18.06SC Unit 1 Exam Solutions

1 (24 pts.) This question is about an m by n matrix A for which

Ax = | 1| has no solutions and Ax = |1 | has exactly one solution.

(a) Give all possible information about m and n and the rank r of A.
(b) Find all solutions to Az = 0 and explain your answer.

(c) Write down an example of a matrix A that fits the description in

part (a).
Solution.
o
(a) Az = | 1| has one solution = N(A) = {0} so r = n. (Also, m = 3 since Ax € R3.)
0

Az = | 1| has no solution = C(A) # R3, so r < m.

R m = m =3
There are two possibilities: and
r=n=1 r=mn=2
0
(b) Since N(A) = {0} (because Az = | 1 | has 1 solution), there is a unique solution to
0

Az = 0, which is clearly x = 0. (Can be either x = [0] or r = [8] depending on if

n=1orn=2)

0 10
(c) Acouldbe [ 1| or [0 1| (many more possibilities).
0 0 0



2 (24 pts.) The 3 by 3 matrix A reduces to the identity matrix I by the following three

row operations (in order):

Ey - Subtract 4 (row 1) from row 2.
Es: Subtract 3 (row 1) from row 3.
FEos: Subtract row 3 from row 2.

(a) Write the inverse matrix A~! in terms of the E’s. Then compute A~1.
(b) What is the original matrix A7

(c) What is the lower triangular factor L in A = LU ?

Solution.

(a) Apply the three operations to I, i.e. A™! = Ey3F3 Eo:

100 100 100 10 0
010l—|-410—|-410]—71]-11-1|=A4"
00 1 00 1 -3 0 1 -3 0 1

(b) Apply the inverse operations in reverse order to I, i.e. A= Ey'E;' Eyl:

100 100 100 100
01 0| — 1 —lo11|—1]411|=4

00 1 00 1) 30 1 30 1

(1 00| 10 o0 100

Check |4 1 1||=11 —-1|=1]01 0

30 1]|-30 1 00 1
1 1 10 0
() L=1|4 1 1 =141 0
113 1 30 1



3 (28 pts.) This 3 by 4 matrix depends on ¢:

N

I
o w
oo =
[CENCIEN
RN RS

(a) For each c find a basis for the column space of A.

(b) For each c find a basis for the nullspace of A.

1
(c) For each c find the complete solution = to Ax = | ¢
0
Solution.
1 2 4
(a) Elimination gives | 0 ¢—3 —4 —4 | so there are two cases:
0 0 2 2
1 2 4 [[1]
Ifc#3,c—3isapivotand U = | 0 —4 —4| —R=10
0 0 2 0
1] [1] [2
so a basis for C'(A) is the first three columns of A: 31,cl.|2
o] [o] |2
1 2 4 10
Ifc=3,c—3=0andU= |0 0 —4|—R=1]0 0
0 0 0 0 0 0 0
1
so take the first and third columns of A as a basis for C'(A): 31,
0




9
(b) If ¢ # 3, the special solutions give N(A) = < x4 ?
1
-1 —2
. . . 1 0
If ¢ = 3, the special solutions give N(A) = < x5 0 + 24 )
0 1
0
(c) By inspection, z, = (1) is one particular solution (other correct answers)
0
0 —2
. 1 0
for ¢ # 3, the complete solution is 0 + 24 .
0 1
0 ~1 )
. 1 1 0
for ¢ = 3, the complete solution is 0 + 29 0 + x4 )
0 0 1




4 (24 pts.) (a) If Ais a 3 by 5 matrix, what information do you have about the

nullspace of A?

(b) Suppose row operations on A lead to this matrix R = rref(A):

=

I
o o -
o o o
o o o
o = o

0
0
1
Write all known information about the columns of A.

(c) In the vector space M of all 3 by 3 matrices (you could call this a
matrix space), what subspace S is spanned by all possible row reduced

echelon forms R?

Solution.
(a) N(A) has dimension at least 2 (and at most 5).

(b) (7pts) Columns 1, 4, 5 of A form a basis for C'(A).

0
(= 1pt) Column 2 is 4 x (Column 1); Column 3 is | 0
0
a b c
(c) A= 0 d e| o, the set of upper triangular matrices
00 f
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