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18.085 - Mathematical Methods for Engineers I Prof. Gilbert Strang
Solutions - Problem Set 1

Section 1.1
1 -1 0] 1 - 0
2) T,=1|-1 2 -1 uv=|0 1 -1
0 -1 2 0 1
1 0 0]
Ur=]1-1 1 0
0 -1 1
[ 1 011 =1 o0
vtu=|1-1 1 0 0 1 -1
0 - 110 o0 1
[ 1 -1 0]
= -1 2 —-1|=1
| 0 -1 2]
(1 — 0] 1 1 1
vu-t=]0 1 -1 01 1
(0 0 1][0 0 1
(1 0 0]
0 0 1]
T;=UTU
Tyt = (U'U)!
=(U-Hw-Hr
11 171 0 0
=10 1 1 1 10
000 1] |1 11
(3 2 1]
=12 2 1
|11 1],




Given that

L [3 21
K3_1:ZQ42
|1 2 3

(4 3 2 1

1 13 6 4 2

1—_
K4_52463
|1 2 3 4

Since det(Kg) =3, det(Kg) =4, det(K4) =5

.. determinant of K5 =64

From MATLAB,
det(K5):6#
5 4 3 2 1
1 4 8 6 4 2
inv(Ks):E 3 6 9 6 3
2 4 6 8 4
1 2 3 4 5 #
(5 4 3 2 1
4 8 6 4 2
det(K)*inv(K)= (3 6 9 6 3
2 4 6 8 4
1 2 3 4 5

o [ 3L e

[ 8 16 1
| 14 28 #
For columns times row, n by n would require n3 multiplications

22) MATLAB’s code
n = 1000;
e =ones(n, 1);
K = spdiags([—e,2*e,—e|,—1:1,n,n);
u=K\e;
plot(u);
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Section 1.2
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Given that u:{ (@+2) @

B—A=-1 —Q0

Since the pieces meet at © = 0,

A(0+2) = B(0—3)
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3
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A= 06

<0
B(x—3) >0




2 -1 u(—1) 0
12 -1 w(©0) | |1
12 1| w1 | T o
12 Lwu@ | |o
(u(-1)] [4 3 2 170
w0) | |36 4 2|11
w@) | T2 46 3|05
w2 | |1 23 4]0
3
16
=z 14
2
u(~1) 0.6
w(0) | | 1.2
w(l) |~ |08
u(2) 04]

The discrete solution yields the same results as the actual solution

1
-1 1
4) A_ = -1 1 Backward difference matrix
-1 1
sum matrix
[ 1 1
— 1 11
-1 1 1 1 1
1
I -1 1)1 11 1
1 0
0 1 0
_ 1
0
i 1

Verified that the inverse of backward difference matrix is the sum matrix 4



-1 1 1
) -1 1 — 1
- -1 1 -1 1
2 + .
—1 —1 1
[0 1
—1 0 1
_ 1 10 1
2
I -1 0
For n =3
0 1 0 U1 0
Nou= -] —1 0 1 us | =10
0 -1 us 0
U1 _C
U9 =
us _C
Forn=25
I 0 1 ul 0
-1 0 1 U2 0
Aou = - -1 0 1 us3 0
-1 0 1 Uq 0
L -1 0 Uus 0
U1 C
U 0
us = C
Uy 0
us C

The nullvector of Agu = 0 is not the zero vector, therefore Ag is not invertible »

5
qu+8u11—2§u,1+u,2 _ ;l_z +bh4% .
For u(z) =1
du  —1+8-8+1
dz 12h

= 0 % correct



For u(r) = 2?

du _ —(x+2h)* +8(x + h)* = 8(z — h)*> + (z — 2h)*

dx 12h
(. —2h)* — (x+2h)* + 8{(x + h)? — (z — h)?}
N 12h
(x -2+ x4+ 20)(F —2h — ¢ —20) + 8+ K +x — K)(F+h—F+h)

12h

_ —4h(2x) 4 8(2x)(2h)
B 12h

=2z # correct

For u(z) = z*

du  (z —2h)* — (z +2h)* + 8{(z + h)* — (x — h)*}

dr 12h
_ { [(@ — 20)% + (2 + 20)?][(z — 2)% — (z + 2h)?] } 112h

+ 8{[(x 4+ h)* + (x — h)?][(x + h)* — (z — h)*]}

_ b
T 12h

1 —8hax[z® — daf + 4% + 2° + dafi + 4h?]
- 12h + 8(4zh)[a? + 2T + h% + 2% — 2T + h?]

{—th[(x —2h)2 + (x + 2h)?] + 8(4zh)[(z + h)% + (z — h)ﬂ}

1

= ﬁ{8hz[2m2 + 8h?] + 8(4zh)[22? + 2h2]}

_ —8hx 9 9
= Ton {23: +8H% — 8z W}

_ 3
=4z # correct

1 1 1 1
_ / Z 2,01 — 3, 4,1 5,,(5)
u(z + h) u(x)+hu(x)+2hu (x)—|—6hu (x)+24hu (x)+120hu () +...

1 1 1 1
_ _ _ l =12, =13, 4,11 _ 5,,(5)
u(x — h) = u(x) — hu'(z) + 2h u”(x) 6h u” (x) + —24h u"(x) 120h ul®(z) + ...

u(z + 2h) = u(z) + 2hu'(z) + 120

N = N =

u(z — 2h) = u(z) — 2hu/(z) + 120

—Uz +8up — 8y 1+ U2
12h

(2h)2u" (z) + %(Qh)Bu”’(I) + i(2h)4u(4)(x) R @) + ..

(2h)*u" (z) — %(2h)3u”’(m) + i(zh)%(‘*) (@) — ——(2R)u® (2) + ...



10)

19)

b (2) — 2 (2R)" (2) — o (2)ul ()

- / 2 3,/ 2 5,(5) /12h
+8 2hu(m)+6h u (m)+mh u®(z) +---
’ 2 5,,(5
12h/ (z) — gh u® (z) + ...
- 121
30
*. the coefficient b = —i
. =35 #
[ —1 1 1
-1 1 -1 1
ALA. = -1 1 -1 1
I -1 11
P *_2 1 *::: — Boundary row corresponds to u = 04
I
B 1 -2 1
i 1 —1} — Approximation to u’ = 0z
d?u N du )
dz?  dx
w(0) =0, wu(l)=0
u(z) = up + up
=x+ A+ Be®
u(0) =0
0=0+ A+ Be®
A=-B —@
u(l) =0
0=1+A+Be! —©2
©-0O
0 =1+ (—B)+ Be!
B(l—-el)=1
1 -1
1—el 1—el
1 .
sou(z)=x — 1—(1 —e")y Actual Solution
—e



Discrete centered finite difference solution

2 -1 Ul

1 -1 2 -1 ug
h2 -1 2 =11 us
-1 2 Uy

b=

U] =

From MATLAB,

Uil 0.0714
us || 0.1141
uz || 0.1220
Uy 0.0871

Discrete forward difference for v’ (x)

2 -1 U1l
1 (-1 2 -1 up | L1
n2 -1 2 =1 us
-1 2 Uy
1
h==
5)

From MATLAB,

uy 0.0782
up | | 0.1258
uz |~ | 0.1355

Uy 0.0975

1
0 1
—1 0 1
-1 0
U1
1 (25
-1 1 us
-1 Uy

Uy
U2
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Uq
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