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18.085 - Mathematical Methods for Engineers I Prof. Gilbert Strang
Solutions - Problem Set 7

3.4, Problem 4. Show that u = 7 cos@ + r~! cos § solves Laplace’s equation (13), and express u in terms
of z and y. Find v = (uy,u,) and verify that v-n = 0 on the circle 2 + y? = 1. This is the velocity of flow
past a circle in Figure 3.18.

Show u = rcos 4+ ! cos @ solves Laplace’s equation:

Laplace’s equation in r, 6 is:
u  10u 1 0%

a2 Trar e (13)
Now, if u = rcosf + r~! cos, then
O _ s — 1 Ou _ L ng— s
8T—COSQ r~“cosf 0 rsinf —r~ " sinf
0%u _3 0*u 1
W:% cos Wz—rcosG—r cos 0.

Plugging this into the left-hand side of (13), we get
-3 1 -2 1 ~1 -3 L
2r " cosf + —(cosf — 1 “cos ) + —(~rcos —r " cosf) = (2—1—1)r “cosf + (1 — 1)~ cost =0,
r r r

as desired.
Uin (z,y):

Now, since & = rcosf,y = rsinf = r = /22 + y2,0 = tan™! (%) So

1 2 2
u=rcosh+r tcosf =z + x ::c( tr +y)'
$2+y2 $2+y2

So

@:1+(x2+y2)-1—x(2x) 14 y? —a? '

Oz (22 + 42)2 (22 + 42)2

Ju —2zy

—~ =0 -1- 2 2 72'2 — .

Sr =0l ) ) = s
So ) )

ve (14 Yy —x 7 —2zy
(z2 +9%)*" (2* +y?)?
v-n =0
n = (z,y) is normal to the circle

v = (14+9*— 2% —2zy) on the circle

v-n = z—2°—ay? =2 —2(2? +3?) = 0 on the circle



3.4, Problem 17. Verify that ug(z,y) = W solves Laplace’s equation for k = 1,2,.... Its

boundary values on the unit square are ug = sin(rkz) along y = 1 and u, = 0 on the three lower edges.

z

Recall that sinh (z) = 62_267 .

sin(ﬁkz)/]z/(e”ky — e~ k)

U= U\T,Y) =
( ) ]]E/(eﬂ'k _ e—ﬂ'k)
ou eThy _ o—mky ou ] nke™Y 4 wke= kY
Fr wk cos(mkx) - ok ok 3_y = sin(mkz) - etk _ o—7k
0%u 212 emky — e=mky 0%u . 72 k2 (emhV — e~ k)
e —7m*k* sin(wkx) - P p— 6—y2 = sin(rkz) emk _ g—7k
So
0%u n 0%u —0
ox2 oy

3.6, Problem 6. Solve Poisson’s equation —t4,; —yy = 1 with u = 0 on the standard unit triangle T" using
Persson’s code with h = 0.25. The mesh information is in the lists p, ¢, and b (boundary nodes): 15 nodes,
16 triangles, 12 boundary nodes (nodes numbered by rows).

MREICEY
16
13 (0,.75 14 (.25,.75
s (0,.75) ( )
14
13 15
- 410(0.5) 11 (.25,.5) \_ 12 (.5,.5)
9 11
8 10 12
55 ¢0.(0::25) 7 (.25,.25) \ 8 (.5,.25) 9 (.75,.25)
2 4 6
1 3 5 7
1 (0,0) 2 (.25,0) 3 (.5,0) 4(.75,0) 5 (1,0)
0 25 5 75 1



contourf(xx,yy,zz);
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3.6, Problem 9. The square drawn below has 8 nodes rather than the usual 9 for biquadratic Q2. Therefore
we remove the z2y? term and keep

U=a;+ax+asy+ a4:172 +asxry + a6y2 + a7a:2y + agxyz.

Find the ¢(z,y) which equals 1 at © = y = 0 and zero at all other nodes.

—z=0, y=0

1 1 0 0 0 O O 0 0 ai
0 —e=1, y=0 11 0 1 0 O 0 0 as
0 —e=0, y=1 1 0 1 0 0 1 0 0 as
0 —a=.5, y=0 |1 5 0 25 0 O 0 0 a4
0 ce=0,y=5 T | 1 0 5 0 0 25 0 0 as
0 —r=.5, y=1 1 5 1 25 5 1 .25 5 ae
0 —e=1, y=>5 1 1 5 1 5 25 .5 .25 ar
| 0 | —e=1, y=1 111 1 1 1 1 1 ]| as |
10) = Ty a
We solve for a to obtain ~ _
1
-3
-3
2
a=a\o=| ;
-2
-2
. _2 -

Alternatively, we can use Method B and set

d(x,y) = a1 + agx + azy + asx® + aszy + agy® + a7’y + asry’.

Then 1 — 3z + 222 = ¢(x,0) = a1 + a2z + a42?, so that a; = 1,a3 = —3,a4 = 2.
Likewise, 1 — 3y + 2y = ¢(0,y) = a1 + azy + agy?, so that a; = 1,a3 = —3, a6 = 2.

But 0 = ¢(x,1) = a1 + a2z + a3 + ayx? + asx + ag + arx? + agz, so that

a1 +as+ ag

az +as+ag =

o o o

as +ay =
From this, we can conclude that a7 = —2 and a5 + ag = 3.
Finally, 0 = ¢(1,y) = a1 + a2 + azy + a4 + asy + agy® + ary + agy?, so that

a1 +as+ay

az +as + ay

I
o o o

ag +ag =



From this, we know that ag = —2, a5 = 5. So again,

3.6, Problem 16. Find the eigenvalues of KU = AMU if K = [ 21 _21 } and M = { (1)

0 .
9 } This

gives the oscillation frequencies for two unequal masses in a line of springs.

KU = MMU
M7'KU = XU
det(M™'K —XI) = 0

4 [1 0 [x o0
ve=lo 8] v=10 Y]
1

2=-N(1 =X - (-1)(=5) = 03+3 =~ V3-3
A2 -3 +15 = 0 2 2

A =






