 4

bars not touching ———

(a) How many independent solutions to e = Ay = 07 Draw these mecha-
nisms.

(b) Write numerical vectors v = {ufl w), ... vl u)) that solve Au =0 to
give those mechanisms in part (a).

(c) What is the first row of ATA (asking about ATA!) if unknowns are

taken in that usual order used in part (b)?



Solution.

(a) m=6andn=8 —— 2 mechanisms

(b) Numerical vectors for the mechanisms:

o O O O O = O =

and

or a combination of these two.

(c) Firstrow of ATA= 11 0 —1 0 0 0 0 0.



3) (33 pts.)

(a)

Is the vector field w(z,y) = (z? — 42, 2zy) equal to the gradient of any
function u{x)? What is the divergence of w? If u(xz,y) and s(z, y) are
a Cauchy-Riemann pair, show that w(z,y) = (s(z, ¥}, u{z,v)) will be

a gradient field and also have divergence zero.

Take real and imaginary parts of f(z +1y) = (z + iy + wiw) to find
two solutions of Laplace’s equation. Write those two solutions also in
polar coordinates.

2 cos 26 around

Integrate each of the functions v = 1,4 =rcosf,u=r
the closed circle of radius 1 to find f 1w df. How could this same com-

putation come from the Divergence Theorem 7



Solution.
(a) i) eurlw = 9(2xy)/0x — O{x*—y*)/O0y = 4y #0 —— w(z,y) is not equal to the
gradient of any function u{z,y).
i) divw = 9(x?—y?)/0z + 0(2zy) /Oy = 4x.
Parts i) and i} with w = (u, s} were not gradients or divergence-free. Parts iii) and
iv) have w = (s,u} and this succeeds! For the function f{z,y) = w(z,y) + is(z,y),
Caucy-Riemann pair u, = 8, u, = —$, and wi{z,y) = (s, u).
ill) curlw = u, — 8, = 0.
iv) divw = s, +u, = 0.

_ , 1 _ r—1iy x , Y
(b) fle+1iy) =z+ 1y + vl x+ iy + o i z + i + @(LU - —$2+y2)

x 1
u:Re(f):x+W: (r—i—;) cos 6
s=TIm{f) =y Y (rl) sinf

B 22 +y? r

(¢) i) Case 1: v = gradu is not related to w and divw = 0

éf{’vlwl + vows ) dr dy = é/(gradu) cwdedy
= —//(divw)udxdy—f—j{u(w-n)ds
R B
= ju(w—n)ds:5éf(divw)dmdy20.

ii) Case 2: »v=w and divw =0
From i}, //(’Uf + i) dxdy = 0.
R

Since v¥,v2 >0 —— v +vi=0 — vy=v=0 — v={0,0).



