18.04 Final Exam from Fall 200 2

Wednesday, December 18, 2002 Time: 9 am - 12 noon (::) Let C be the ellipse x2/4 + y2/9 = 1 traversed once in
the counterclockwise direction, and define
MASSACHUSETTS INSTITUTE OF TECENOLOGY §_2 S te 2
Final Examination in G(z) = 9%:-—_?_T_;~_ da¢ for any z inside C
18.04 Complex Variables with Applications

Then find G(1) , G'(i) and @G"(-i)
NOTE: Students are not allowed to use any books or notes
during this examination. If brought into the room,
such items must not be left nearby. ® x HINT:
Evaluate
Personal calculators may be used, but not shared. (::) u \/ﬂ sinh x dx _ N
where sinh x = (eX - e"X)/2 as usual.
(:) Use complex arithmetic (rather than your trusty calculator)
to demonstrate anew that
z = 2 cos 36° = elm/5  g-im/5 (::) (a) Which region of the complex z-plane gets mapped by
s : 4 _ 2 = z - 1
is one solution of =z 3z4 + 1 0 wiz) =
z + 1
<:> Where can we possibly be if into the interior of the circle lwl = 1, and why?
. . 5 (b) Use the above answer as a clue to find a related MSbius
= 0 . c
(a) z° + 2% + z¢ + 1 (or bilinear) transformation W(z) that carries the top
or if (b) sin z = co8 2 ? half of the =z-plane into a unit circle centered ingtead

at W =1+ 1

(:) Somehow or other, show again that

1 : . . . :
i tan-l z = Find that Fourier series of period 27 which represents the

dz 1 + 22 function 5
even for complex z‘s Floia) = 1+ a cos 8

for any real a , subject only to the requirement that lal < 1

5 o2/2 i ircle. i
<:> Evaluate :F z2 e dz once around that unit ci HINT: Consider terms like plk| eiké 45 4 complex FS.

|zl=1



18.04 Brief Solns to Final Exam Wed 18 Dec 02

@ Abter Sguanng, ofc: z%-3z% 4 -;[ew’r/‘ceiz'/(+4+e"zr/‘ge"%%(=0

@ (a) Z%z ebher L ov-dor —C . Hence|lz = et"’r/ﬁy efW/ZW e;t3nr/2

(é) Mg;( gce—e—i‘?: ('(e‘:?fe—ia) oY 62[e= - Ohfy ‘= 2::‘: A/”— O//ft‘/

@ W&// c‘f W"‘fah"lz then 2='fanw. -//a,,cc/%z)fz — 2—-)
dﬂ— 7 ’ = A/H+2%*) aep.
ov coc®w Z e
4 as a reminder , though Frue even ﬁrc‘m,/cx W, &

6 32 14 .
@ SHCL e /2 Adf ldl-(m?‘#mt(‘ 4‘*2 Z‘fa—:" Z%'z ézd_‘* /20:5‘+m26+ ")

He residue at 220 for 25 eZ/z eyua-/r 64720 ...

Oy our ﬁ...d2= 4

(&) Wrifng £(e)= 2%-2+2 , we have bave Fom Yo C.IE. (isel derionfve
Utr’&:ou) ‘Yeat Gﬂ) 27!’(,16(4) 47)"L /() ﬁrlf’((,)—l *Z]’(Z-h, )
and G"( L) 2’" f"[ (,) = erb .

@ From Solns to our Exam3 , thic f X dx = T2 aqain .
- Sinhx L 2

@ (a) Answer : r:?h* Aa/f«/béme) ov & 72 >0|... becaue for all those 2§
—but no others —our [mimerator|= ’2—4\ < Iﬂkho»ﬂha?éwl= IZ-*dl

b) Clearly ple) = 225 whll do to the cpper half-plane whet Wik)
did to the right HP. (And @(2)= p2) et witl pin" the anteier plane
... bk A)Aj wa/r'tht} SHnce 5=0 w// .Sqﬁg'cc.) —
SKlI need Ho add Aei b Sibl tre conter  —F |WE)=ELe e dr

72@'»:3 G HINT | consider g(@)i...+Pe'£9 +1:4'ng +fez‘9}b3 3‘;

T LZFT som RIGHT SoM
v Se)e—2% oL 4= 2P
i—,be‘-o 4___/,6-L0 4+p1—%bcos‘9

FS will be %}:—i— -mes the Sum 5'/9_) Gven abouve.
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Friday, May 21, 1999 Time: 9 am - 12 noon

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Final Examination in

18,04 Complex Variabl ith Applicati

NOTE: Students are not allowed to use any books or notes
-during this examination. If brought into the room,

such items must not be left nearby.

