18.03SC Unit 3 Exam

1. A certain periodic function has Fourier series

B cos(7tt)  cos(27mt)  cos(37t)  cos(4rtt)
fH)y=1+ y Tt Tt

(a) What is the minimal period of f()?

(b) Is f(t) even, odd, neither, or both?

(c) Please give the Fourier series of a periodic solution (if one exists) of

X+ wix = f(t)

(d) For what values of w, is there no periodic solution?
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2. Let f(t) = (u(t+1) — u(t —1)t.

(a) Sketch a graph of f(t).

(b) Sketch a graph of the generalized derivative f'(t).

(c) Write a formula for the generalized derivative f'(t).

[6]

[6]
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—t =3t

3. Let p(D) be the operator whose unit impulse response is given by w(t) = e~ ' —e

(a) Using convolution, find the unit step response of this operator: the solution to p(D)v = [10]
u(t) with rest initial conditions.

(b) What is the transfer function W(s) of the operator p(D)? [5]
(c) What is the characteristic polynomial p(s)? [5]
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e (s—1)

4 (a) Find a generalized function f(t) with Laplace transform F(s) = 5 [10]
(b) Find a function f(t) with Laplace transform F(s) = __s+10 [10]
P s34+ 2524 10s
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s+10
(a) Sketch the pole diagram of W(s). [10]

(b) If W(s) is the transfer function of an LTI system , what is the Laplace transform of the [10]
response from rest initial conditions to the input sin(2t)?
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Properties of the Laplace transform
0. Definition: LIF(H)] = F(s) = / F(He*'dt  forRes > 0.

1. Linearity: Llaf(t) +bg(t)] = aF(s) + bG(s).
2. Inverse transform: F(s) essentially determines f(t).
3. s-shift rule: Ll f(t)] = F(s — a).

t—a) ift>a
ift<a’

4. t-shift rule: LLE(B)] = e E(s), fult) = u(t —a)f(t —a) = { It
5. s-derivative rule:  L[Ef(£)] = —F/(s).

6. t-derivative rule:  L[f(£)] = sF(s) — £(0-), where f'(t) denotes the generalized derivative.
7. Convolution rule:  £[£(£)  g(1)] = F(s)G(s), £(t) * g(t) = Oﬁ £t —T)g()d .

8. Weight function:  L[w(f)] = W(s) = 1/p(s), w(t) the unit impulse response.

Formulas for the Laplace transform

o) = el = = €)= 5
L[cos(wt)] = sz—k;cuz Llsin(wt)] = sz—I—sz

ws s? — w?
L]t cos(wt)] = (sziwz)z Lltsin(wt)] = r Ay

Fourier coefficients for periodic functions of period 27:

f(t) = 61270 + ay cos(t) + azcos(2t) + - - - + by sin(t) + by sin(2t) + - - -

Ay = 71T/_n f(t) cos(mt) dt, by = i/_ﬂ f(t) sin(mt) dt

If sq(t) is the odd function of period 27t which has value 1 between 0 and 7, then

sq(t) = % <sin(t) + siné?)t) + sinéSt) + - )
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