18.034, Honors Differential Equations
Prof. Jason Starr
Lecture 26
4/9/04

1. Spent about 2 lecture working through the linear system of a pair of masses connected
by a spring (of equilibrium displacement L)

myX,"” =-k(x, - X - L)
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Introduce v, =X,', Vp = X', X=|Va |, A= |- 0 — 0] F= | m,
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Then x'=Ax + F. Physics (intuition suggests introducing M = _MaMy ,
m, + m,
M M ! M M 1 1
y1=_Xa+_Xb’ V1=y1=—Xa+—Xb, ysza'Xb, V1=y1=Va-Vb.Then
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Now (yi,Vi) is decoupleél from (y,,V>).

2. We paused at this point and solved the system by usual 2" order method. But then we
continued to ‘diagonalize’ (y,,V,).

. —iaL
B iw S —
Implicit C.0.V. : Ya=Zi 42 — z'= z+| M| where o= \/E
V, =iwzy +iwz, 0 -iw +1 M
M
This is now completely diagonalized:
Y1 1 17 [0 0 0 0
Vil 0+v 0t+1 +z el 1z e it °
2, =¥Y1,0 0 10| | g 0 10| 4 20/ L2m
0 0 0 0 1 -
& Yom
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Back-substituting:

M ] M
m, m, L
Xa 1 1 0 0 m,
io '\V io '\V
Va =y O v Ol v M+ 42 2 et 4z alg-ot 4|0
X4 1,004 1,00 |4 0 0 N Y 20| m _y
m m m
Vi 0 0 0 1 Mb ’ L 0 b
_— lw /n o | _Iw /n b | T
A
. . Particular sol'n
e!genval =0 elgenv_al =0 eigenval = iw eigenval = -i
eigenvector= gen. eigenvector eigenvect eigenvector

Need to choose z;,0 and z,,0 to be complex conjugate to get a real solution.
3. Discussed the general eigenvector decomp. method for solving y'=Ay : If (A,V) is an
eigenvalue/ eigenvector pair, then y(t) = ve” is a sol'n.

Defined eigenvalues + eigenvectors.

Defined the char. poly, det(AI- A).
Saw that the eigenvalues are precisely the roots of det(il-A).

We did not yet define/ discuss generalized eigenspaces (although I did mention the term
in the solution of the 2-mass-spring problem).
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1. One or two problems reducing higher order constant coeff. linear systems to 1% or order
linear systems (students seemed fuzzy on this).

Examples: (a) y"'-3y"+3y'-y =et:

0O 1 O
0
Yi=Y
Y2=Y A y'={0 0 1ly+[0 |,
ys=y” t
e
0 -3 3
0O 1 0 0 O
X1=Y1 0 0 1 0 O
X; =Y
(b) Yi"=Ys X3 :y2I AN =0 0 |x
y2"=y3 X4 =Y2
Y3’=YI+YZ X5 = y3 0 1
1 0 1 0 O

2. Maybe one problem going in the other direction:

12 1(ya "5 y1"-4y; +3y; =0
Example: [yl} = ;Y2 = ;1 AR oy gy, A Vi = Ae' +Be™
y Yi"-2y1'= Y= vy + 2y, -4y
201 2]y, | T T m R A T y, = -Aet + Be™

3. Several diagonalizing/ eigenvalue- eigenvector problems
-3 1 -

1
e.g. (a) , A +61+8=(1+2)(1+4); 1=-2, J,
1 -3

(b) 0 2 3.

0 0 3
By exerz:ise (18) (_This week’s Pset),
1 2 9
(A-1)(1-2)(A-3): 2=1,10|; 2=2,|1|; 2=3,|6].
0 0 2

(c) , (A+1)%;
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