Personal calculators may be used, but not shared.

to confirm that

(a) the pum a + B + 7 of the o B

three angles shown is /2 : N .

(b) the real part of any solution of (z+1)8 = (z-1)8

must be zero

<::> For any real x and N = 0,1,2,3,... , evaluate the sum
N
Sy(x) = E elkx
k=-N

as the ratio of two sipeg, and verify afterwards that
this formula really works for both N =0 and N =1

@ The inventor of the brilliant new function
w = itch(z) = 2% + e22

wants to know its inverse itch 1 (w) explicitly in terms
of the complex logarithm. Please help ... and also show
the power of your formula (or of your logic) by reporting
all possible values of 2z for which itch(z) = 3

®
®

PS:

HINT: Think of Laurent

Evaluate
[z{=1
[ dx _
Evaluate z . HINT: A slice of pizza
x° + 1
0

Show that the function w(z) = z + % indeed maps any circle
[z|] = const from the z-plane into an ellipse in the w-plane,
with foci at w = 12 (Sure, you may have forgotten exactly
how the focus of an ellipse was defined but if need be,

as here is, please rederive that as well.)

Solve the Laplace equation V2T = 0 OUTSIDE the unit circle,
given that

T(r=1,8) = cos®s

and also that T(r,8) approaches the constant value 5/16

at all large radii «r . HINT: Remember z-D

Find the first three coefficients ag, ap and ag needed in

this Fourier cogine geries of period w:

|sin x| = ag + ap cos 2x + a4 cos 4x + ...

Since most of you are about to leave town, let’s skip the usual funny
buginess with code names for grade-postings outside an office door.
Instead. a discreet email from you after this coming weekend will
probably disclose your final grade very swiftly and reliaply,

even trom atar! Now have a good summer ... AT + MB
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@
®@

@@@@@

©,

2) Consickr (10)Cr)(E0) = (4D (ei) £ Lo2), with 5 =00V
6) Here l?-r»ll" IZ i' (x+4)+g («-.{) g ~ | Ix=0 v

Here QN(Z) = Sin (A/-PZL)X/SIQ({_'X) ) as e)cf/% %’ém@ n:aan// a.,s ﬂe_ So/n.
The SfeaaémN'Og/ddt S ()=d matt reasonally, chereas v /‘/—:./a)c_ekfqu

S() = e*+ 4L+ et d+Zcos andd gef Nome Dn(mz)’ sinxasZ + coskm%

- Zhnzco: Z + cogx+ au% - Sn (Lx) {(inasx)-(—a;gx} — S’Gr)-.sz:mc%@

Here = -l= (\/w—-'!_ —4) = L{M’l(u)) and W=3 —» 2= e‘y‘"‘E
(v more detarl, sca <oln. 40 Tob (D Fome S97 Ganitd) 2L ehe [G.8+7i+ 2ncN

Shce 34/5 '.(-f' z:,ﬁzz-fs?;s-f' e reselee ?CI(O) of 24'6‘/2 s Ge

cochcind of e resuting % L b Honee Patethdn L Tt /sT |

TA(, L.n-%n’.e I'—‘fw dx = ’71-" ) AS c@h ét"*lﬁi’rd 'ﬂ’om 3@/0,«&40

0 x‘d l 3
° o3, 4 trfs e‘f/é
a e r ; .
and T-[’QW and Ge residie e‘&( )
ut = 1 N a a./Sc.,
“The tircle Z= ReosO+ L Psin® Transldes into aL b L‘

W= (e-‘é}w9+ E(ﬂ—é) b = utiv = QeosH+ que
Hewe indeed the sguared el dictmee | ¥ 2 a®4% = ) + (- 2) : I 4|V

