18.03SC Practice Problems 29

Solving IVP’s

Rules for the Laplace transform

Definition: L[f(t)] =F(s) = /Oiof(t)e“ dt for Re(s)>>0.
Linearity: Llaf(t) +bg(t)] = aF(s) + bG(s).

L1 F(s) essentially determines f(t) for t > 0.

s-shift rule: Lle"f(t)] = F(s —r).

s-derivative rule:  L[tf(t)] = —F'(s).

t-derivative rule:  L[f'(t)] = sF(s) — f(07).

Formulas for the Laplace transform

=1, LB-a)=c
Lle"] sir’ L[] = Sf—i!—l
Llcos(wt)] = 2 _iwz , Llsin(wt)] = 2 j_uwz

1. Let f(t) = e ' cos(3t).
(a) From the rules and tables, what is F(s) = L[f()]?

(b) Compute the derivative f’(f) and its Laplace transform. Verify the t-derivative
rule in this case.

2. Use the Laplace transform to find the unit step and impulse response of the
operator D + 21.

3. Use the Laplace transform to find the solution to % + 2x = t* with initial condi-
tion x(0) = 1.

Solve each of the following by using the Laplace transform.
4. Find the unit impulse response of the operator D + 31.

5. Find the solution to x + 3x = e~! with rest initial conditions (so x(0) = 0).
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6. Find the unit impulse response of the operator D* + D.
7. (a) Find the solution (for t > 0) to x + 3x = 1 with x(0) = 2 by applying the
Laplace transform to the equation.

(b) Find the solution (for f > 0) to ¥ + 3x = 1 + 26(t) with rest initial conditions by
applying the Laplace transform to the equation.

(c) Explain the relationship between these two problems.
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