Part I Problems and Solutions
In the next three problems, solve the given DE system x’ = Ax.

First find the eigenvalues and associated eigenvectors, and from these construct the normal
modes and thus the general solution.

Problem 1: Solve x' = Ax, where A is [:

Solution: First, we find the eigenvalues: | _; A 3 f )\‘ = 0 implies —(3+ A(3—A) +
8=0—A2—-1=0,50 A ==+1.
Now, we find the eigenvalues. If A =1,

—4061 + 4062 =0

—20(1 + 2062 =0

1 . . . :
so [J and its multiples are solutions and thus eigenvectors.

If A = —1, we obtain —2a1 + 4a» = 0 (twice), and thus [2

1} is an eigenvector.

Therefore, x = ¢; [ﬂ et + ¢y [ﬂ et

Problem 2: Solve x' = Ax where A is [4 _3}

8 —6
. . : . 4— A 8 a2
Solution: First, we find the eigenvalues: o el T 0 implies A® +2A = 0, so
A=0,-2
Now, we find the eigenvalues. If A =0,
41 —30ap =0
81 — 60, =0

so [ﬂ and its multiples are solutions and thus eigenvectors.
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If A = -2, we obtain 207 — 1an = 0, and thus B] is an eigenvector.

Therefore, x = ¢; [Z] +c B] e 2.

1 -1 0
Problem 3: Solve x' = Ax where A is [ 1 2 1 ]
-2 1 -1

1-A -1 0
Solution: First, we find the eigenvalues: | 1 2-—-A 1 = 0 implies —(1 —
-2 1 —-1-A
AM2—=A)(1+A)=0,50A=1,2,—1.

Now, we find the eigenvalues. If A =1,

Ox; —ap +0az =0
a1+ oy +0a3=0
—201 + 0 — 2003 =0

1
soar = 0,03 = —ay, SO { 0 ] and its multiples are solutions and thus eigenvectors for the
-1
eigenvalue m = 1.
If A = —1, we obtain
—0(1—0(2—1—0063 =0
a1+ 00y +a3 =0
—201 +ap — 303 =0
1
so wp = a3 = —wy, thus | —1| is an eigenvector for the eigenvalue m = —1.
-1

If A =2, we obtain

2001 — oy + 0az =0
a1+ 30 +a3 =0
—201 + a4+ 0a3 =0
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1
so &y = 201, &3 = —7nq, thus { 2 ] is an eigenvector for the eigenvalue m = 2.
-7
1 1 1
Therefore, x =c; | 0 | ef+c, |—1|eX+c3| 2 | et
-1 -1 -7

Problem 4: Find the real solutions to the system +x = Ax = [2 _34] X.

Solution: The characteristic equation is A% — 6A + 25 = 0 so eigenvalues are A = 3 + 4i.

. a .
Complex eigenvectors v = [al} satisfy:
2

- 3 4] 344 0 ] [-4i -4
(A_“)"_OSOA_M_LL 3] [0 3+4i]_[4 4

} . Multiplying, we
have

4|:_l _1:| |:111] =0—iny+a,=0—a,=—im
1 —i| |ap

Thus, the eigenvector is [_11] . The complex solution z(t) = e(3*+4)! [_11] gives real solu-

tions x; = Re(z), x, =Imz.

z(t) = ot it [ 1} — e3t(cos4t—|— isin4t) {_11] — 3t [

g cos4t] P [ sin 4t ]

sin 4t — cos 4t

=X1 +ixXp —

sin 4t

o — o sin 4t
2= — cos 4t

X = & [cos 4t]

with general solution
X = C1X1 + C2X2
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