Since cosé0 =-z—£‘7(e ‘8) Cos69+——w;49+—;-as29*.b\

our desired exterior solction N5 Bcos8_ cas 68
T(:8) = F+ S S0+ 22

Hore | [ainx| = 2 = Focostx = cordn =] % the extont Bhat we

s allhongh infact s alio equale 2§ 4 Zcoty - L oot &msx-..}

2 _ 4.4 2 .4 £ L. 2 "
flom whidh, sbee 2= 2-5 5 357575 .2;27’3' 7""{5""‘37:0/\/

to sum this af x=0 4o obtan -g’—-i4—43=0 very wnw'naﬁd AhJ
even af 'x.—" Hiis checks wicely, 8nee :f—'%-f‘?-—--‘,f—-r ﬁg/s-vgr.q/q

Now have o NICE SOMMEL, .V p



18.04 Final Exam from Fall

Thursday, May 22, 1997 Time: 1:30 ~ 4:30 pm . .
y Find the steady-state or "harmonic" temperature at the

center of a unit disk if the temperature at its rim is:
MASSACHUSETTS INSTITUTE OF TECHNOLOGY R

Final Examination in

18.04 Complex Varijables with Applications 7=32 =0
a) ... and why? [23

NOTE: Students are not allowed to use any books or notes
during this examination. If brought into the room,
such items must not be left nearby.

Personal calculators may be used, but not shared. b) T(l.e) = cos49 (31

c) T(1,8) = 3/ (2 - cos @) [5 pts)

(::) If |z| =1, prove that:

a) |z - w| = |1 - wz| for any w ‘
(:::) Figure out that Fourier series of period T (and also 21)

which closely imitates the non-negative function

b) Refl/(1-2)] = 1/2 , excluding only z =1
f(x) = |cos x|
. sin z cos 3z
For the function f(z) = :
24
a) Find the first three non-zero terms of its innermost
Laurent expansion about 2z = 0 X I A . az + b
i Regarding Mobius transformations like w o= :
cz + d
b) Integrate :}; f(z) dz counterclockwise once around
fz] =1 a) Show that such transformations can never have more than
two fixed points (at which w(z) = z ) unless they are

just trivial "carbon copies" with w = 2z everywhere

(::) Use residue calculus to evaluate:
b) Locate both fixed points for w = (z-i) / (z+i)

o0 [ ]
f dx - dx c) Find a different w = (az+b) / (cz+d) that maps the
a) I = —_— = _— ) i .
%2 + x + 1 xd o+ %2 41 points 2z = 0,1,80 into w = 0,1,2 , respectively
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A Wnh 2=&
) i& 4 4 (l—ma)-h&'ho &/n}-«.
roalle o gl o R 2{t-<x6)
4 3 a8 9 8l
@ o) 46) = L(e-Fl- ) F B ) went
[ I 257+ |
T%—fhé-wﬁ%z—... A) 35,4,{9—,-—%3—’&,

@a) Ii2r/3E]. Arom simpl frole <& 2 =€ s ,.}/&;_“g

b) T—l:_-rr—/\[g: o SPE o 2ee /3, aifs,., '—2’:—

@ a) 7—(0,0)-: 3 g‘ﬁrafé the mmop'ﬁ(ou iy w&r

77 [ 3] & T 49 _I___—
6) /ﬁ,o)-;(CoS"P)T_;%__ 6) 217_ Z-coit V3

@ -p(x) = Iw:x' = a +a,_cos2x+q‘co:¢x+ ‘Z::'a,‘bé\fg%..%
and a[ro X, —<|a>:9<|> . :
l_
The oflers are :{ ks/ 4['2
e kety2,3, .. ) Qy = = IWK"’“Z&'& = ('4) 4124

_4 /\r/z e‘x.;;-u eczéou-c de » - f /fco;(zéﬂ)xfmﬂé—l);f}dx

X0 xze
© o) T8 Loth o2, |t o cuess c8e (o), b0
(4
. 2 by af mo.r/ ONLESS C=0 Avd dea AN b=0 Bo.
b) R ozt =7, b parkaldes, | 2= 223 14-c)

¢) Need b:0, ced=a, d=c . Thas | w= 22| wll dofe

a+d

'PS a\/ of' zw—ﬁkwgmfhcéjra& Un aéun:])-ieud
w, an emé@-ﬁv brornins.
T bese on a weckbon 'fhf %ﬂﬁmn G;o«englefc.

o



